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CS320/M320         Applied Discrete Mathematics 
 
Class 13. I will skip Section 4.5. Program Correctness.  Chapter 5. Counting 

Two major counting principles are the Product Rule and the Sum Rule. 

The Product Rule. Suppose that a procedure can be broken down into a sequence of two tasks. 
If there are n1 ways of doing the first task, and for each of these ways of doing the firs task there 
are n2 ways of doing the second task, then there are n1n2 ways to do the procedure. 
Example 1. A new company with just two employees, Sanches and Patel, rents a floor of a 
building with 12 offices (all identical, but with different room numbers). How many ways are 
there to assign different offices to these two employees? We assume we assign Sanchez first in 
12 possible ways and then Patel to one of the remaining 11 offices. Then there are 12*11 
possible ways to assign the two employees. 

MyExample 1. (Not in book.) In playing dice, each player throws two six-sided dice with each 
side of each die (singular of dice) has a different number of dots, 1 through six, and the point 
made in the throw is the sum of the counts, ranging from 2 (a 1 on each die) to 12 (a six on each 
die). How many ways are there for the two dice to show spots (assume we first roll one and then 
the other). The first die can roll 1 through six and the second can roll to show 1 through six. Thus 
there are 36 ways. 

MyExample 2. How many ways are there to make each possible point in the throw of two dice? 
We can make a 2 only if the two dice both show a 1, so there is 1 way to make a 2 point. We can 
make a 3 if the first die makes a 2 and the second a 1, or the first makes a 1 and the second a 2, 
so there are two ways to make a 3 point. And so on: (1,3), (2,2), (3,1), 3 ways to make a 4 point. 
4 ways to make 5 point, 5 ways to make a 6 point, and finally, (1,6), (2,5), (3,4), (4,3), (5,2), 
(6,1), 6 ways to make a 7 point. 

From then on, making an 8 through 12 point, we can repeat the arguments above with (6,6) for 
12, (6,5), (5,6) for 11, and so on. Thus the number of ways to make each point is: 
Point          2  3  4  5  6  7  8  9 10 11 12 

Ways to make   1  2  3  4  5  6  5  4  3  2  1  SUM = 36 

Thus we note that the sum of ways to make all possible Points is the number of ways to six-sided 
dice can roll. 
MyExample 3. In Discrete Probability, Section 6.1, pg 394, we see this definition. If S is a finite 
sample space of equally likely outcomes of an experiment (as in the 36 outcomes of throwing 
two dice) and E is an event, that is a subset of S, then the probability of E, p(E) is equal to |E|/|S|, 
where |E| and |S| is the number of outcomes in E and S respectively. 
Thus, p(making a point of 7) = 6/36 = 1/6. (This is given as Example 2, pg 394, in Section 6.1.) 
The point here is that the Counting tricks we  learn in Chapter 5 will have implications in 
Discrete Probability. I will try to match results from one with results from the other. 

Example 4. How many bit strings of length seven are there? This is the Product Rule extended to 
seven separate decisions between bit 0 and bit 1, which can happen in 27 distinct ways. 

Example 5. How many license plate sequences are there if each plate has a sequence of three 
letters (all caps, obscenities allowed) followed by three digits (000 is allowed)? 26 letters, 10 
digits, so 26*26*26*10*10*10 = 17,576,000. 



 34 

Example 6. How many functions are there from a set of m elements to a set of n elements? 
Each one of the m elements in the domain A can be sent to any one of the n elements in the range 
B, and any change of f(a) for any a will give a different function f. This means we have 
n*n*…*n (m times) = nm functions. 

Example 7. How many 1-1 (one-to-one) functions are there from a set (A) with m elements to a 
set (B) with n elements? 

First note that if m > n there can be no 1-1 function from A to B, since after n elements in A are 
matched up with unique elements in B there would still be m - n in A whose functional values 
cannot be defined (there being no elements in B to send them to). If m ≤ n, we can proceed as 
follows. Let the m elements in A be a1, a2, …, am-1, am. We can define f(a1) to be any one of the n 
elements in B; then we can define f(a2) to be any one of the remaining n-1 elements in B; then 
there will be n-2 elements left for f(a3); proceeding in this way successive elements in A will 
have choices for f(ai) limited to n-3, then n-4, etc., until finally f(am) will have a choice of n-m+1 
elements in B. Thus the number of 1-1 functions from A to B is: n*(n-1)*(n-2)*…*(n-m+1). 

Note that this number can be represented as n!/(n-m)! 
Consider The Birthday Problem, from Example 13 of Section 6.2. What is the minimum 
number of people who need to be in the same room so that the probability that at least two of 
them have the same birthday is greater than 1/2? 

How do we represent the probability that not all of k people chosen at random have the same 
birthday? The number of ways they can have different birthdays is the number of ways they can 
be matched 1-1 with 365 days in a year (drop the leap year possibility for simplicity). From 
Example 7 above, for k people this number is: 365*364*363*…*365-k+1 = 365!/(365-k)!. How 
many ways are there to select birthdays for k people totally at random (no 1-1 restriction)? From 
Example 6 it is 365k. 

Thus the probability that k random people have no duplicate birthdays is (365!/(365-k)!)/365k. 
For k = 1, we get 365/365 = 1 (there can be no duplicate birthdays with one person). For k = 2 
we get (365*364)/(365*365), and so on, multiplying this result by 363/365 for the third person, 
362/365 for the fourth, etc. Work this out on a calculator to check that the number of people is 23 
where the product first falls below 0.5. 
On pg 338, in Section 5.1, we see The Sum Rule. If a task can be done in any of n1 ways or in 
any of n2, where none of the n1 ways duplicates any of the n2 ways, then there are n1 + n2 ways to 
do the task. We can rephrase this in more general numbers in terms of sets: if A1, A2,…, Am are 
disjoint finite sets then the cardinality of the union of these sets is the sum of the cardinalities of 
each set: |A1 ∪ A2 ∪ … ∪ Am| =   |A1| ∪ |A2| ∪ … ∪ |Am|.     

Example 15 (pg 340). A  computer password at a site can be 6 to 8 characters long, where every 
character is an uppercase letter or a digit; there must be at least one digit. (Note: not realistic, 
since no lowercase letters or special characters such as %@#, etc.) 
By the product rule, the number of strings of 6 characters in 366 and the number of strings with 
no digits is 266, so the number of passwords of length 6 is P6 = 366 - 266 (the text calculates the 
result but I don't require that for an answer). Similarly, P7 = 367 - 267 and P8 = 368 - 268. So the 
final answer is P6 + P7 + P8 = 366 - 266 + 367 - 267 + 368 - 268. 
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The Inclusion-Exclusion Principle Suppose that a task can be done in n1 ways or in n2 ways, 
but that some of the n1 ways to do the task are the same as some of the n2 ways to do the task. 
Then the total number of ways to do the task is equal to n1 + n2 - n12, where n12 is the number of 
ways that are common to both n1 and n2. To put this another way, if A and A are two sets that 
may have a non-empty intersection, then |A1 ∪ A2| = |A1| + |A2| - |A1 ∩ A2|. Draw a Venn 
Diagram to see why this is true. 
Example 17. How many ways are there to construct a bit string of length 8 that start with a 1 bit 
or end with bits 00 (or possibly both). There are 27 bit strings that begin with zero and are 
otherwise arbitrary bits and there are 26 bit strings that end with 00 and are otherwise arbitrary 
bits, while there are 25 bit strings that start with a 1 bit and end with 00 but are otherwise 
arbitrary bits. Then by the Inclusion-Exclusion principles the number of bit strings that either 
start with a 1 bit or end with bits 00 is 27 + 26 - 25. 
Example 19. How many bit strings of length 4 do not have two consecutive 1-bits? 

The text creates a binary tree to help you enumerate them, but it's about the same difficulty to 
create binary strings with as many early 1's as possible, moving 1's to the right on successive 
turns. Note that bit strings of length 4 with 3 1-bits cannot avoid two 1-bits in a row: thus we 
must have zero, one or two 1-bits. There is one all-zero string, 0000, and 4 bit strings with 1 1-bit 
and the rest 0-bits: 1000, 0100, 0010, 0001. When it comes to two 1-bits, we can enumerate them 
thus: 1010, 1001, 0101. That's it. So there are 8 bit strings with that prescription. 
Example 20. In how many ways can a team win a first three of five game playoff? 

Let's designate wins by the two teams as 0 and 1 in a bit-string (except we cut the bit-string short 
as soon as one team wins three). We start by counting the number of ways team 0 can win the 
series. It can win the first three games: 000xx; it can win three out of the first four games: 1000x, 
0100x, 0010x; finally, it can win on the last game: 11000, 10100, 10010, 01100, 01010, 00110, 
00110. Thus there are 10 ways 0 can win and similarly there will be 10 ways 1 can win. The total 
number is twenty. 

3.2. Theorem 1: The Pigeonhole Principle. If k is a positive integer and k + 1 or more objects 
are placed into k boxes, then there is at least one box containing two or more objects. 

Proof. Assume each of the k boxes contains no more than 1 object. Then there will be at most k 
objects total. Contradiction with given. Therefore one of the boxes contains more than 1 object. 

Remember the example of pulling three socks at random from a drawer with socks of two colors, 
and that guarantees that two socks will be the same color? The pigeonholes are color here, and 
there are only two, so three will guarantee two in the same pigeonhole. Similarly, if we had socks 
of k colors and selected k+1 socks, two would have the same color. 

Corollary 1 . A function f from a set A of k+1 elements to a set B of k elements is not 1-1. 
Proof. Elements a in A can be thought of as k+1 objects that are placed in k boxes corresponding 
to elements b in B by the rule f(a) = b. By the Pigeonhole principle, some box b1 must contain at 
least two objects a1 and a2, so f(a1) = b1 and f(a2) = b1, so the function f cannot be 1-1. 
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Class 14. 

Theorem 2: The Generalized Pigeonhole Principle. If N objects are placed into k boxes 
(assuming N > k), then there is at least one box containing at least ⎡N/k⎤ objects. 

Proof. We give a proof by contradiction. Suppose that none of the boxes contains more than 
⎡N/k⎤ -1 objects. Then the total number of objects is at most: 

  k( ⎡N/k⎤ - 1)  < k((N/k) + 1) - 1) = N  

The strict inequality above replaces  ⎡N/k⎤ by (N/k) + 1, since rounding up can at most add 1. 
Thus the assumption none of the boxes contain more than ⎡N/k⎤ -1 objects leads to a conclusion 
that the total number of objects is less than N, a contradiction. Therefore there is at least one box 
containing at least  ⎡N/k⎤ objects. 

Example 6. What is the minimum number of students required in a discrete mathematics class to 
be sure that at least six will receive the same grade, if there are 5 possible grades: A, B, C, D, F. 

Answer. We must choose a number N of students to be the smallest N such that ⎡N/5⎤ = 6. The 
answer is N = 5*5 + 1, where N/5 = 5.2, so ⎡N/5⎤ = 6. 

Example 7. A standard deck of 52 card, has thirteen cards of each of four suits, clubs, diamonds, 
hearts, and spades. (a) how many cards must be selected from this deck to guarantee that three 
cards of the same suit must be selected? ANSWER: to get two cards of each suit, we would need 
8 cards; to get at least one three card suit, we select 9 cards, since 9/4 = 2.25 and ⎡N/k⎤ = 3. 

(b) How many cards must be selected to guarantee at least three hearts are chosen. This is an 
entirely different kind of question. We can select 3*13 = 39 cards of the other three suits without 
choosing a single heart. Then the next three must be hearts, once all other suits are exhausted. So 
the answer is: to guarantee three hearts are chosen one must choose 42 cards from the deck. If we 
choose cards at random, we have a VERY HIGH probability of selecting three hearts long before 
we have chosen 42 cards, but this is not a GUARANTEE! 
Some Elegant (and HARD) Applications of the Pigeonhole Principles 

I will give at least one problem based on these Examples on a future Quiz and/or Exam. 
Example 10. During a month with 30 days, a baseball team plays at least one game a day, but no 
more than 45 games. Show there must be a period of some number of consecutive days during 
which the team plays exactly 14 games. 

Answer. This is VERY HARD, unless you think of it just right. Let aj be the number of games 
played on or before the jth day of the month. Then a1, a2, …, a30 is an increasing sequence of 
distinct positive integers with 1 ≤ aj ≤ 45. Moreover, a1+14, a2+14, …, a30+14 is also an 
increasing sequence of distinct positive numbers that are all less than or equal to 59.  

Now consider the sequence consisting of both lists together: a1, a2, …, a30, a1+14, a2+14, …, 
a30+14. There are 60 numbers in this list, but all of them have value between 1 and 59. Therefore 
two of them must be equal, and must be from the distinct lists (because there is at least one game 



 37 

a day) so  ai ≠ aj: thus  ai = aj+14. Clearly i must be greater than j and the number of games 
played as of day i is 14 more than the number as of day j. 

Example 11. Show that among any n + 1 positive integers not exceeding 2n, there must be an 
integer that divides one of the other integers. 

Answer. Write each of the n+1 integers ai, i = 1 to n+1, as a power of 2 times an odd integer: 
2k(i)qi, where 2k(i) might be 20 = 1, and the odd number qi might also be 1. Since there are n+1 
odd integers qi, and only n positive odd integers less than 2n, two of the odd integers must be 
equal, say qj = qm, and let us denote this common odd integer by q. Then with aj = 2k(j)q and aim= 
2k(m)q, one of these is some power of 2 times the other, so one divides the other. 
Definition . Given a sequence a1, a2, …, aN of real numbers, a subsequence of length m of this 
sequence is a sequence of the form ai(1), ai(2), …, ai(m), where 1 ≤ i(1) < i(2) < … < i(m) ≤ N (with 
some of the terms of the original sequence and perhaps excluding other terms). A sequence (or 
subsequence) is called strictly increasing if each successive term is larger than the one preceding 
it, and strictly decreasing if each successive term is larger than the one preceding it.      
Theorem 3. Every sequence of n2 + 1 distinct real numbers (no two identical) contains a subse-
quence of length n+1 that is either strictly increasing or strictly decreasing. 

Example 12.a. Consider any sequence of two distinct real numbers, e.g.: 7  13 or 19  11. The 
first pair is increasing and the second pair is decreasing. We have 2 = n2 + 1 distinct real 
numbers with n = 1, and therefore a subsequence of n + 1 numbers that are strictly increasing (7  
13) or decreasing (19  11).   

Example 12.b. For n = 2, if we have a sequence of  n2 + 1 = 5 distinct numbers, we will have a 
subsequence of n+1 = 3 that is increasing or 3 that is decreasing. Let us start a sequence (for 
example) with numbers  5   12. Now if the third number is above 12, we will have an increasing 
subsequence of length 3, but let's avoid such a subsequence as long as possible. 

Thus we can extend the sequence in two possible ways, (a) 5  12  9 (9 is between the initial 2 
numbers) or (b) 5  12  1 (1 is beneath both of the initial two numbers). Now we have an 
increasing sequence of length 2 and a decreasing sequence of length two in both sequences of 
length 3, i.e , in sequence (a), 5-12 is increasing and 12-9 is decreasing, and in sequence (b) 5-12 
is increasing, while both 12-1 and 5-1 are decreasing. 
Now how can we extend sequence (a) to avoid an increasing or decreasing subsequence of length 
3? The next number m must be greater than 9 (to avoid a decreasing 12  9  m), but if  m is greater 
than 9, say 10, then we have an increasing sequence 5  9  10. So sequence (a) cannot be extended 
to length 4. Sequence (b) 5  12  1 can be extended however with a fourth number between 12 and 
1, say 6, giving us 5  12  1  6 which we will call (b_4). 

Now starting with (b_4), how can we avoid three in a row on the next number r? We see r cannot 
be less than 6, say 4, because of subsequence 12  6  4; also r cannot be greater than 6 say 7, 
because of subsequence 1  6  7. Thus any five distinct numbers has a rising or falling length 3 
subsequence. 

Proof of Theorem 3. Assume we are given a sequence a1, a2, …, aN of distinct real numbers, 
where N = n2 + 1. Associate with each element ak an integer pair (ik, jk), where ik is the length of 
the longest increasing subsequence ending at ak (this is different than the text) and jk is the length 
of the longest decreasing subsequence ending at ak. 
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For example, a1 will have corresponding integer pair (1, 1). Then if a2 > a1, a2 will have corre-
sponding integer pair (2, 1) (because (a1 a2) is an increasing subsequence of length 2). We claim 
that it is impossible for two elements of the sequence as and at to have the same corresponding 
integer pair (is, js) = (it, jt), since if s < t and as < at then is < it (since as is to the left of at and 
smaller, so at minimum at ≥ as + 1, and alternatively if s < t and as > at then js < jt. 
Thus there must be n2 + 1 distinct (ik, jk) pairs, starting with (1, 1) and if we have no ik or jk 
falling out of the range 1 to n, a total of n2 pairs, a contradiction arises: by the pigeonhole 
principle one of the pairs must have either ik or jk equal to n + 1, and thus there is an increasing 
or decreasing subsequence of length n + 1 in a1, a2, …, an2+1. 
Example 13. Assume that in a group of six people, each pair of people are either friends or 
enemies. Show there are three mutual friends or three mutual enemies in the group. 
Proof. This is the same as the example of six nodes in space connected by white or black threads 
that I gave in class last time (not having read ahead to find this example). For this Example, pick 
person m1 in the group, and that person must have among the other five people either three 
friends or three enemies (possibly more). Say m1 has three friends m2, m3, and m4. Then either 
some pair of m1, m2, m3 are friends and with m1 form three mutual friends, or they are all 
enemies and form three mutual enemies. 
Ramsey Numbers. R(m, n) denotes the number of vertices in a graph with edges colored white 
and black that guarantees that either there are m points connected with white edges or n points 
connected with black edges. It is very difficult to determine these numbers for large m and n. 
Exact values for only 9 Ramsey numbers with 3 ≤ m ≤ n are known, for example: R(4, 4) = 18. 
Class 15. 

5.3 Permutations and Combinations 

Example 1. In how many ways can we select three students from a group of five students to 
stand in line for a picture. In how many ways can we arrange all five of these students in a line 
for a picture. 

Solution. Order matters in this question, since we are arranging the students left to right. We can 
pick the leftmost student from a group of five students in 5 ways, the next in 4 ways. And the 
third in 3 ways, so by the product rule there are 5*4*3 = 60 ways to arrange three students, We 
denote this as P(5,3), the number of 3 permutations of a set witn 5 elements. If we line up all five 
students left-to-right, this can be done in 5*4*3*2*1 = 5! = P(5,5) ways. 
Example 2. Let S = {1, 2, 3}. The 2-permutations of S are: 1, 2; 1, 3; 2, 1; 2, 3; 3, 1 and 3, 2. We 
enumerate these 2-permutations as P(3, 2) = 6. 
Theorem 1. If n is a positive integer and r is an integer with 1 ≤ r ≤ n, then there are 

 P(n, r) = n(n-1)(n-2)…(n-r+1) 
r permutations of a set with n distinct elements. Note that P(n, 0) = 1 because there is exactly one 
way to order zero elements. 
Corollary 1 . P(n, r) = n(n-1)(n-2)…(n-r+1) = n!/(n-r)! 

Example 6. Suppose a saleswoman must visit eight different cities, always starting in one 
particular city, but then varying her route in all possible ways to avoid boredom. Since the first 
city is specified, the remainder can be ordered in 7! Ways. 
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Example 7. How many permutations of the letters ABCDEFGH contain the string ABC? We 
can permute the block ABC and letters DEFGH in 6! Ways. 

Combinations 

We now consider the number of ways of counting unordered selections of objects. An r-combi-
nation of elements of a set S with n distinct elements is an unordered selection of r elements from 
the set; thus it is simply the collections of subsets of S containing r elements.  

Example 9. Let S be the set {1, 2, 3, 4}. Then the 3-combinations of S are {1, 2, 3}, {1, 2, 4}, 
{1, 3, 4} and {2, 3, 4}. 

The number of r-combinations of a set with n distinct elements is denoted by C(n, r). It is also 
called a binomial coefficient. 

Theorem 2. The number r-combinations of a set with n distinct elements, n a positive integer 
and 0 ≤ r ≤ n, equals 

 C(n, r) = n!/(r! (n - r)!) 
Proof. The r-permutations of a set can be obtained by forming the C(n, r) r-combinations of the 
set and then ordering the elements in each. Thus: 
 P(n, r) = n!/(n-r)! (Thm 1, Cor 1) = C(n, r) P(r, r) = (n!/(r! (n-r)!)) r! 

Example 11. How many poker hands of 5 cards can be dealt from a standard deck of 52 cards 
(all cards are different, {2, 3, 4, 5, 6, 7, 8, 9, 10, Jack, Queen, King, Ace}? Answer: C(52, 5) = 
52!/(5! 47!). Note this is also the way of dealing 47 cards from a standard deck. 
Example 14. How many bit strings of length n contain exactly r 1s? Answer: Given n distinct 
positions in the bit string, we can place 1s in exactly r positions in C(n, r) ways. E.g., we can 
place one 1 in n!/(n-1! 1!) = n ways. We can place two 1s in n!/(n-2! 2!). Try it with n = 5, 6. 

5.4 Binomial Coefficients 

Theorem 1. If x and y are variables and n is a nonnegative integer 

 (x + y)n = C(n, 0) xn + C(n, 1) xn-1y1 + C(n, 2) xn-2y1 +…+ C(n, n-1) xyn-1 + C(n, n) yn.   
This is called the Binomial Theorem. 

Proof. The coefficient of xn-jyj is the number of ways of choosing x from n-j factors of (x + y)n 
and y from the remaining factors (no new choice involved). 

Here is Pascal's Triangle: 
   1  Pascal's Identity: C(n+1, k) = C(n, k-1) + C(n, k) 

          1      1  Proof. Assyne T is a set containing n+1 elements, and a an 
      1      2      1  element of the set. First count the number of ways we can choose 

  1      3      3      3 k elements from T including a -- then we have to choose k-1 
     1      4      6      4      1 elements from the remaining n. Then, to choose k elements that 

     1     5      10    10     5     1 do not include a, we choose k elements from among the n that are  
 1      6     15    20     15    6     1 left. 

Corollary 1: By setting x and y both to 1, we see that: (1 + 1)n = 2n = C(n, 0) + C(n, 1) +…+ 
C(n, n). 
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Corollary 2 . By setting x = 1 and y = -1, we get: 0 = (-1)0C(n, 0) + (-1)1C(n, 1) + (-1)2 C(n, 2) 
+…+ (-1)n C(n, n). From this, we can see that C(n, 0) + C(n, 2) + C(n, 4)+ … = C(n, 1) + C(n, 3) 
+ C(n, 5)+ … 
Corollary 3 . Setting x to 1 and y to 2, we get: (1 + 2)n = 3n = C(n, 0) + 2C(n, 1) +…+ 2nC(n, n).  

Theorem 3.Vandermonde's Identity Let m, n, and r be nonnegative integers with r ≤ min(m, n). 
Then: 

 C(m+n, r) = C(m, r)(C(n, 0) + C(m, r-1)(C(n, 1) +…+ C(m, r-k)(C(n, k) +…+ C(m, 0)(C(n, r). 
Proof. Assume we are retrieving r elements from a union of sets S and T, where |S|  = m and |T| = 
n. Then we can choose r elements from the union of S and T by first choosing r from S and 0 
from T, next choosing r-1 from S and 1 from T, and so on until we choose 0 from S and r from T. 

5.5 Generalized Permutations and Combinations. 
Permutations and Combinations with Repetition. 

Example 1. How many strings of length r can be formed from the English alphabet?  
Answer. Note letters can appear multiple times and in fact a string of length r can repeat the 
same letter r times. Thus the number of strings of length r is 26r, where each position in the string 
is any of the 26 letters. Thm. 1. If there were n letters in the alphabet the answer would be nr. 

Note that the question of Example 1 is quite different from the question of how many ways one 
can deal out a row (sequence) of r cards from a deck of n distinct cards. In that case there is no 
possibility of repetition in the sequence so the correct answer is P(n, r) = n(n-1)…(n-r+1) = n!/r!. 
Example 2. How many ways are there to select 4 pieces of fruit from a bowl a very large number 
of apples oranges and pears. Here, only the type of fruit matters since we take individual fruit of 
any type to be indistinguishable -- also, we assume the choices are truly random since a robot 
chooses the fruits and cannot distinguish the different types by touch or any other means. 
Answer. The text solves this problem by enumerating the 15 different solutions at the bottom of 
page 271. Let me jump ahead to a general solution of this problem. We use an approach that is 
often called the "picket fence method". Let's think in terms of how many ways we can place 4 
"choice elements" represented by '*' into three "bins" that look like this:  |   |   |   |. Here is a way. 
| ** | ** |   | 

We can think of the three bins as representing apples, oranges, and pears (in alphabetical order). 
Thus in the arrangement above, we have chosen 2 apples, 2 oranges, and no pears. It turns out we 
already know how to count arrangements of this type. 
First, note that the leftmost and rightmost bin barriers '|' never move, so we can ignore them. 
Thus we only need to find how to arrange 4 *s and 2 |s into arbitrary sequences. But think of *s 
as 0s and |s as 1s. How many ways are there to create bit strings of length 6 with 2 1s and 4 0s? 
Just the number of ways of choosing 2 positions from among 6, in other words C(6, 2). 
But C(6, 2) = 6!/(4!2!) = 6*5/2 = 15. B this is the same as the number of ways of choosing 4 
pieces of fruit from 3 kinds. 
Example 3. How many ways are there to select 5 bills from a cash box containing bills of 7 
denominations. E.g.: |  | * |  | ** |  | **|  |. Answer. Throwing away the two end "pickets" leaves 
6, the answer is: C(5+6, 5) = 11!/(5! 6!) = 462. See pgs 372/373 in text. 
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Example 5. How many solutions does x + y + z = 11 have in nonnegative integers? 
Answer. This is the number of ways of placing 11 indistinguishable objects into 3 boxes. 
Throwing away the two end pickets of the 3 boxes, we get C(13, 2) = 13*12/2 = 78. 
Permutations with Indistinguishable Objects 

Example 7. How many different strings can be made by reordering the 7 letters of the word 
SUCCESS? 

Answer. We can't just say 7! here, because if we interchange the first and last letter (for 
example) we get the same word. We have three identical letters S, two identical letters C, and 
two unique letters U and E. We can approach the problem in this way. 
First, from among the letter positions of the distinct words we are trying to construct, we can 
choose ways to place three S's in C(7, 3) ways. Then we have 4 unselected positions left, and we 
can choose places to put the two C's in C(4, 2) ways. Then in the two remaining positions, we 
can place U in C(2, 1) ways, and in the 1 remaining position we can place E in C(1, 1) way. 
By the product rule, the number of permutations is: C(7, 3)C(4, 2)C(2, 1)C(1, 1) =              
(7!/(3! 4!))(4!/(2! 2!)(2!/(1! 1!))(1!/(1! 0!) or canceling terms we get. 7!/(3! 2! 1! 1!). 
Theorem 3. The number of different permutations of n objects where there are n1 indistinguish-
able objects of type 1, n2 indistinguishable objects of type 2, …, and nk indistinguishable objects 
of type k is: 

 n!/(n1! n2!...nk!). 
See and mark Table 1, top of pg. 375. But note that Theorem 3 provides a new form. 

We skip the next sub-section of Distributing Objects into Boxes, because we've already taught 
the Section on r-combinations with repetitions allowed using that picture. I think they are 
obviously identical concepts. 
Class 16. Chapter 6. Discrete Probability 

Finite Probability . An experiment is a procedure that yields one of a set of possible outcomes 
(rolling a die -- outcome: 1 through 6, flipping a coin -- outcome: Heads or Tails). The sample 
space of the experiment is the set of possible outcomes. An event is a subset of the possible 
outcomes. In this Section we assume equally likely outcomes: elements of the sample space. 

Definition 1. If S is a finite sample space of equally likely outcomes, and E is an event, that is a 
subset of S, then the probability of event E is p(E) = |E|/|S|. 

Example 1. An urn contains four blue balls and five red balls. What is the probability that a ball 
chosen at random from the urn is blue? Answer. There are 9 possible outcomes (chosen balls), 
and 4 of these outcomes give a blue ball. Thus the probability a blue ball is chosen is 4/9. 
Example 2. What is the probability that when two dice are rolled, the sum of the two dice is 7? 
Answer. See MyExample 2, back on pg 33 of these notes. The first die can be rolled as 1 to 6 
while the second die also has 1 to 6, and by the product rule the two together have 36 outcomes. 
The event of the two rolled dice adding to 7 is made up of 6 outcomes, (1, 6), (2, 5), (3, 4), (4, 3), 
(5, 2), (6, 1). Hence the probability of 7 coming up when two dice are rolled is 6/36 = 1/6. 

Example 3. In a lottery, players win a large prize if they pick four digits that match, in the 
correct order, four digits selected by a random mechanical process. A smaller prize is won for 
matching only three digits, choosing the digits in the correct order, and missing exactly one. 
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Answer. The digits involved are 0 through 9, each one can be chosen in 10 ways; 4 digits in 
sequence can be chosen, by the product rule, in 104 = 10,000 ways. Thus the probability of 
guessing the four digits in the correct order is 1/10,000 = 0.0001. 
The smaller prize is won if the player guesses three out of four digits in the correct order, but 
misses one. Each individual digit can be guessed wrong in 9 ways, and the player can guess three 
right and one wrong by guessing wrong in the first, second, third or fourth digit while getting all 
the rest right. By the sum rule there are 4*9 = 36 ways of doing this, so the probabilitiy is 
36/10,000 = 0.0036. 

MyExample 1. The highest-ranking hand in poker (5 cards) is a straight flush, a sequence of 
cards in a specific suit, from A-2-3-4-5 to 6-7-8-9-10, and then 7-8-9-10-J, 8-9-10-J-Q, 9-10-J-
Q-K, and finally 10-J-Q-K-A, also called a royal flush. There are 10 straight flushes of this kind 
in each suit and 4 suits, so there are 40 straight flushes. The total number of 5-card hands is 
C(52,5) = 2,598,960 (see Example 11 in Section 5.3), so the probability of being dealt a straight 
flush is 40/2,598,960 ≅ 0.0000154. (The symbol ≅ means 'approximately equals'). Notice that 
there is no order in a poker hand (as there was in the lottery of Example 3) and no replacement in 
the deck (unlike the lottery, where the same digit could come up multiple times). 
Example 5. The next highest-ranking hand in poker after the straight flush is four of a kind, four 
cards of any denomination, 2, 3, …, J, Q, K, A (the Ace is the highest ranking card here) and a 
fifth card of any other kind, chosen in 48 ways once the four of a kind are removed. We have 13 
ways of choosing four of a kind and 48 ways to choose the fifth card, so the probability of four 
of a kind is: (13*48)/2,598,960 ≅ 0.0002401. Note that four of a kind is more likely than a 
straight flush, which indicates why a straight flush beats four of a kind in a poker showdown. 
Example 6. The next highest ranking hand in poker is a full house, three of one denomination of 
card and two of another, e.g.: AAA77. The number of ways to get a full house is counted by first, 
choosing the denomination with three and then the denomination with two cards, an ordered 
selection to determine which is: P(13, 2). Following this we have C(4, 3) ways of choosing the 
three cards (which three suits) of the first card denomination with three cards (e.g.: AAA), and 
then C(4 ,2) ways of choosing the pair (e.g.: 77). Thus the total number of full houses is; 
 P(13, 2)C(4,3)C(4,2) = 13*12*4*6 = 3744, and the probability of a full house is: 

 3744/2,598,960 ≅ 0.0014, thus the full house is more likely than four of a kind! 

The Probability of a Combination of Events 

Theorem 1. Let E be an event in a sample space S. The probability of the event Ec, the comple-
ment of E, is given by: 

 P(Ec) = 1 - P(E). 
Proof. P(Ec) = (||S| - |E|)/|S| = 1 - |E|/|S| = 1 - p(E). 

Example 8. A bit sequence of length 10 is randomly generated. What is the probability that at 
least one of these bits is 0? 

Answer. Let E be the event that at least one of the bits is 0; then Ec is the event that all of the bits 
are 1. Thus: p(E) = 1 - p(Ec) = 1 - 1/210 = 1023/1024. 
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Theorem 2. Let E1 and E2 be events in a sample space S. Then 

 p(E1 ∪ E2) = p(E1) + p(E2) - p(E1 ∩ E2) 

Proof. We use the formula given in Section 2.2 for the number of elements in the union of 2 sets. 

 |E1 ∪ E2| = |E1| + |E2| - |E1 ∩ E2|. The result follows by dividing both sides by |S|. 

Example 9. What is the probability that a positive integer selected at random from the set of 
positive integers not exceeding 100 is divisible by either 2 or 5? 
Answer. Let E1 be the event that the integer selected is divisible by 2 and E2 be the even that it is 
divisible by 5. Then E1 ∪ E2 is the event that it is divisible by either 2 or 5, and E1 ∩ E2 is the 
probability that it is divisible by both 2 and 5, that is: divisible by 10. It follows that: 

 P(E1 ∪ E2) = p(E1) + p(E2) - p(E1 ∩ E2) = 50/100 + 20/100 - 10/100 = 3/5. 

6.2 Probability Theory 

In Section 6.1 we made the simple (and commonly observed) assumption that all outcomes of an 
experiment are equally probably. In this section we study probabilities of experiments where 
outcomes may not be equally likely. 
Assigning Probabilities. 

Let S be a sample space of an experiment with a finite or countable (infinite) number of out-
comes. We assign a probability p(s) to each outcome and require that two conditions be met: 

(i) 0 ≤ p(s) ≤ 1 for each s ∈ S 

and 

(ii) p(s)
s!S

"  = 1. 

The function p from the set of all outcomes s in S to the real numbers obeying these conditions is 
called a probability distribution . 
Definition 1. If S is a set with n elements, the uniform distribution assigns to each element s of 
S the probability 1/n. 
Definition 2. The probability of an event E is the sum of the probabilities of the outcomes of E. 
 p(E) = p(s)

s!E

"  

(Note that when E is an infinite set, p(s)
s!E

" is a convergent infinite sequence.) 

Note that if there are n outcomes in E, that is if E ={a1, a2,…, an} then the sum of definition 2 is 
over the n terms of E. 
Example 2. Supposed that a die is biased (or loaded) so that 3 appears twice as often as each 
other number but that the 5 remaining outcomes are equally likely. What is the probability that 
an odd number appears when we roll this die? 

Answer. We need to assign probabilities to the numbers that appear that matches the description. 
Thus p(1) = p(2) = p(4) = p(5) = p(6) = 1/7 and p(3) = 2/7 (twice as likely as the others). It 
follows that p(E) = p(1) + p(3) = p(5) = 4/7. 
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Combination of Events. 
The formulas for combinations of events continue to hold in non-uniform distributions. That is: 

 P(Ec) = 1 - P(E) 
and 

 P(E1 ∪ E2) = p(E1) + p(E2) - p(E1 ∩ E2) 

Conditional Probability . 
Suppose we flip a coin four times, and all sixteen possibilities are equally likely. Moreover, sup-
pose we limit our consideration to four-flip sequences where the event F, that the first flip comes 
up tails, occurs. Given this limitation, what is the probability of the event E, that the four flips 
contain two consecutive tail flips?  
Our limiting assumption affects only the first flip, so the remaining 3-flip sequences are all 
equally likely: HHH, HHT, HTH. HTT, THH, THT, TTH, TTT. Given that the first flip was a T, 
we have two consecutive T flips in five of these cases HTT, and all that follow in the sequence 
above and begin with T. Therefore the probability of E given that F occurs is 5/8. 
Definition 3. Let E and F be events with p(F) > 0. The conditional probability of E given F, 
denoted by p(E | F), has the value: 

 p(E | F) = p(E ∩ F)/p(F). 

Note that in the example we just gave, p(E ∩ F) consists of the five 4-flip sequences THTT, 
TTHH, TTHT, TTTH, TTTT, while p(F) consists of all eight 4-flip sequences beginning with T. 
(This example was identical in construction with the one in Example 3: the probability that 4-bit 
bit strings contain at least 2 consecutive 0s given that the string begins with a 0.) 

Example 4. What is the conditional probability that a family with two children has two boys 
given that they have at least one boy? We assume that having a boy or girl with any given birth is 
equally likely. We are leaving out the pair GG and including only the pairs BG, GB, BB, so the 
probability of BB is 1/3. 

MyExample. What is the conditional probability that a family with two children has two boys 
given that the elder child is a boy? This leaves two possible pairs, BB and BG, so the probability 
is ½. 
Independence. 

Suppose a coin is flipped twice. Does the fact that it comes up H the first time (event F 
represented as H?) affect the probability that we get two flips the same (event E represented as 
HH)? The answer is no, since we can get a H or T on the second flip with equal probability -- the 
first flip has no effect on the second. This means they are independent events, meaning that the 
occurrence of one event gives no information about the occurrence of the second event. Thus 
p(HH | H?) = p(HH ∩ H?)/p(H?) = (1/4)/(1/2) = 1/2 

Definition 4. The events E and F are independent if and only if P(E ∩ F) = p(E)p(F). 

Example 5. Assume that the sixteen bit strings of length four are equally likely. If E is the event 
that the bit string begins with a 1 and F is the event that the bit string has an even number of 1s. 
Are E and F independent events? 
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Answer. There are 8 bit strings that begin with 1, so p(E) =1/2. Among all length 4 bit strings, it 
is clear that an even number of 0s occurs only when there are an even number of 1s, and in fact 
these are enumerated as: 0000, 0011, 0101, 0110, 1001, 1010, 1100. 1111. Thus there are 8 such 
strings and p(F) = 1/2. But E ∩ F = {1001, 1010, 1100, 1111}. Thus p(E ∩ F) = p(E)p(F) = 1/4. 

Example 6. Assume, as in Example 4, that each of the four ways a family can have two children 
(BB, BG, GB, GG) are equally likely. Are the events E, that such a family has 2 boys, and F, that 
such a family has at least one boy, independent? 

Answer. Event E contains only BB and p(E) = 1/4, while p(F) = 3/4, as shown in Example 4. 
Now p(E ∩ F) = 1/4,  while p(E)p(F) = 3/16, so the two events are not independent. 

Class 17. More Probability. Memorize these Earlier Results: 
Definition 3. Let E and F be events with p(F) > 0. The conditional probability of E given F, 
denoted by p(E | F), has the value:   p(E | F) = p(E ∩ F)/p(F). Explain. 

Definition 4. The events E and F are independent if and only if P(E ∩ F) = p(E)p(F). (If and only 
if: p(E | F) = p(E).) 
Combination of Events E, E1 and E2 be events in a sample space S. Then:   P(Ec) = 1 - P(E)   
and   P(E1 ∪ E2) = p(E1) + p(E2) - p(E1 ∩ E2) (Venn Diagram.)  New Material Follows. 

 
Bernoulli Trials and the Binomial Distribution  

Suppose that an experiment can have only two possible outcomes (a coin flip gives H or T, ran-
dom bit generation gives 0 or 1). Each performance of an experiment with two outcomes is 
called a Bernoulli trial . Each outcome of a Bernoulli trial is called a success (with probability p) 
or failure  (with probability q = 1 - p). Typically, Bernoulli trials are mutually independent 
when the conditional probability of success in any trial is unchanged from p given any informa-
tion about other trials. Many problems can be solved by determining the probability of k succes-
ses in n mutually independent Bernoulli trials. 

Example 8. A coin is biased so the probability of heads (success) is 2/3. What is the probability 
that 4 heads come up in when the coin is flipped 7 times? (Assume independence unless other-
wise stated in experiments that follow.) 
Answer. There are 27 possible outcomes when a coin is flipped 7 times, and the number of ways 
4 heads can come up in 7 flips is C(7, 4). The probability of 4 heads given the assumptions above 
is C(7, 4)(2/3)4(1/3)3 = (35*16)/3 = 560/2187 or about 0.256. 

Theorem 2. The probability of exactly k successes in n independent Bernoulli trials, with 
probability of success p and probability of failure q = 1 - p is C(n, k)pkqn-k. 

Note that the sum of probabilities that there are k successes when n independent Bernoulli trials 
are carried out, summing over k = 0, 1, 2,…, n equals 

 C(n,k)
k=0

n

! pkqn-k = (p + q)n = 1n = 1. 

Random Variables 
Definition 5. A random variable is a function from the sample space of an experiment to the set 
of real numbers; that is, a random variable assigns a real number to each possible outcome. 
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Remark: Note that a random variable is a function, it is not a variable and it is not random! 
Example 10. Suppose a coin is flipped three times. Let X(t) be the random variable that equals 
the number of heads that occurs when t is the outcome. Then X(t) has the following values: 
X(HHH) = 3  -- note here that HHH is the outcome, t and X(t) = X(HHH). Other outcomes t give 
X(HHT) = X(HTH) = X(THH) = 2.  X(HTT) = X(THT) = X(TTH) = 1 and X(TTT) = 0. 
Definition 6. The distribution of a random variable X on a sample space S is the set of pairs       
(r, p(X = r), for all r ∈ X(S), where p(X = r) is the probability that X takes the value R. A 
distribution is usually described by specifying p(X = r) for each r ∈ X(S). 

Example 11. Because each of the eight random variables where three coins are flipped has 
probability 1/8, the distribution of the random variable in Example 10 is given by: P(x = 3) = 1/8, 
P(X = 2) = 3/8, P(X = 1) = 3/8, and P(X = 0) = 1/8. 

The Birthday Problem 

A famous problem asks for the smallest number of people needed in a room so that the probabil-
ity that at least two of them have the same birthday is at least ½. 
I solved this problem back on page 33, but note assumptions here that all birthdays are equally 
likely and that they are independent. This would probably not be true in a first grade class (cer-
tainly not if there is a six year lower limit and classes start both in the Fall and Spring). Note too 
that the Text assumes there are 366 days in a year and I assumed 365 (there are actually 365¼). 
We got the same answer, though: 23. 

Skip Example 14 and the rest of this Section. 
6.3. Bayes' Theorem 

Example 1. We have two boxes. Box 1 contains 2 green balls and 7 red balls and Box 2 contains 
4 green balls and 3 red balls. Bob selects a ball by first choosing one of the boxes at random and 
then selecting a ball from that box. If he selects a red ball, what is the probability that he has first 
selected Box 1? 

Answer. Let E be the event that Bob has chosen a red ball (Ec is the event he chose a green ball); 
Let F be the event that he chose the ball from Box 1 (Fc is the event he chose from Box 2). We 
want to find p(F | E), the probability it was the first box given the ball was red. We know from 
Def 3 on the previous page that p(F | E) = p(E ∩ F)/P(E). 

The first box contains 7 red and 2 blue balls, so p(E | F) = 7/9; the second box has 3 red and 4 
blue balls, so p(E | Fc) = 3/7. We also know p(F) = p(Fc) = ½ since the box was chosen at 
random. Transposing in the formula at the end of the prior paragraph: p(E ∩ F) = p(E | F)p(F) = 
7/18; also, p(E ∩ Fc) = p(E | Fc)p(Fc) = 3/14. 

Thus p(E) = p((E ∩ F) ∪ (E ∩ Fc)), the probability of the union of two disjoint sets of outcomes, 
which is equal to the sum of the probabilities of each set, so p(E) = p(E ∩ F) + p(E ∩ Fc) = 7/18 
+ 3/14 = 49/126 + 27/126 = 76/126 (NOTE: Typo in Text here, see 76/264) = 38/63. 

Now p(F | E) = p(F ∩ E)/p(E) = (7/18)/(38/63) = 49/76 ≅ 0.645  

This is sensible, since choosing a red ball makes it a better than even chance that it came from 
the first box. Putting all our calculations together gives us Bayes' Theorem. 
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Theorem 1. BAYES THEOREM If E and F are events from a sample space S with p(E) ≠ 0 
and p(F) ≠ 0, then: 

[1]  p(F | E) = p(E | F) p(F) =  .  p(E | F) p(F)                 .   
                              p(E)  p(E | F) p(F) + p(E | Fc) p(Fc)  

Proof. The definition of conditional probability tells us that p(F | E) = p(E ∩ F)/p(E) and p(E | F) 
= p(E ∩ F)/p(F). Therefore, p(E ∩ F) = p(F | E) p(E) and p(E ∩ F) = p(E | F) p(F). Equating 
these two expressions for p(E ∩ F) shows p(F | E) p(E) = p(E | F) p(F). Dividing both sides by 
p(E), we find: [2] p(F | E) =  p(E | F) p(F). The first fraction of [1] is simpler if p(E) is known. 
         p(E) 

Now to achieve the proper denominator, note that p(E) = p(E ∩ F) + p(E ∩ Fc). Recall too that 
p(E ∩ F) = p(E | F) p(F) (and therefore p(E ∩ Fc) = p(E | Fc) p(Fc)); Thus    
 p(E) = p(E ∩ F) + p(E ∩ Fc) = p(E | F) p(F) + p(E | Fc) p(Fc) 

and the underlined part can replace p(E) in Equation [2] to give Equation [1]. 

Skip Example 2. Note Theorem 2: Generalized Bayes' Theorem (I will give one homework 
using this). Skip Bayesian Spam Filters. 
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Class 18. 
Review Bayes Theorem: 
BAYES THEOREM If E and F are events from a sample space S with p(E) ≠ 0 and p(F) ≠ 0, 
then: 
[1]  p(F | E) = p(E | F) p(F) =  .  p(E | F) p(F)                 .   
                              p(E)  p(E | F) p(F) + p(E | Fc) p(Fc)  
MyExample 1. This is from Exercise 1, at end of Section 6.3. Suppose that E and F are events in 
a sample space, p(E) = 1/3, p(F) = 1/2, and p(E | F) = 2/5. Find p(F | E). See Bayes' Theorem 
above. Note that the numerator of the fractional representation is p(E | F) p(F) = (2/5)*(1/2) = 
1/5. Since p(E) = 1/3, the simpler early fraction in Theorem 1: p(F | E) = (p(E | F) p(F))/p(E) = 
(1/5)/(1/3) = 3/5. 

MyExample 2. This is from Exercise 3, at end of Section 6.3. We select a ball by first picking 
one of two boxes at random and then selecting one ball from that box at random. Box 1 contains 
2 white and 3 blue balls, and Box 2 contains 4 white and 1 blue ball. If we pick a blue ball, what 
is the probability we picked it from Box 1? Let event F mean we picked Box 1, Fc that we picked 
Box 2; Event E means we picked a blue ball, event Ec that we picked a white ball. Thus we see 
p(F) = p(Fc) = 1/2, p(E | F) = 3/5 (3 blue, 2 white in box 1), p(E | Fc) = 1/5 (1 blue, 4 white). We 
wish to determine p(F | E) [**NOTE: IT IS MUCH EASIER TO DO THIS IF YOU CHOOSE E 
AND F TO MATCH BAYES' THEOREM VARIABLES IN ADVANCE: WE WANTED 
P(BOX 1 | BLUE BALL) SO CHOOSE TO MATCH LEFT HAND SIDE OF [1] ABOVE**]. 
We don't know p(E) in the simpler denominator above, so let's get some intuition about p(E) =  
p(E | F) p(F) + p(E | Fc) p(Fc) in our problem. It is (3/5)(1/2) + (1/5)(1/2) = 2/5, which we will 
learn to call the "Expected value of p(E)" summing over all events F and Fc in which E can arise. 
Since p(E | F) p(F) = (3/5)(1/2) = 3/10, from Theorem 1 we have p(F | E) = (3/10)/(2/5) = 3/4. 
This makes sense, since given that a blue ball is picked it's much more likely that bin 1 was used. 

6.4 Expected Value and Variance 

The expected value of a random variable (review random variable definition at the bottom of 
page 45 of these notes) is the sum over all elements in a sample space of product of the 
probability of the element and the value of the random variable at that element. 

Definition 1. The expected value, or expectation, of the random variable X(s) on the sample 
space S is given by 

 E(X) = p(s)
s!S" X(s) . 

Example 1. Let X be the number that comes up when a die is rolled. What is the expected value 
of X? 
E(X) = (1/6)*1 + (1/6)*2 + (1/6)*3 + (1/6)*4 + (1/6)*5 + (1/6)*6 =  (1/6) + (2/6) + (3/6) + (4/6) 
+ (5/6) + (6/6) = 3½. 
Example 3. What is the expected value of the sum of the numbers when a pair of dice is rolled. 
We explained how many dice pairs give rise to each point sum in MyExample 2, pg. 33. Thus we 
determine the probability of each point sum and derive expectation that way. 

E(pointsum) = (1*2 + 2*3 + 3*4 + 4*5 + 5*6 + 6*7 + 5*8 + 4*9 + 3*10 + 2*11+ 1*12)/36 = 7 
In Example 3 we are using the rather obvious Theorem 1: 
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Theorem 1. If X is a random variable and assuming that p(X = r) is given by p(s)
s!S ,X (s )= r" ,  

we calculate E(X) = p(X = r)r
r!X (S )

" . 

Theorem 2. The expected number of successes during n independent Bernoulli trials, where p is 
the probability of success on each trial, is calculated as pn. 

Proof. Let X be the random variable equal to the number of successes in the n trials above. By 
Theorem 2 (pg 45 of these notes, Section 6.2 in the text), p(X = k) = C(n, k) pkqn-k. Hence: 

E(X) =  kp(X = k)
k=1

n

!  (by Thm 1, pg 46) = kC(n,k)
k=1

n

!  pkqn-k (all but k factor derived above) 

=   np C(n !1,k !1)
j=0

n

"  pkqn-k (multiply by n/k on the outside and the inverse on C(n, k) 

=np C(n !1,k !1)
j=0

n

"  pk-1qn-k (factoring np from each term) 

= np C(n !1, j)
j=0

n!1

" pjqn-j (shifting index of summation with j = k-1) 

= np(p + q)n-1 (by the binomial Thm) = np (because p+q = 1).   

Thus for n independent Bernoulli trials with p probability of success and X = number of 
successes, E(X) = np 

Linearity of Expectations  

Theorem 3 tells us that the expected value of a sum of random variables is the sum of their 
expected values. This is quite useful. 
Theorem 3. If Xi, i = 1, 2,…, n, with n a positive integer, are random variables on S, and if a and 
b are real numbers, then 
(i) E(X1 + X2 +…+ Xn) =  E(X1)+ E(X2) +…+ E(Xn) 

(ii) E(aX1 + b) = aE(X1) + b.  
I will skip the proof. 

Example 4. Use Theorem 2 & Theorem 3 to find the expected value of the sum of numbers 
when we roll a pair of fair dice. (Done in Example 3.) Answer. Let X1 and X2 be random 
variables representing points on dice 1 and 2 when a pair of fair dice are rolled. Clearly E(X1) = 
E(X2) = (1 + 2 + 3 + 4 + 5 + 6)/6 = 21/6 = 7/2. The sum of the two numbers when two dice are 
rolled is the sum X1 + X1, and by Theorem 3 E(X1 + X2) = E(X1) + E(X2) = 7/2 + 7/2 = 7. 
Example 5. In Theorem 2 we demonstrated that the expected number of successes in n 
independent Bernoulli trials with individual probability of success p is np. In this Example (read 
it in the text), we demonstrate that the expectation is still np if the probability of success of all 
the trials is p but the trials are not necessarily independent. 
Linearity if expectations leads us to simple solutions of a number of tough questions. 



 50 

Example 6. An employee checks hats at a restaurant, loses the checks, and returns hats at 
random. What is the expected number of hats returned to the correct person. Answer. Let Xi be 
the random variable that equals 1 if the ith person receives the correct hat and 0 otherwise. The 
probability that any individual receives the right hat in this situation is 1/n since each person can 
receive n-1 wrong hats and only 1 right hat. Now the random variable X = X1 + X2 +… + Xn 
represents the total number of hats people receive that are theirs, and by linearity E(X) = 1/n + 
1/n +…+ 1/n = 1. 
The Geometric Distribution 

Example 10. Suppose the probability that a coin comes up tails is p. The coin is flipped 
repeatedly it comes up tails. What is the expected number of flips until it lands tails? 

Answer. The sample space is {T, HT, HHT, HHHT, HHHHT,…} with probabilities p, qp, q2p, 
q3p, q4p,…. , where q = 1 - p. There is an infinite sample space with diminishing probabilities in 
a geometric distribution. The sum giving the expected length of number of flips until a T is: 1p + 
2qp + 3q2p + 4q3p + 5q4p +… = p (1 + 2q + 3q2 + 4q3 + 5q4 +…). Note that q + q2 + q3 + q4 + q5 
+… = q/(1 - q) [Theorem 1, pg. 155, substitute q for a and r and let n go to infinity]. Taking the 
derivative of both sides relative to q we get: 1 + 2q + 3q2 + 4q3 + 5q4 +… = 1/(1 - q)2 = 1/p2. 
Thus, the expected number of flips before a T is p (1 + 2q + 3q2 + 4q3 + 5q4 +…) = p/p2 = 1/p. 
Independent Random Variables 

Definition 3. Random variables X and Y on a sample space S are independent if for s, s' ∈ S: 

 p(X(s) = r1 and Y(s') = r2) = p(X(s) = r1)*p(Y(s') = r2) 

Example 11. X1 and X2 in Example 4 are independent since p(X1 = i and X2 = j) = 1/36 for all i,j 
= 1 to 6. 

Theorem 5. If X and Y are independent random variables on a space S then E(XY) = E(X)E(Y). 
I skip the proof but it is based on Definition 3. 

Variance 

Definition 4. Let X be a random variable on a sample space S. The variance of X, denoted by 
V(X), is defined as 

 V(X) = (X(s) ! E(X))
x"S

#
2 p(s). The standard deviation of X, denoted σ(X) is V (X) . 

The mean captures the central position of a distribution, while the variance measures how the 
(squared) distribution is spread out. The standard deviation is in the same units as the variable. 
Theorem 6. If X is a random variable on a sample space S, then V(X) = E(X2) - E(X)2. 

I skip the proof, which simply expands (X(s) - E(X))2 and applies linearity of expectations. 
Theorem 7.  If X and Y are two independent random variables on a sample space S, then      
V(X + Y) = V(X) + V(Y). Similarly V(X1 + X2 +…+Xn) = V(X1) + V(X2) +…+ V(Xn). 
Once again, I skip the proof. 

Normal (Gaussian) Distribution 

I give now an extremely important result, the mean, variance, and standard deviation of a random 
variable X representing the number of successes when n independent Bernoulli trials are 
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performed, with p being the probability of success on each trial. The distribution of such a 
random variable approaches a Normal Distribution (see handout). 

Distance in standard deviations from the mean is the method used to determine if an experiment 
with some number of trials n has a desired result with some likelihood (degree of significance). 

The expected number of successes E(X) (or the mean, µ(X)) is np (Theorem 2), and the variance 
V(X) = npq (Example 18), while the standard deviation σ(X) is npq .  The values of X(k) make 
up the Normal (Gaussian) density function, bulging in the middle (µ(X)), with curves trailing off 
to zero on either end, with total area 1. 

The distribution function Φ(x) in the accompanying handout is the area under the density 
function to the left of any point x measured as follows: start from the mean µ(X) and go to the 
right in multiples of σ(X). The probability that a value to the right of x occurs in X is equal to 1.0 
minus the area read off to the left of x in Φ(x). 
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Φ(x) below gives the area under the standard Gaussian density function to the left of x; the value 
of Φ(x) at column c, row r has value sum of leftmost c on row r plus topmost row on column c 
measured in multiples of σ(X), e.g. maximum value of 3.69 

x    000.00 000.01 000.02 000.03 000.04 000.05 000.06 000.07 000.08 000.09  
0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359  
0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753  
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141  
0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517  
0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879  
0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224  
0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549  
0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852  
0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133  
0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389  
1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621  
1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830  
1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015  
1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177  
1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319  
1.5 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441  
1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545  
1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633  
1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706  
1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767  
2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817  
2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857  
2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890  
2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916  
2.4 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936  
2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952  
2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964  
2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974  
2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981  
2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986  
3.0 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990  
3.1 0.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993  
3.2 0.9993 0.9993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995  
3.3 0.9995 0.9995 0.9995 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9997  
3.4 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9998  
3.5 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998  
3.6 0.9998 0.9998 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999  
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Class 19. 
I am skipping Chapter 7 as being not terribly useful for other CS courses. Recurrence relations in 
Sections 7.1, 7.2 and 7.3 are covered in CS310, but the text for that course introduces the idea 
well. Section 7.4 is a baby introduction to a very difficult theory and I feel it is not very useful. 
Similarly, the principle of Inclusion-Exclusion in Sections 7.5 and 7.6 is of interest to anyone 
going into discrete mathematics, but not that useful in future courses.  
 Chapter 8, introducing relations, might seem to be useful in Database, but the concept is not 
difficult when encountered in a Database course and it turns out that the languages used to 
retrieve data are more important and have little to do with the theory of relations. I will therefore 
jump ahead to Chapter 9, Graph theory, where relations are a special case. 
9.1. Graphs and Graph Modela 

Definition 1. A graph G = (V, E) consists of V, a nonempty set of vertices (or nodes) and E, a 
set of edges. Each edge has one or two vertices associated with it, called its endpoints. An edge 
is said to connect its endpoints (and is undirected unless the graph is called a directed graph). 
Though an infinite  graph may have an infinite number of vertices, we normally work with finite 
graphs. A graph in which each edge connects two different vertices and where no two edges 
connect the same pair of vertices is called a simple graph. We usually work with simple graphs. 

Graphs that may have multiple edges connecting the same vertices are called multigraphs. 
See a simple graph (see Figure 1, pg. 590) and a multigraph (Figure 2, pg 590). An edge that has 
a single node as its two endpoints is called a loop, and a multigraph with loops is called a 
pseudograph (see Figure 3, pg. 591). 

Definition 2. A directed graph (or digraph) (V, E) consists of a nonempty set of vertices V and a 
set of directed edges (or arcs) E. Each directed edge is associated with an ordered pair of vertices 
(u, v) and the edge is then said to start at u and end at v. Each directed edge is drawn with an 
arrow point in the middle to show its direction. 

See Figures 4 (bottom pg. 591) and 5 for two directed multigraphs. See Table 1 for the list of 
graph types. Note that a directed graph in which there are no loops and no two edges start and 
end at the same vertices is called a simple directed graph. See Figures 8 and 9 at the top of pg. 
594 for two simple directed graphs. 

When we refer to a simple graph we will mean an undirected graph; any directed graph should 
mention that fact in the name. 

I have never seen a mixed graph defined before; mixed graphs are defined in Wikipedia, but not 
in the most complete graph text from 1976 by Claude Berge. I will ignore mixed graphs. 

There is also no mention of "Graph Models" (the name of the subsection starting on pg 592) in 
Wikipedia. I prefer to call them named graph applications.  
The following graph applications are all represented by simple graphs. 

Niche Overlap Graphs shown in Fig. 6, have nodes corresponding to animals in the wild that 
are connected when they compete with each other for food. 

Acquaintanceship Graphs shown in Fig. 7, have nodes representing people and the nodes are 
connected if the people are acquainted. 
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Hollywood Graphs (no Figure) have nodes representing actors and the nodes are connected if 
the actors have worked together on a movie. This is obviously identical in concept to 
Acquaintanceship Graphs. 
Collaboration Graphs (no Figure) have nodes representing people (in an academic discipline) 
and the nodes are connected if they have written at least one academic paper together. Again this 
is obviously identical in concept to Acquaintanceship Graphs. 

Indeed, looking back, Niche Overlap Graphs are identical in concept to Acquaintanceship 
Graphs, the major difference being that we consider breeds of animals that compete rather than 
people who are acquainted. There are dozens of applications that can be represented by simple 
graphs, and you should be able to recognize them when you encounter them on a quiz. 

The following graph applications are all represented by simple directed graphs. 
Influence Graphs shown in Fig. 8, have nodes corresponding to people, with a directed  edge 
from node a to node b when the person represented by node a influences (e.g., suggests what to 
buy to) the person represented by node b. Clearly there are no loops and no multiple edges, so 
this is a simple digraph. The edges from Brian to Yvonne and  Yvonne to Brian  
Round-Robin Tournaments shown in Fig. 9, represents a tournament where each team (or 
player, in chess for example) represented by a node plays each other team (or player) exactly 
once .There is a  directed edge from the winning node to the losing node after the game is 
complete (no ties). Note in Fig. 9 node 1 wins all its games and node is winless. 
Precedence Graphs (Fig. 11) are all simple directed graphs (digraphs). In database theory the 
nodes (a, b, c, …) represent transactions, and a directed edge from a to b means that b has 
performed an operations X on a row and a wishes to perform an operation Y on the same row 
which would conflict and cause an error if both operations were performed at the same time; thus 
transaction a must wait for transaction b to complete before it can perform action Y. A cycle in 
the precedence graph (circuit around edges all pointed in the same direction) means that a 
deadlock has occurred and one transaction node in the cyc,e must be aborted to allow progress to 
continue without errors.  
NOTE. This definition reverses the edge orientations from that defined in Example 9, but it is a 
more common definition. 
9.2. Graph Terminology and Special types of Graphs 

Definition 1. Two vertices u and v in an undirected graph G are called adjacent (or neighbors) in 
G if u and v are endpoints of an edge of G. An edge e that is associated with {u, v} is called 
incident with u and v, or said to connect u and v. The vertices u and v are called endpoints of an 
edge associated with {u, v}. 

To keep track of how many edges are incident to a vertex we make the following definition. 
Definition 2. The degree of a vertex v in an undirected graph, called deg(v), is the number of 
edges incident with it: an edge forming a loop at a vertex contributes twice to the degree. 
Look at Figure 1. In G, what is deg(a), deg(c), deg(f)? In H, what is deg(a), deg(b), deg(e)? 

Theorem 1. THE HANDSHAKING THEOREM . Let G = (V, E) be an undirected graph with 
e edges. Clearly each edge e contributes 2 to the sum of the degrees of the various vertices, 

 2e = deg(v)
v! V
" . 
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Example 3. How many edges are there in a graph with 10 vertices, each of degree 6? Answer: 
the sum of the degrees of the vertices is 60 so e = 30. 

Theorem 2. An undirected graph has an even number of vertices of odd degree. 
Proof. Since the sum of all degrees of vertices in a graph is even (equal to 2e), when we take 
away the sum of degrees of vertices with even degree, we are taking away an even number such 
as 2f. Then 2e - 2f will be the sum of degrees of all vertices remaining, all of odd degree. Thus 
the sum of degrees of vertices of odd degree is even (equal to 2(e - f)), and thinking of this in 
binary terms each odd degree ends in a binary 1 so there must be an even number of vertices of 
odd degree to arrive at an even sum 2(e - f). 
Definition 3. When (u, v) is an edge of a digraph (directed graph) G, the vertex u is said to be 
adjacent to the vertex v and v is said to be adjacent from u; u is called the initial vertex of (u, v) 
and v is called the terminal or end vertex of (u, v). The initial and terminal vertices of a loop are 
the same. 

Definition 4. In a digraph G the in-degree of a vertex v, denoted deg–(v) is the number of edges 
with v as terminal vertex and the out-degree of v, denoted deg+(v) is the number of edges with v 
as their initial vertex. (A loop contributes 1 to both the in-degree and out-degree of v.) 

See Figure 2 at the bottom of pg. 600. What are the in-degree and out-degree of a? Of d? 
Theorem 3. Let G = (V, E) be a digraph. Since each edge has an in-degree and out-degree: 

deg! (v)
v"V

#  = deg+(v)
v!V

"  = |E|. 

Take a look at the Complete Graphs on n vertices, Kn (Example 5, Figure 3, pg. 601), cycles and 
wheels on the same page. At the top of pg. 602 are the n-dimensional hypercubes, Qn. The ones 
I've given names to are the most important ones. 

Bipartite Graphs 

Definition 5. A simple graph G is called bipartite if its vertex set V can be partitioned into two 
disjoint sets V1 and V2 (i.e. partitioned typically means V1 ∩ V2 = ∅ and V1 ∪ V2 = V) such 
that every edge in the graph connects a vertex of V1 with a vertex of V2 (there are no edges 
between vertices of V1 not between vertices of V2). When this condition holds we call the pair 
(V1, V2) a bipartition of the vertex set V of G. 

Example 9. C6 is a Wheel, shown in Figure 4, pg. 601, i.e., a Hexagon. It is bipartite (Fig. 7). 
Example 11. Are the graphs G and H shown in Figure 8 bipartite? Note that H has triangles, f-a-
e and f-a-b; a triangle cannot exist in a bipartite graph. In G, start with any node and assume it is 
in V1, then go to any node to which the first node is connected, and put it in V2, then any node 
to which nodes in V2 are connected and put it in V1, and so on. Eventually you will have all 
nodes either in V1 and in V2, and as long as there are no edges between V1 nodes or between V2 
nodes you have shown the graph is bipartite. 
Theorem 4. A simple graph is bipartite if and only if it is possible to assign one of two different 
colors to each vertex of the graph so that no two adjacent vertices are assigned the same color. 
Proof. Say the colors are white and black, and equate white to V1 and black to V2. The 
definition of bipartite (all edges from V1 to V2 only) shows that two-coloring of the Theorem is 
possible and if two-coloring works then the definition of bipartite holds. 
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Example 13. The complete bipartite graph Km,n is a bipartite graph with V1 containing m 
vertices and V2 containing n vertices, and every vertex in V1 connected to every vertex in V2 
(which implies the reverse: every vertex in V2 is connected to every vertex in V1), 
The number of edges in Km,n is mn. 

Example 14. Job Assignments. Suppose we have a group of m employees and j different jobs 
that need to be done at some shop, m ≤ j. Each employee is trained to one or more of these j jobs. 
We represent each employee by a vertex in V1 and each job by a vertex in V2 and connect edges 
from each employee to all the jobs the employee is trained to do, a bipartite graph. Say we wish 
to keep every employee working at some job, no two at the same job. Is there a way to do this? 
This is called a Matching and finding whether one exists is a rather hard problem, not solved in 
the text. It is possible if and only if, for every subset S of s out of m employees, s = 1 to m, the 
number of jobs that can be done by the s employees is at least s jobs. This fact can be tested by a 
computer program. If for any value s < m the s employees can do ONLY s jobs, then the solution 
for m employees must assign those m employees to the m jobs they can do. 

Definition 6. A subgraph of a graph G = (V, E) is a graph H = (W, F), where W ⊆ V and F ⊆ E. 
H is a proper subgraph of G if H ≠ G. 
See Figure 15, pg. 207, the graph K5 on the left and a subset on the right. 
Two or more graphs can be combined in various ways: UNION, INTERSECTION, etc. 

Definition 7. The union of two simple graphs G1 = (V1, E1) and G2 = (V2, E2) denoted by the 
form G1 ∪ G2 is the simple graph with vertex set V1 ∪ V2 and edge set E1 ∪ E2. 


