CS/Math 320: Quiz 4 Solutions: November 16, 2009

NAME

Show work for partial credit in questions below. You can use back side of any sheet.

1. (15 pts) Given 4-cent stamps and 9-cent stamps, find the first sequence of 4 postage amounts in a
row of the form N, N+1, N+2 and N+3 using sums of only these stamps. Note: one amount will use 3
9-cent stamps, one will use 2 9-cent stamps, 1 will use 1 9-cent, and one will use NO 9-cent stamps.

Answer: 6%4 =24, 4*%4+ 9 =25, 2%9+ 2%4 =26, and 3*9 =27

2. (10 pts) Based on problem 1, use strong induction to show every postage amount greater than n can
be represented by sums of 4-cent and 9-cent stamps.

Answer: We showed in Problem 1 that 24 can be represented by what we will call R(24), and we also
have representations R(25), R(26) and R(27). Note that as long as we have the prior 4 numbers
represented in this way, we can always get the next 4 number represented by adding a 4-cent stamp:
R(28) = R(24)+4; R(29) = R(25)+4; R(30) = R(26)+4; R(31) = R(27)+4. In general: R(N+4) = R(N)+4.

3. (12 pts) Calculate how many positive integers less than 1000 are divisible by 5 (label this quantity
D(5)), how many are divisible by 11 (labeled D(11)), how many are divisible by 55 (labeled D(55)),
and how many are divisible by 5 or 11 or both (labeled D(11V 5)).

Answer: D(5) = FLOOR(999/5) = FLOOR(199.8) = 199; D(11) = FLOOR(999/11) = FLOOR(90.8) =
90. D(11 A\ 5) (both) = FLOOR(999/55) = FLOOR(18.16) = 18. D(11V 5) =199 + 90 - 18 = 271.
NOTE that 199 + 90 = 289, in the Venn diagram of intersecting sets, counts the intersection

(D(11A5) = 18) twice, so to get D(11V 5) we need to subtract 18.

4. (13 pts) Continuing with problem 3, calculate how many positive integers less than 1000 are
divisible by exactly one of 5 and 11 (labeled D(one of(5,11)), and how many are divisible by neither 5
or 11 (labeled D(neither(5,11)).

Answer. D(one_of(5,11)) =D(5) + D(11) - 2*D(11 A5) =199 + 90 - 36 = 253. In this case we want
to subtract out ALL of the intersection D(11 A 5), so we have to subtract it twice.
D(neither(5,11)) = complement(D(5V11)) =999 - 271 = 728, i.e. we are subtracting out the number of

integers divisible by 5 or 11 or both. If this is difficult to understand, work it out again for positive
integers less than 60, and actually write out all the integers calculated in each case.



5. (10 pts) Consider a sequence of slots labeled by integers between 60 and 119 inclusive. How many
markers must we place on these slots to guarantee there are two on successive integers? Explain why.

Answer: 36, as we see by considering the 35 number bins {(60, 61), (62, 63)...(118, 119}, since with
36 markers we must place two markers in one bin of two successive integers.

6. (10 pts.) How many bit strings of length 13 contain exactly 4 1s and 9 0s? (Formula solution please;
no numeric solution is necessary.)

Answer. C(13,4): we choose 4 spots for 1s from the 13 bits, remaining 9 have Os.

7. (15 pts) How many ways can one place 14 indistinguishable balls in 5 bins so each bin always
contains at least one ball? (Formula solution please; no numeric solution necessary.)

Answer. Think of starting with 1 ball in each bin, then permuting the remaining 9 indistinguishable
balls in the 5 bins: we have 4 pickets (bin barriers to permute -- the two end pickets always remain in
place) and 9 balls, so the answer is C(13,4), the number of ways to choose 4 pickets from 13 positions;
the objects in the remaining 9 positions are balls (not including the original 5 balls placed in the 5 bins.

8. (15 pts) How many ways can one permute the string with the following digits? 1134547557799
(Give a formula solution please -- a numeric solution is unnecessary.)

Answer. We have 2 s, one 3, 2 4s, 3 5s, 3 7s and 2 9s. (Check: 2+1+2+3+3+2 = 13, so there are 13
digits in the string. NOTE there are no Os, 2s, 6s or 8s, thus only 6 digits occur.) Thus the answer is:
13!/(2112131312!). This is a very large number and the formula is good enough. It is also acceptable to
leave out the two 1! terms in the denominator.
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