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Problem 1:

Let v be a norm on C". Prove that there exists a number k € R such that
for any vector x € C" we have v(x) < k.7 ; |xi.
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Solution 1:

Starting from the equality x = > __; x;e; we have

v(x) < 37 v(xie) = 3o xilv(er) < k32Hy [xil, where
k = max{v(ej) | 1 <i< n}.
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Problem 2:

If T C V, then the set T+ is defined by:

Tt={veV |v Litforeverytc T}

Note that T C U implies U+ C T+.

If S, T are two subspaces of an inner product space, then S and T are
orthogonal if s 1 t for every s € S and every t € T. This is denoted as
S1T.

Let V be an inner product space and let T C V. Theset T+ is a
subspace of V. Furthermore, (T)+ = T+.
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Solution 2:

Let x and y be two members of T. We have (x,t) = (y,t) = 0 for every
t € T. Therefore, for every a, b € F, by the linearity of the inner product
we have

(ax + by, ) = a(x,t) + b(y,£) = 0,

forte T,soax+bte TL. Thus, T+ is a subspace of V.

By a previous observation, since T C (T), we have (T)+ C T+. To prove
the converse inclusion, let z € T+.

If y € (T), y is a linear combination of vectors of T,

y=aiti+ -+ amtm, so (y,z) = a1(t1,2) + -+ am(tm,z) = 0.
Therefore, z 1y, which implies z € (T)*. This allows us to conclude that
(My*+ =T+
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Problem 3:

Let x € R". Prove that for every € > 0 there exists y € R" such that the
components of the vector x + y are distinct and || y ||2< €.
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Solution 3:

Partition the set {1,..., n} into the blocks By, ..., Bk such that all
components of x that have an index in B; have a common value ;.

Suppose that |Bj| = p;. Then, Zjlle pj = n and the numbers
{c1,,..., c} are pairwise distinct. Let d = min;|c; — ¢j|. The vector y

can be defined as follows. If B; = {i,...,ip}, then
Yi :77'2_17%2 = 7]'2_27'-'7yipj = 77_2—[)’

where 17 > 0, which makes the numbers ¢; + y;, ¢ + yi,,..., ¢ +y,-pj
pairwise distinct. It suffices to take 1 < d to ensure that the components

2 2
of x +y are pairwise distinct. Also, note that || y ||3< Zj’le pih =" It

suffices to choose 7 such that 17 < min{d, %} to ensure that || y |[>< €.
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Problem 4:

Let L = (v1,...,v,) be a sequence of vectors, where n > 2. Prove that
the volume V,, of the parallelepiped constructed on these vectors equals to
the square root of the Gramian of the sequence (vi,...,vp).
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Solution 4:

For the base case n = 2 the area A of the parallelogram is given by
A=| u ]2l v |2 sina, where a = Z(u,v). In another words,

det(Gyy) = det ((u,u) (U’V))

(u,v) (v,v)
= Jul3lvIz—Ilul]v]3cos’a
= Ju 3l v|3sin®a="V5.
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Sol.cont'd

Suppose that the statement holds for sequences of n vectors and let

L= (v1,...,Vn,Vnt1) be a sequence of n+ 1 vectors. Let v, 1 =x+y
be the orthogonal decomposition of v,11 on the subspace

Up={(v1,...,v,), where x € U, and y L U,. Since x € U, there exist

ai,...,an € R such that x = a;vy + - - - + apv,. Let
(V1, V1) (V17 V2) T (Vl, Vn) (V17 Vn+1)
(vo,vi)  (va,v2) o (va,vn)  (v2,Vini1)
det(GL) = : : : : :
(VI17V1) (VnaVZ) T (Vnavn) (Vn,Vn—i-l)
(Vn+1a Vl) (Vn+17 V2) te (Vn+17 Vn) (Vn+17 Vn+1)
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Sol. cont'd

By subtracting from the last row the first row multiplied by a;, the second
row multiplied by ay, etc., the value of the determinant remains the same
and we obtain

(vi,vi) (vi,v2) -+ (vi,vn) (vi,Vay1)
(va,v1) (v2,v2) - (v2,vp) (v2,Vnt1)
det(G ) =| : : : :
(vm,v1) (vm,v2) oo (Vo Va) (Vi Vigl)
(.Y7V1) (y7 V2) (.Yavn) (y7 Vn+1)
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Sol. cont'd

Note that (y,v1) = (y,v2) =--- = (y,vn) = 0 because y L U, and
(y,vni1) = (y,x +y) =|l y |3, which allows us to further write
(vi,vi) (vi,v2) --- (vi,va) (vi,Vaia)
(vo,v1) (va,va) -+ (v2,vn) (v2,vni1)
det(GL) = : : : :
(Vn,Vl) (Vn7V2) (van) (Vn7Vn+1)
0 o - 0 Iy 13

= Vily 3=V
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