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The Definition of Linear Spaces - |

Let F be the field of real numbers R or the field of complex numbers C.
An F-linear space is a set L on which two operations are defined: the
addition x 4+ y of elements x and y of L and the multiplication of an
element x of L with a member a of F, denoted by ax, such that the
following conditions are satisfied:
I. Additive Conditions:

@ addition is associative, that is, x + (y +2z) = (x +y) + z;

@ addition is commutative, thatis, x +y =y + x;

e for every x € L there is an element (—x) in L such that

X + (—X) = OL.
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The Definition of Linear Spaces - Il

Il. Multiplicative Conditions:
@ L contains an element 0; such that Ox = 0y;
e (a+ b)x = ax + bx;
® a(x+y)=ax+ay;
e (ab)x) = a(bx);

o Ix =x

for every a,b € F and x,y € L.
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The elements of the field F are referred to as scalars while the elements of
L are referred to as vectors.

If the field T is irrelevant, or it is clearly designated from the context we
refer to an F-linear space just as a linear space. On another hand if F is
the real field R or the complex field C we designate an R-linear space as a
real linear space and a C-linear space as a complex linear space.
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Example

If F is a field, then the one-element linear space L = {0,}, where a0; =0,
for every a € F is the zero F-linear space, or, for short, the zero linear
space.

The field F itself is an F-linear space, where the Abelian group is
(F,{0,+, —}) and scalar multiplication coincides with the scalar
multiplication of F.

Note that the zero F-linear space is the smallest linear space.
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Example

The set of all sequences of real numbers, Seq(R) is a real linear space,
where the sum of two sequences x = (xo, x1,...) and y = (Yo, y1,-..) is
the sequence x + y defined by x +y = (x0 + yo,x1 + y1,...) and the
multiplication of x by a scalar a is ax = (axop, axy, .. .).

A related real linear space is the set Seq,(RR) of all sequences of real
numbers having length n, where the sum and the scalar multiplications are
defined in a similar manner. Namely, if x = (x0, x1,...,X,-1) and

Yy = (Y0, Y1,---,Yn—1), the sequence x + y is defined by
x+y=(xo+Y0,x1 +¥1,---,Xn—1 + Yn—1) and the multiplication of x by
a scalar a is ax = (axp, axi,...,axp—1). This linear space is denoted by R”
and its zero element is denoted by 0.
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Example

If the real field R is replaced by the complex field C, we obtain the linear
space Seq(C) of all sequences of complex numbers. Similarly, we have the
complex linear space C" which consists of all sequences of length n of
complex numbers.
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Example

Let L be an F-linear space and let S be a non-empty set. The set L° that
consists of all functions of the form f : S — L is an F-linear space. The
addition of functions is defined by

(f +&)(s) = £(s) + &(s);

while the multiplication by a scalar is given by (af)(s) = af(s), fors € S
and a € F. )
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Example

Let R[x] be the set of polynomials of variable x with coefficients in R. For
example, p € R[x], where

p(x) = 3x" —5x3 + x — 6.

The sum of two polynomials p, g € R[x] belongs to R[x]. Also, for every
a € R, ap is again a polynomial with coefficients in R.
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Definition

Let L be an F-linear space. A subset U of L is a linear subspace of L (o

just a subspace of L) if it satisfies the following conditions:
o if x,y € U, then x+y € U,
@ ifaeF and x € U, then ax € U.

r

If U is a subspace of a linear space L and x € L, we denote the set
{x+u|ueU}byx+U.
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Example

The set of polynomials P of degree less or equal to k is a subspace of
the linear space of polynomials. Indeed, p, g € P<j their sum has degree
less or equal to k; also, if a € R and p € Py, then ap € P<.
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The following statements are immediate for an F-linear space L:
o the sets L and {0, } are subspaces of L;
@ each subspace U of L contains 0;.
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Example

The subset {0, } of any F-linear space L is a subspace of L named the zero
subspace. This is the smallest subspace of L.
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Theorem

If L ={L;j | i €1} is a collection of subspaces of an F-linear space L, then
(£ is a subspace of L.

v

Proof.

Suppose that x,y € (L. Then, x,y € L;, sox+y € L; and ax € L; for
every i € . Thus, x +y € [\ £ and ax € [ £, which allows us to
conclude that () £ is a subspace of L. O

v

Since L itself is a subspace of L it follows that the collection of subspaces
of a linear space is a closure system C. If Kq,, is the closure operator
induced by €, then for every subset X of L, K¢,p(X) is the smallest
subspace of L that contains X.
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Let SUBSP(M) be the collection of subspaces of a linear space M. If this
set is equipped with the inclusion relation C (which is a partial order),
then for any two subspaces K, L both sup{K, L} and inf{K, L} exist and

are given by:

sup{K,L} = {x+y|xeKandyel} (1)
inf{K,L} = KnL. (2)
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Let H={x+y | x € K and y € L}. Observe that we have both K C H
and L C H because 0 belongs to both K and L.

If u and v belong to H, then u = x; + y1 and v = x2 + y2, where

x1,X2 € K and y1,y2 € L. Since x1 +x2 € K and y1 + y2 € L (because
K and L are subspaces), it follows that
u+v=xi+yi+(x2+y2)=(x1+x2)+(y1+y2) €H

We have au = ax1 + axo> € H because ax; € K and axo € L. Thus, H is a
subspace of M and is an upper bound of {K, L} in the partially ordered set
(SUBSP(M), Q).

If G is a subspace of M that contains both K and L, then x+y € G for
xe€Kandyel soHCG. Thus, H=sup{K,L}.

We denote H = sup{K, L} by K + L.
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Next, we prove the modularity of SUBSP(M).

Theorem

Let M be an F-linear space. For any P, @, R € SUBSP(M) such that
QC P wehave PN(Q+R)=Q+(PNR).

Proof.

Note that Q C PN (Q + R), PN R C PN (Q + R). Therefore, we have
the inclusion @ + (PN R) € PN (Q + R) =, which leaves us with the
reverse inclusion to prove.

Let z€ PN (Q + R). This implies z € P and z = x + y, where
x€QCPandy € R. Therefore,y=z—x€ P,soy e PNR.
Consequently, z€ Q + (PNR),so PN(Q+ R) C Q+ (PNR). O
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Definition
If L is an F-linear space, and X is a subset of L, an X-linear combination is
an element w of L that can be written as

n
w = E CiXi,
i=1

where x; € X.
A linear combination of L is an X-linear combination, where X is a subset
of L.

The set of all X-linear combinations is denoted by (X) and is referred to
as the set spanned by X.
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Theorem

Let L be an F-linear space. If X C L, then (X) is the smallest subspace of
L that contains the set X. In other words, we have:

@ (X) is a subspace of L;

o X C(X),

e if X C M, where M is a subspace of L, then (X) C M.
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Proof

It is clear that if v and v are two X-linear combinations, then u + v and
au are also X-linear combinations, so (X) is a subspace of L.

For x € X we can write 1x = x, so X C (X).

Finally, suppose that X C M, where M is a subspace of L and

aix1 + -+ apx, € (X), where x1,...,x, € X. Since X C M, we have
X1,...,Xn € M, hence aijx1 + --- + anx, € M because M is a subspace.
Thus, (X) C M.
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Definition

Let L be an F-linear space. A finite subset U = {x1,...,x,} of Lis
linearly dependent if aix1 + - -+ + apx, = 0, where at least one element a;
of F is not equal to 0.

If this condition is not satisfied then U is said to be linearly independent.

A set U that consists of one vector x # 0, is linearly independent.
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U={x1,...,xp} of Lis linearly independent if ajx1 + --- + a,x, =0,
implies a1 = -+ = a, = 0. Also, note that a set U that is linearly
independent does not contain 0.

Example

Let L be an F-linear space. If u € L, then the set L, ={au | a€ F}isa
linear subspace of L. Moreover, if u # 0y, then the set {u} is linearly
independent. Indeed, if au = 0; and a # 0, then multiplying both sides of
the above equality by a=! we obtain (a~'a)u = a—!0, or equivalently,

u = 0, which contradicts the initial assumption. Thus, {u} is a linearly
independent set.
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Definition

Let L be an F-linear space. A subset W of L is linearly dependent if it
contains a finite subset U that is linearly dependent.
A subset W is linearly independent if it is not linearly dependent.

Thus, W is linearly independent if every finite subset of W is linearly
independent. Further, any subset of a linearly independent subset is
linearly independent and any superset of a linearly dependent set is linearly
dependent.
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Example

For every F-linear space L the set {0} is linearly dependent because we
have 10, =0;.
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Theorem

Let L be an F-linear space and let W be a linearly independent subset of

L. Ify is a linear combination

Y = aixy + -+ anXp,

for some finite subset {x1,...,x,} of W, then the coefficients a1, ..., a,

are uniquely determined.
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Proof

Suppose that y can be alternatively written as
y:b1X1+"'+ann,
for some by, ..., b, € F. Since W is linearly independent this implies

(31 - bl)xl +-+ (an - bn)xn = 0L7

which, in turn, yields a1 — by = --- = a, — b, = 0. This, we have a; = b;
forl <i<n.
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Definition

Let F be a field and let L and M be two F-linear spaces. A linear mapping
is a function h: L — M such that

h(ax + by) = ah(x) + bh(y)

for every scalars a,b € F and x,y € L.
An affine mapping is a function f : L — M such that there exists a linear
mapping h: L — M and b € M such that f(x) = h(x) + b for x € L.

v

Linear mappings are also referred to as linear spaces homomorphisms, as
linear morphisms, or as linear operators.

The set of morphisms between two F-linear spaces L and M is denoted by
Hom(L, M). The set of affine mappings between two F-linear spaces L and
M is denoted by Aff(L, M).
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Example
Let h: R? — R? be the transformation defined by

()=o)

This is a linear mapping h : R? — R2.
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Define the mapping h : R[x] — R[x] as

h(p)(x) = /0 " p(t) dt.

For example, for p(x) = x? + £x we have

X 1 1 1
h = t?2 4+ Zt) dt = —x3 + =x°.
(P)(x) /0 (t°+ 3 ) 3¢ T§X

It is easy to see that h(p1 + p2) = h(p1) + h(p2) and h(ap) = ah(p),
which means that h is indeed a linear mapping
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The notion of subspace is closely linked to the notion of linear mapping as
we show next.

Theorem

Let L, M be two F-linear spaces. If h: L — M is a linear mapping than
the sets

Im(h) = {h(x) | x € L},
and
Ker(h) ={x € L | h(x) =0p}

are subspaces of the linear spaces M and L, respectively.
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Proof

Let u and v be two elements of Im(h). There exist x,y € L such that
u = h(x) and v = h(y). Since h is a linear mapping we have

u+v =h(x)+ h(y)=h(x+y).

Thus, u+ v € Im(h). Further, if a € F, then au = ah(x) = h(ax), so

au € Im(h). Thus, Im(h) is indeed a subspace of M.

Suppose now that s and t belong to Ker(h), that is h(s) = h(t) = 0py.
Then, h(s + t) = h(s) + h(t) =0p, so s + t € Ker(h). Also,

h(as) = ah(s) = a0y = Op, which allows us to conclude that Ker(h) is a
subspace of L.
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We refer to Im(h) as the image of h, and to Ker(h) as the kernel of h.
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Definition

Let h,g € Hom(L, M) be two linear mappings between the F-linear spaces
L and M. The sum of h and g is the mapping h + g defined by

(h+g)(x) = h(x) + &(x)

for x € L.
If a € F, the product af is defined as (af )(x) = af(x) for x € L.

If L, M are two F-linear spaces, then the set Hom(L, M) is never empty
because the zero morphism 0, ps : L — M defined as 0; p(x) = Op for
x € L is always an element of Hom(L, M).
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Note that

(f +g)(ax + by) = f(ax+ by)+g(ax + by)
= af(x) + bf(y) + ag(x) + bg(y)
= f(ax + by) + g(ax + by),

for all a,b € F and x,y € L. This shows that the sum of two linear
mappings is also a linear mapping.

Theorem

Hom(L, M) equipped with the sum and product defined above is an
F-linear space.

Proof: The zero element of Hom(L, M) is the mapping 0, -
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Definition

Let L be an F-linear space. A linear form on L is a morphism in
Hom(L, F), where the field F is regarded as a linear space.
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Definition

A basis of an F-linear space L is a linearly independent subset W such that
(W) = L.

If an F-linear space L has a finite basis, then we say that L is a linear space
of finite type.

v

Theorem

Every non-zero F-linear space L has a basis.
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Corollary

(Independent Set Extension Corollary) Let L be an F-linear space. If
W is a linearly independent set, then there exists a basis T of L such that

WCT.

Proof: Since W is a linearly independent set, if (T) = L, then WU T is

also generating L.
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If an F-linear space L has a finite basis, then we say that L is a linear space
of finite type.

Lemma

Let L be a finite type F-linear space and let T be a finite subset of L that
is not linearly independent. If k = |T| > 2 and (t1,...,tx) is a list of the
vectors in T, then there exists a number j such that 2 < j < k and t; is a

linear combination of its predecessors in the sequence. Furthermore, we
have (T —{t;}) =(T).
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Proof

Since T is not linearly in dependent, there exists a linear combination
Zf'(:l a't; = 0, such that some of the scalars al, ..., a* are different from
0.
Let j the largest number such that 1 < j < k and aj # 0. The definition of
j implies .

altl—l—'--—i—a’tj =0,

sot;=— J,;} %t,-, which shows that t; is a linear combination of its
predecessors in the list. Consequently, the set of linear combinations of the
vectors in T — {t;} equals (T).
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Theorem

(The Replacement Theorem) Let L be a finite type F-linear space such

that the set W spans the linear space L and |W| = n.

If U is a linearly independent set in V' such that |U| = m, then m < n and
there exists a subset W' of W such that W' contains n — m vectors and

U U W' spans the space L.
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Proof

Suppose that W = {w1,...,w,} and U = {u1,...,uny} is linearly
independent, where m < n. The argument is by induction on m.
The basis case, m = 0, is immediate.

Suppose the statement holds for m and let U = {u1,...,Um,ums1} be a
linearly independent set that contains m + 1 vectors.
The set {ui,...,un} is linearly independent, so by the inductive

hypothesis there exists a subset W’ of W that contains n — m vectors
such that {uq,...,u,} U W’ spans the space L.

Without loss of generality we may assume that W/ = {wq,...,w,_n}.
Thus, Unm,y1 is a linear combination of the vectors of
{u, ... Um,Wi,...,Wh_n}, so we have

Upp1=auy+ - +a"um+bwy + -+ b" "W

%

UMASS
BOSTON

Prof. Dan A. Simovici CS724: Topics in Algorithms Linear Spaces: 41/90



Proof (cont'd)

We have m+ 1 < n because, otherwise, m+ 1 = n and up,41 would be a

linear combination of uy, ..., un,, thereby contradicting the linear
independence of the set U.

The set {u1,...,Um, Umi1,W1,...,Wp_m} is not linearly independent. Let
v be the first member of the sequence (u1,...,Um, Unmt1,W1,...,Wn_pm)

that is a linear combination of its predecessors. Then, v cannot be one of
the u; (with 1 </ < m) because this would contradict the linear
independence of the set U. Therefore, there exists k such that wy is a
linear combination of its predecessors and 1 < k < n— m. By a previous
lemma we can remove this element from the set

{u1, ... Um Umi1, W1, ..., Ws_m} without affecting the set spanned.
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Corollary

Let L be a finite type F-linear space and let U, W be two bases of L.
Then |U| = |W|.

Proof.

Since U is a linearly independent set and (W) = L we have |U| < |W/|.
The reverse inequality, |W| < |U|, is obtained by asserting that W is
linearly independent and (U) = L. Thus, |U| = |W/|. O

v

This allows the introduction of the notion of dimension for a linear space.
Definition

The dimension of a finite type linear space L is the number of elements of
any basis of L.
The dimension of L is denoted by dim(L).
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If a linear space L is not of finite type than we say that dim(L) is infinite.

Theorem

Let L be an F-linear space of finite type having the basis B = {x1,...,%n}
and let {y1,...,yn} be a subset of an F-linear space M. There exists a
unique linear mapping f : L — M such that f(x;) = y; for 1 <i < n.

Proof: If x € L we have x = ajx1 + - - - + a,x,, because {x1,...,x,} is a
basis of L. Define f(x) as f(x) = >_"_; ajy;. The uniqueness of the
expression of x as a linear combination of the elements of B makes f
well-defined. The linearity of f is immediate. For uniqueness, note that
the value of f is determined by the values of f(x;).
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Theorem

dim(M) = q. Then, dim(Hom(L, M)) = pq.

Let L, M be two linear spaces of finite type with dim(L) = p and
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Proof

Suppose that {x1,...,Xp} is a basis in L and {y1,...,yq} is a basis in M.
For every i such that 1 </ < p and j such that 1 < j < g there exists a

unique linear mapping fjj : {x1,...,x,} — M such that:

Pt i =k,
fif(xk) = “ .
0) otherwise,
for l< k< p.
Note that if x = Z';Zl akXxy, the linearity of f;; implies:

P P
fij(x) = £ (Z akxk> = afi(xi) = aifj(x;).
k=1

k=1

We claim that the set {f; | 1 < i< p,1 </ < q}is a basis for
Hom(L, M). /|

UMASS
BOSTON

Prof. Dan A. Simovici CS724: Topics in Algorithms Linear Spaces:

46/90



Proof cont'd

Let f: L — M be a linear mapping. If x € L we can write

x =P aix;, so f(x) =3 F_, aif(x;). In turn, since {y1,...,yq} is a
basis in M, f(x;) = Zj-’zl bjjy;, for some b; € F. This allows us to write:
P q P q P q

f) =2 ai) biyj=) > abjy;=3 > aibjfi(x),
i=1

i j=1 i=1 j=1 i=1 j=1

which shows that each linear mapping in Hom(L, M) is a linear
combination of functions fj;.
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Proof cont'd

Furthermore, the set {f; | 1 < i < p,1 <j < p} is linearly independent in
Hom(L, M). Indeed, suppose that 3°7_; >°7 , c;fij(x) = Op. Then, for

X = x; we have Zj-’zl cijyj = Op, which implies ¢;; = 0. We may conclude
that dim(Hom(L, M)) = dim(L) dim(M).
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Theorem

If W is a subspace of a finite type linear space L, then dim(W) < dim(L).

v

Proof.

If U is a linearly independent set in the subspace W, then it is clear that
U is linearly independent in L. There exists a basis V of L such that
U C V and |V| =dim(L). Therefore, dim(W) < dim(L). Ol

v
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The notion of subspace is closely linked to the notion of linear mapping as
we show next.

Theorem

Let L, M be two F-linear spaces. If h: L — M is a linear mapping than
Im(h) is a subspace of M and Ker(h) is a subspace of L.
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Proof

Let u and v be two elements of Im(h). There exist x,y € L such that
u = h(x) and v = h(y). Since h is a linear mapping we have

u—v =h(x)—h(y) = h(x —y).

Thus, u — v € Im(h). Further, if a € S, then au = ah(x) = h(ax), so

au € Im(h). Thus, Im(h) is indeed a subspace of P.

Suppose now that s and t belong to Ker(h), that is h(s) = h(t) = 0py.
Then, h(s —t) = h(s) — h(t) =0p, so s — t € Ker(h). Also,

h(as) = ah(s) = a0y = Op, which allows us to conclude that Ker(h) is a
subspace of h.
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Theorem

Let L and M be two linear spaces, where dim(L) = n, and let h: L — M
be a linear mapping. Then, we have

dim(Ker(h)) + dim(Im(h)) = n.

Prof. Dan A. Simovici
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Proof

Suppose that {ei,...,en} is a basis for the subspace Ker(h) of L. Each
such basis can be extended to a basis

{e1,...,em,emi1,...,€n}

of the space L. Any v € L can be written as

n
v—= g a'e;.
i=1

Since {e1,...,en} C Ker(h) we have h(e;) =0p for 1 < i< m, so

n

h(v) = Z a'h(e;).

i=m+1

This means that the set {h(em+1),...,h(en)} spans the syBpace Im(h)
O.F M. UMASS
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Proof cont'd

We show now that this set is linearly independent.

Indeed, suppose that Y7 . b'h(e;) = Op. This implies

h(>7 41 b'ei) =0p, thatis, .7 .\ b'e; € Ker(h). Since {e1,...,em}
is a basis for Ker(h) there exist m scalars c!,..., c™ such that

n
E biej=cle; + -+ c"epm.
i=m+1

The fact that {e1,...,em,€mt1,...,€n} is a basis for L implies that
cl=- =cm=p"1 =... = p" =0, so the set {h(em+1),...,h(en)} is
linearly independent and, therefore, a basis for Im(h). Thus,

dim(Im(h)) = n — m, which concludes the argument.
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Definition
Let L and M be two F-linear spaces and let h € Hom(L, M). The rank of
h is rank(h) = dim(Im(h)); the nullity of h is nullity(h) = dim(Ker(h)).

If h: L — M is a linear mapping and L is a linear space of finite type,

then
dim(L) = rank(h) + nullity(h).
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Theorem

Let h: L — M be a linear mapping between two linear spaces. Then,
rank(h) < min{dim(L), dim(M)}.

Proof.

It is clear that rank(h) < dim(L). On the other hand,
rank(h) = dim(Im(h)) < dim(M) because Im(h) is a subspace of M, so
the inequality of the theorem follows. L]

v
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Example

Let L, M be two F-linear spaces. For h € L* and y € M define the
mapping lpy as £y (x) = h(x)y for x € L. It is easy to verify that ¢}, is
a linear mapping, that is, £, € Hom(L, M). Furthermore, we have
rank(¢p,) = 1 because Im(¢y ) consists of the multiples of the vector y.
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Definition

Let L and M two F-linear spaces. An isomorphism between these linear
spaces is a linear mapping h: L — M that is a bijection.

If an isomorphism exists between two F-linear spaces L and M we say that
these linear spaces are isomorphic and we write L = M.

Two F-linear spaces that are isomorphic are indiscernible from an algebraic
point of view.
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If L1, Ly are subspaces of an F-linear space L, then their intersection is
non-empty because 0; € L; N L. Moreover, it is easy to see that L1 N Ly
is also a subspace of L.

Let Ly, L, be two subspaces of a linear space L. Their sum is the subset
Ly + Ly of L defined by

L1—|—L2:{x—i—y\x€Llandy€L2}.

It is immediate to verify that L; + Ly is a subspace of L and that
0, € L1NLs.
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Theorem

Let Ly, Ly be two subspaces of the F-linear space L. If Ly N Ly = {0.},
then any vector x € L1 + Ly can be uniquely written as x = x1 + x», where
x1 € L1 and x5 € L.

o

Proof.

By the definition of the sum Ly + Ly it is clear that any vector x € Ly + L»
can be written as x = x3 + x2. We need to prove only the uniqueness of
X1 and X2.

Suppose that x = x1 + x> = y1 + y2, where x1,y1 € L1 and x2,y2 € L.
This implies x; — y1 = y2 — x2 and, since x; —y1 € L and y» — x5 € Lp
it follows that x; — y1 = y» — x» = 0 by hypothesis. Therefore, x; = y1
and X2 = Y¥2. ]
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Theorem

Let L1, Ly be two subspaces of the F-linear space L. If every vector

x € Ly + Ly can be uniquely written as x = x1 + x2, then L1 N L, =0;.

Proof.

Suppose that the uniqueness of the expression of x holds but z € L; N L,

and z #0;. If x = x1 + x5, then we can also write

x=(x1+2)+ (x2—2), where x; +z € Ly and xo —z € Ly, x1 +2 # x1

and xp — z # x», and this contradicts the uniqueness property.

O]

v
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Let L be an F-linear space. The set of linear forms defined on L is denoted
by L*. This set has the natural structure of an F-linear space known as the
dual of the space L.

The elements of L* are also referred to as covariant vectors or covectors.
Frequently, we will refer to the vectors of the original linear space as
contravariant vectors.
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Theorem

Let B={uj € L | 1< i< n} bea basis in an n-dimensional F-linear
space L. If {aj € F | 1 <i < n} is a set of scalars, then there is a unique
covector f € L* such that f(u;) = aj for 1 <i < n.

Proof.

Since B is a basis in L we can write v =", cju; for every v € L. Thus,

flvy)="F <z”: c,-u,-) = Zn: ciaj,
i=1 i=1

which shows that the covector f is uniquely determined by the n-tuple of
a1

scalarsa= | : |. ]
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Corollary

Let L be an n-dimensional F-linear space. Then, its dual L* is isomorphic
to F", and, thus, dim(L*) = dim(L) = n.

Proof.
The function h: F” — Hom(L, F) that maps the vector

ai

to the function f defined as

f(V) =f <zn: C,'U,') = zn: ciaj,
i=1 i=1

where B={u;j € L | 1<i<n}isabasisin Land v =>", cu;is an
isomorphism. [
4
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A linear form f € L* is uniquely determined by its values on a basis of the
space L. This allows us to prove the following extension theorem.

Theorem

Let U be a subspace of a finite-dimensional F-linear space L. A linear
function g : U — T belongs to U* if and only if there exists a linear form
f € L* such that g is the restriction of f to U.
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Proof

If g is the restriction of f to U, then it is immediate that g € U*.
Conversely, let g € U* and let B = {uy,...,u,} be a basis of U, where
dim(U) = p. Consider an extension of B to a basis of the entire space
Bi ={u1,...,up,Upi1,...,up}, where n = dim(L) and define the linear
form f: L — F by

i) ifi<p,
fuy — £ <o
0 ifp+1<i<n

Since f and g coincide for all members of the basis of U if follows that g
is the restriction of f to U.

We refer to f as the zero-extension of the linear form g defined on the
subspace U.
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Theorem

If {uy,...,u,} is a basis of the F-linear space L, then the set of linear
forms {f/ | 1 < j < n} defined by

fj(lli) _ ‘{ 1 If.l = J7

0 otherwise

is a basis of the dual linear space L*.
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Proof

The set F = {f,... f"} spans the entire dual space L*. Indeed, let
f € L* be defined by f(u;) = a; for 1 < i < n. Then, we have:

f(x) = arf'(x) + -+ anf"(x)
for x € L. Indeed, if x = c'u;, then
f(x) =f (c'u;) = c'f(u;) = c'as.
On another hand,
aif'(x) = a;f'(uj) = a;/F'(uj) = a;c’,

due to the definition of the linear forms f1,...,f,. Therefore,
f =aif' +---+ a,f", which shows that (F) = L*.
7
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Proof cont'd

To prove that the set F is linearly independent in L* suppose that

arft + -+ anf, =0p«. This implies a;f1(x) + --- + a,f"(x) = 0, for
every x € L. Choosing x = u; we obtain a;f/(u;) = 0, hence a; = 0, and
this can be shown for 1 < j < n, which implies the linear independence.
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The basis F = {f1,... f"} of L* constructed before is the dual basis of
the basis U = {u1,...,u,} of L. We refer to the pair (U, F) as a pair of
dual bases.

Corollary

The dual of an n-dimensional F-linear space is an n-dimensional linear
space.
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Example

Let P,[x] the linear space of polynomials of degree 2 in x, that consists of
polynomials of the form p(x) = ax? + bx 4 c. The set {po, p1, p2} given
by po(x) = 1, p1(x) = x, and pa(x) = x? is a basis in P,[x]. Note that we
have

c = p(0),
b = 3(p(1)-p(-D))
2 = o(p(1) +p(~1) ~ 2p(0).

If f: P>[x] — R is a linear form we have
f(p) = af(x®)+ bf(x) + cf(0)
= Sp(1) + p(~1) ~ 26(0))F(<%) + 5(p(1) — P(~1))F(x) + P(O)F(1).
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Example cont'd

Example

Therefore, a basis in Py[x]* consists of the functions

fo(p) = p(0),
(p) = 5(p(1) ~ p(~D))

2(p) = 5(p(1)+ p(~1) —26(0)).
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We saw that the dual L* of a F-linear space L is an F-linear space. The
construction of the dual may be repeated, and L**, the dual of the dual
F-linear space is an F-linear space. In the case of finite dimensional linear
spaces we have dim(L**) = dim(L*) = dim(L), and all these spaces are
isomorphic.

Theorem

Let L be a finite-dimensional F-linear space. Then, the dual L** of the
dual L* of L is an F-linear space isomorphic to L.
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The notion of linear mapping can be extended as follows.

Definition
Let Ly,...,L,, L be real linear spaces and let Ly x --- x L, be the
Cartesian product of the sets Ly,...,L,.

An real multilinear function is a mapping f : L1 X -+ x L, — L that is
linear in each of its components when the other components are held fixed.
In other words, f satisfies the conditions:

k
f(xl, ce ,x,-_l,Zajx{.,x,-H, ce ,X,,)
j=1

k
= Zajf(X:[,...,X,'_]_7X{-,X,'+1,...,Xn),
Jj=1

for every x;,x. € L; and a,...,ax € R.

Ll ]
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Definition

Let L, M be two complex linear spaces. A function f : L x M — C is said
to be Hermitian bilinear if it is linear in the first variable and skew-linear in

the second, that is, it satisfies the equalities:

f(aix1 + aox2,y) = aif(x1,y) + axf(x2,y),
f(x,biy1 + bay2) = bif(x,y1) + baf(x,y2)

for a1, ap, by, by € C.
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The set of real multilinear functions defined on the linear spaces L4, ..., L,
and ranging in the real linear space L is denoted by 9t(Ly,..., L, L). The
set of real multilinear forms is MM(Ly, ..., Ly R).

%

UMASS
BOSTON

Prof. Dan A. Simovici CS724: Topics in Algorithms Linear Spaces: 76 /90



Example

Multilinearity is distinct from the notion of linearity on a product of linear
spaces. For instance, the mapping h : R2 — R defined by h(x,y) = x+y
is linear but not bilinear. On the other hand, the mapping g : R> — R
given by h(x, y) = xy is bilinear but not linear.
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Definition

Let Ly,...,L,, L be real linear spaces.
If f,g € M(Ly,...,Ln L) are two multilinear functions, their sum is the
function f 4 g defined by

(F+g)(x1,...,xn) = F(x1,...,%n) + g(x1,...,Xn),
and the product af, where a € F is the function af given by
(af)(x1,...,xp) = af (x1,...,Xp)

forx; € L;and 1 < i< n.

v

It is immediate to verify that 9(Ly, ..., L,; L) is an R-linear space relat
to these operations.
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Let f: L1 x Ly — L be a real bilinear function. Observe that for x € [

and y € Ly we have:

f(x,0,,) = f(x,0y)=0f(x,y) =0, and
f(0r,,y) = f(0x,y)=0f(x,y)=0,.
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Example

Let L be an R-linear space and let (-,-) : L* x L — R be the function
given by (h,y) = h(y) for h € L* and y € L. It is immediate that (-,-) is a
bilinear function because

(ah+bg,y) = alh,y)+b(g.y),
(h,ay + bz) = a(h,y) + b{h,z),

fora,beR, hyge L* and y,z € L.
Moreover, we have {(h,y) = 0 for every y € L if and only if h = 0;« and
(h,y) =0 for every h € L* if and only if y = 0.

%

UMASS
BOSTON

Prof. Dan A. Simovici CS724: Topics in Algorithms Linear Spaces: 80/90



Example

Let Ly,...,L,, L be R-linear spaces, a; € Lj for 1 </ < n, and let g; € L.

Define the function G : L1 x L, — R as:
G(a1,...,an) = gi1(a1) - - gn(an)

forajel;and 1 < i< n.
The function G is multilinear. Indeed, if a;,b; € L; and a€ R it is
immediate to verify that

G(al,...,a,-+b,-,...,a,,)
= G(ay,...,aj,...,a,) + G(a1,...,bj,...,ap),

and
G(ai,...,aa;,...,a,) = aG(a,...,a;,...,a,).

Note, however, that G is not a linear function because

G(aai,...,aa,) = a"G(a1,...,an)
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Example

The function f : R2 — R defined by f(x1,x2) = x1x is bilinear because it
is linear in each of its variables, separately, but is not linear in the
ensemble of its arguments. Indeed, we have

f(x1+y1,x) = f(xi,x)+ f(y1,x),
fxi,x2+y2) = f(x1,x)+ f(x1,y2)

for every x1, x0, y1, ¥2 € R, which shows the bilinearity of . However, we
have:

f(x1 +x0,y1+y2) = X1+ Xx1ye + xoy1 + Xy
# f(x,y1) + f(x2, y2),

which means that f is not a linear function.
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Theorem

Let U,V be two real linear spaces and let (U, V;R) be the linear space
of bilinear forms defined on U x V. The linear spaces (U, V; R),
Hom(U, V*) and Hom(V, U*) are isomorphic.
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Proof

It is immediate that ® is a linear mapping because for ¢,d € R and
hi, hp € M(U, V;R) we have:

®(chy + dhy)(a)(v) = ((ch1 + dh2)?)(v)
= (chy + dhy)(a,v) = chi(a,v) + dhy(a,v)
= chi(v) + dhj(v)
= c®(h)(a)(v) + do(h2)(a)(v),
O(chy + dhp) = cd(hy) + d(hy).

Note that ® maps h: U — V into the linear form that transforms a into
h? for a € U. Thus, if ®(h1) = ®(h2) we have both hy and hy yield equal
values for a € U, so h; = hy, which proves the injectivity of ®.
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Proof cont'd

Let £ € Hom(U, V*). For every a € U there exists a linear form

g : V — R such that f(a) = g, or f(a)(v) = g(v) for every v € V. The
mapping h: U x V — R defined by h(u, bfv) = f(u)(v) is bilinear and
®(h)(u)(v) = h*(v) = h(u,v) = f(u)(v), which means that ®(h) = f.
Thus, ® is also surjective and, therefore, it is an isomorphism between the
linear spaces M(U, V;R), and Hom(U, V*).

The existence of an isomorphism between and Hom(V/, U*) has a similar
argument.
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The linear space M(U, V;R) will also be denoted by U*®@ V*. We will
refer to this space as the tensor product of the spaces U and V.

Corollary

Let U,V be two R-linear spaces. Then, dim(U®V) = dim(U) - dim(V).

Proof.
Since dim(V*) = dim(V) = n, we have dim(Hom(U, V*)) = mn. The
result follows immediately. O

v
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Let U, V, W be three R-linear spaces of finite dimensions having the bases
{ur,...,um}, {vi,...,vp} and {wi,...,w,}, respectively, and let
f:UxV — W be a bilinear function. If u =", aju; € U,

v = er":l bJ'Vj, then

f(u, v)_ZZabf uj,vj).

i=1 j=1

Since f(uj,v;) € W there exist c,-f- such that f(u;,v;) =>%_; cgwk,

hence

m n p

k
“Y3 Y st

i=1 j=1 k=1
Thus, the set {c,.Jk.eR | 1<i<m1<j<n1<k<p} (which
contains mnp elements) determines a bilinear function relative to the
chosen bases in U, V and W. m
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Unlike the case n =1, the set of values of a multilinear function

f: My x---x M, — Mis not a subspace of M in general. Indeed,
consider a two-dimensional R-linear space U having a basis {u1,u»2}, a
four-dimensional R-linear space W having the basis {w1, w,, w3, w4}, and
the bilinear function f : U x U — W defined as:

f(u,v) = t1viwi + uvows + upviws + tovowy,

where u = vju1 + wur and v = viug + wus.
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Let S be the set of all vectors of the form s = f(u,v). By the definition of

S there exist u,v € U such that
S1 = U1Vv1,S2 = U1V2, 53 = U2V, 54 = U2V,

hence sys4 = sps3 for any s € S.
Define the vectors z,t in W as

z = 2wi+ 2wy + w3 + wa,
t = wi+ ws.

Note that we have both z € S and t € S. However,
X=z—t=wi+2wy+wy

does not belong to S because x3x4 = 1 and xox3 = 0.
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Let f : R?2 x R2 — R be a bilinear form. Since the vectors

1 0
e = <0> and e = <1> s

form a basis in R?, f can be written as

f(ae1 + bey, ce1 + dey)
af(e1, ce; + dey) + bf(ez, ce1 + dey)
= acf(e1,e1) + adf(e1, e2) + bcf(ez2, e1) + bdf (ez, e2)
= «f(e1,e1) + pf(e1,ez) +yf(ez,e1) + 0f (e, €2),

where
a=ac, =ad,y=bc,d = bd.

Thus, the multilinearity of f implies ad = 8.
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