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Length-Increasing vs. Context-Sensitive Grammars

Theorem

The class L1 equals the class of length-increasing languages.
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Length-Increasing vs. Context-Sensitive Grammars
Proof

Clearly, every type-1 grammar is length-increasing. Therefore, as we

observed earlier, £; is included in the class of length-increasing languages.

To prove the converse inclusion, consider a length-increasing grammar
G = (AN, AT, S, P). We can assume that every production of P that
contains a terminal symbol is of the form X — a.
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Proof (cont'd)

Let m: @« — B € P be a production such that a = Xp - - - X1,
B=Yy---Ym_1. If n=1, then 7 is already a context-sensitive
production. Therefore, suppose that 2 < n < m. By hypothesis,
Xo, .-y Xn_1, Yo,..., Ym_1 are nonterminals. Consider n new

nonterminals Z7, ..., Z7 ; and the set of productions P, that consists of:

Xo-- X1 — ngl"'Xn—l
ZgX1~~X,,,1 — ZarZ{rXQ-HX,,,l

2577 77 X1 = Z5ZF 77 (Yo Y1
Z5ZF 27 Yn - Ymo1 = YoZT - 27 Y- Ym1
YoZF - Z7 (Yo Ym1—= YoY1- - Z7 (Yo - Ym 1

YoYi- - ZT Yo Ym1 = YoYa - Yo 1Yn- Ym_1.

The set P, consists of context-sensitive productions.
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Proof (cont'd)

Let P; be the set of productions that consists of [ J{Pa—z | 2 < | < [B]}
and the productions of the form X — 3 or S — X\ (whenever such
productions belong to P). Consider the context-sensitive grammar
G1 = (ANUA, AT, S, P1), where A consists of all new nonterminal
symbols introduced when the production sets P, were constructed.

6/53



)
Proof (cont'd)

Note that a derivation step in G that consists of the application of a
production 7 : a« — [ with 2 < |a| < |3| corresponds to the successive
application of the productions of P, in Gi; conversely, the productions of
P can be applied only in this order in a derivation in Gz, and they
simulate a step in a derivation in G that makes use of the production 7. A
step that uses a production X — 3 or S — ) is the same in both G and

Gi. Thus, § = x ifand only if S = x, 50 L(G) = L(Gy). This shows
1

that the class of length-increasing languages is included in £;.
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Length-Increasing vs. Context-Sensitive Grammars

Example
Let
G/ = ({57 X7 Yu X37 Xb7 XC}) {37 b7 C}7 57 P/)
be the length-increasing previously constructed grammar. The set of
productions P; consists of:

@ The context-sensitive productions in P/, namely:

TS o XaXpXe, T 1S = XaXXpXe,
o Xy — a, g Xp— b
g 1 Xe—cC
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Length-Increasing vs. Context-Sensitive Grammars

Example (cont'd)

Each remaining production in P’ generates the following productions:

o For 7 : XXp — XpX, include the productions:

10
T
T2
T3

XXb — Zoxb
Z()Xb — ZoZl
Z[)Zl — szl
szl — XbX

o For 7§ : XXc — YXpXc X, include the productions:

T4
15
16
7

XX — ZoXc

ZQXC — ZZZ3XCXC

2o Zs X Xe — YZ3X X,
YZ3 X Xe = YXpXcXc
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Length-Increasing vs. Context-Sensitive Grammars

Example (cont'd)

o For ) : XpY — YXp, include the productions:

T
1o
0
o1

o For mf : X;Y — X,X,X, include the productions:

T2
T3
T4
o5

XpY — Z4Y
Z4Y — Z4Z5
Z4Z5 — YZ5
YZ5 — YXb

XY = ZgY
Z(,Y — ZﬁZ?X
Lo Z7X — X3Z7X
XaZe X — XXX
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Length-Increasing vs. Context-Sensitive Grammars

e Finally, for mg : X5 Y — X,Xj, include the productions:

mhe 1 XY = ZgY
7Té7 : ZgY—)Zng
Wés : Zng—>X329
Tho © XaZo — XaXi

This gives the context-sensitive grammar:

G]. - ({57X7 Y7X37 Xb? XC} U {ZI ‘ 0 S I S 10}7 {37 b7 C}757
{mo, 11, 77, Mg, o} U {7} | 10 < j < 29}.

that generates the language L = {a"b"c" | n € N}. This implies that L is
a context-sensitive language.
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Length-Increasing vs. Context-Sensitive Grammars

Theorem

The classes Lo, L1, L5 are closed with respect to the reversal operation; in
other words, if L € L;, then LR € £; for i € {0,1,2}.
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Length-Increasing vs. Context-Sensitive Grammars
Proof

Let G = (An, AT, S, P) be a grammar, and let

PR ={aR = BR | a = pec P}

Define GR = (An, AT, S, PR). If G is of type i, then so is GF for
i€{0,1,2}.

Further, we have ~ % ' if and only if 4R G:; ’y’R, as can be shown by
induction on the length of the two derivations. Thus, S ::;> w if and only

if S = SR ﬁ; wR. This shows that L(GR) = L(G)R, so L(G)F has the
G
same type as the language L(G).
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Closure Properties of Classes of Languages

Theorem

Each of the classes L; of Chomsky's hierarchy contains the class of finite
languages, for i € {0,1,2}.

Proof.

Let L = {ug,...,un—1} be a finite, nonempty language over an alphabet
A. The grammar

G =({SHASIS > u....S— un1})

is of type 3 and, therefore, of type 2, 1, and 0. If L = (), then L is
generated by the grammar G = ({5}, A, S,{S — S}) that is, again, of
type 3. [

v
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Closure Properties of Classes of Languages

Theorem

If L is a language of type i, where i € {0,1}, then so is the language K,
where K = L — {\}.

Proof.

If Lis a type-1 language, then there exists a type-1 grammar

G = (AN, AT, S, P) such that L(G) = L. If X\ € L, the production S — A
belongs to P, and S does not occur in the right member of any
production. The language K is generated by the type-1 grammar

G' = (AN, AT, S, P —{S = A}). If A& L, we have K = L.

If Lis of type 0 and X € L, let P’ be the set of productions obtained from
P by replacing all erasure productions & — X with Ya — Y and aY — Y
for every Y € Ay U A1, The grammar (An, AT, S, P’) generates the
language K, so K is a type-0 language. O

v
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Closure Properties of Classes of Languages

Theorem

L; is closed with respect to union, for i € {0,1,2,3}.

Proof.

Suppose that L, L’ are two languages of type i that are generated by the
grammars G = (An, AT, S, P) and G’ = (A}, AT, S, P'), respectively,
where Ay N Ay, = 0.

Consider the grammar

Gy = (AN U A/N U {50},/47‘, S.PU P U {50 — 5,5 — 5/}), where Sy is
a new nonterminal symbol such that Sy ¢ Ay U A),. Note that the
grammar G, is of the same type i as the grammars G and G’. To
complete the proof, we need to show that LU L' = L(G). O
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Proof (cont'd)

Let xe LUL'. Ifxe L, then S :Z? X, so Sg ? S §*> x which shows that
U u

x € L(Gy). The case when x € L' is entirely similar and is left to the
reader. Thus, LU L' C L(Gy).
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Proof (cont'd)

*
Conversely, suppose that x € L(Gy). We have Sy o X If the first
U

production applied in this derivation is Sy — S, then the derivation can be
written as Sp = S = x. The last part of this derivation S = x uses

Gu Gu Gu
only productions from P since Ay N A}, = () implies PN P’ = ).

*

Therefore, we have 5 72 x, so x € L(G). Similarly, if the first production

applied is So — S’, then x € L(G’). Therefore, L(G,) C L(G) U L(G),
hence L(Gu) = L(G) U L(G").
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Closure Properties of Classes of Languages

Closure with respect to *

Lemma

The classes Lo and L1 are closed with respect to the x operation.

Proof.

We must prove that if L € £;, then L* € £; for i € {0,1}. Let us assume
initially that \ ¢ L.

Let G = (An, AT, S, P) be a grammar of type 0 or type 1 that generates
the language L. We can assume that terminal symbols do not occur in the
left member of any production of P.

Let Sp, S1 be new symbols such that Sp, S1 & Ay, and let

G, = (An U {S0, S1}, AT, So, P.) be the grammar whose set of
productions is

P, = PU{50—>)\,50—>5,50—>515}U
{S1a— 5Sa| acAr}u{Sia—Sa| acAr}.
I%ﬁ?




Proof (cont'd)

If G is of type 1, then so is G,.

We have L" C L(G,) for n € N.

Let x € L". If n =0 we have x = )\, and x € L(G,) because Sy — A is in
P.. Suppose now that x = xgx1 ...Xx,_1, where xg,...,x,_1 € L for n > 1.

*
We have S :G> xj for 0 < j < n—1, and the same derivations are valid in

G, because P C P,. Thus, we can put together the following derivation in
the grammar G,:

*
So9 = 55 = Sixp-1
G G

*
g 515%n-1 7 S1Xn—2Xn-1

*
= 5150 Xp-1 T S1x1c Xp-1
G* G*

*
=  Sxg-r-Xp_1 = XoX1'Xp_1 = X.
G. G 20/53



Proof (cont'd)

This proves that x € L(Gy). Thus, L* = [J,en L" € L(Gs). Observe that
the “regeneration” of the symbol S is made possible in the above
derivation by the fact that the words x; are not null (which puts S
adjacent with terminal symbols, thereby allowing the application of the
productions S;a — S515a).
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Proof (cont'd)

*
Conversely, let x € L(G,). There exists a derivation Sp 2 X If we write

this derivation explicitly,

So = a1 = - = ap1 = X,
G Gy

[9)
*

we have to consider three cases:

Case 1: If the first production applied in this derivation is Sg — A, then
X =M\ s0x € L*.

Case 2: If the first production applied is S — S, then we have S % X,
and the same derivation is valid in G, which shows that x € L(G) = L.



Proof (cont'd)

Case 3: If the first production applied is Sg — 515, then each word «y in
the above derivation falls into one of the following two cases:

Case 3a: ay is of the form 5181 --- Bk, where k >1, S =Z> Bq for

1 < g < k, and the first symbol of each of the words 35, ...,k is a
terminal.

Case 3b: «y is of the form [yfB1 - - - Bk, where k > 1, the first symbol of
*
each 3, is a terminal for p>1, and S =G> Bp for 0 < p < k.
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Proof (cont'd)

This argument is by induction on £ > 1. It is clear that «; falls in Case 3a.
Suppose that o, satisfies the conditions of either Case 3a or Case 3b.
Since the productions of P do not have terminal symbols in their left
members, their application may involve only one word ;. This guarantees
that if ap41 was obtained through the application of a production in P,
then a1 satisfies one of the conditions of the previous cases. The same
conclusion can be reached if ap41 was obtained by applying a production
of the form S1a — S15a or S5 — Sa.
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Proof (cont'd)

*
The existence of the derivation Sy ? x € A% implies that x is a word of

*

the form 3b. Therefore x can be written as a product, x = 3o - - - Bk,
where k> 1, and S 22 Bp for 0 < p < k. Since every word

Bo, b1, - - -, Bk € A% it follows that 5o, f1, ..., Bk € L(G). Thus,

x € (L(G))k! C L(G)* which implies L(G,) C L(G)*.

If A € L, then consider the language K = L — {A}. The language K is of

the same type as L and, by the above argument, so is K*. Since K* = L*
we obtain the desired closure property.
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Closure Properties of Classes of Languages

Lemma

The class L, is closed with respect to the * operation.

Proof.

Let L be a context-free language generated by the type-2 grammar

G = (An, AT, S, P). Suppose that Sy is a new nonterminal symbol and
consider the type-2 grammar

G = (AN U{So}, AT, S0, PU{So — A, So — SoS}). It is easy to verify
that L(G,) = L*, so L* € L. 1 O

v
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Closure Properties of Classes of Languages

Lemma
The class L3 is closed with respect to the x operation.

Proof.

Let L € £3 such that L = L(G), where G = (An, AT, S, P) is a type-3
grammar. Define the set of productions P; = {X — uS | X — u € P}.
Consider the type-3 grammar

Gy = (AN U {50},AT,50, PUPLU {So — )\,50 — S}),

where Sg be a new nonterminal symbol, S & Ap. It is easy to verify that
L(G.) = L* so L* € L3. O

v
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Closure Properties of Classes of Languages

Theorem

The classes L; are closed with respect to the x operation for
i€{0,1,2,3}.

Proof.
This follows from the previous lemmas.
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Closure Properties of Classes of Languages

Corollary

The classes L; are closed with respect to the + operation for
i€{0,1,2,3}.

Proof.
Let £; be one of the classes of Chomsky's hierarchy, and let L € £;. Note
that
[t L* ifAel
L*—{\} ifx¢gL
In all cases LT € £;. O
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Closure Properties of Classes of Languages

Lemma
The classes Ly and Lo are closed with respect to the product operation.

v

Proof.

Let L, L’ be two languages of type /i, and let G = (An, AT, S, P),

G' = (Ay,Ar,S’, P') be two grammars of type i such that L(G) = L and
L(G") = L', where i € {0,2}. Without any loss of generality, we can
assume that Ay N A, = 0.

If S is a new symbol, Sy & Ay U A), then the grammar

Gp = (ANU Ay U{So}, AT, S0, PUP U{Sy — S5'}) is also of type i. We
claim that L(Gp) = LL'. O

.
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Proof (cont'd)

Let x € LL'. We can write x = uv for some u € L and v € L'. By
* *
hypothesis, S :G> uand S’ ? Vv, SO

* *
So = SS' = uS' = uv=x.
Gp Gp Gp

Thus, x € L(Gp).
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Closure Properties of Classes of Languages

Conversely, suppose that x € L,. There is a derivation
/ *
So = SS ? X.

Gp P

Since Ay and A); are disjoint sets, the sets of productions P and P’ are
disjoint. Therefore, the productions of G, used to transform S into a word
over At belong to P, while the ones used to rewrite S’ belong to P’. Thus,

* *
we can write x = uv, where S 2 uand S ? v, which implies x € LL'.
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Closure Properties of Classes of Languages

Lemma
The class L1 is closed with respect to the product operation.

Proof.

Let L, L’ be two languages in £1. If neither L nor L’ contains the null
word, we may assume that both languages are generated by type-1
grammars that have no erasure rules. It is easy to see that, in this case,
the construction of the grammar G, given in the proof of previous Lemma
yields a type-1 grammar, so LL’ belongs to L. O

v
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H
Proof cont'd

Suppose now that A € Lor A € L’. By The languages L1 = L — {\} and
L}y = L' — {\} also belong to £1 and, by the previous argument
LiL} € £1. We need to consider the cases summarized below.

Case [AelL|X el'|L L Ly

1 yes no Liu{A} | L] LiffulL]

2 no yes Ly Lll U {)\} Lq L/1 ULy

3 yes | yes LLUu{\} | LLU{A} | L UL ULl u{)}

In each case, we have LL' € £;.
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Closure Properties of Classes of Languages

Lemma

The class L3 is closed with respect to the product operation.

Proof.

Let L, L’ be two languages in L3 and assume that L, L’ are generated by
the grammars G = (An, AT, S, P) and G’ = (A}, AL, S', P'), respectively.
Without loss of generality, we may assume that Ay N A}, = (); this also
implies PN P’ = (). Consider the set of productions

Pi={X—=uY | X—=>uYePtU{X —uS"| X— ue P}, whichis
obtained from P by replacing every production X — u by a production

X — uS'. O

v
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Proof cont'd

The type-3 grammar G; = (Ay U Ay, AT U A, S, P1 U P’) generates the
language LL'. Indeed, if x € L(G) and y € L(G"), then § = x and

S’ ? y. Since P was replaced by Py in Gy, we have S % xS’. Note that
1

*
we also have S’ ? y. Combining the last two derivations we can write
1

S = xy, 50 L' C L(Gy).
1
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Closure Properties of Classes of Languages

Proof cont'd

Conversely, let z € L(Gy). We have S % z. This derivation begins with a
1

symbol from Ay and must eventually use a production from P’ since,
otherwise, nonterminal symbols cannot be erased. Therefore, the last
derivation can be written as

* *
= uS' = uw==z
SG1 SG1 ,

where u € A% and v € A’T*. This implies the existence of the derivations

* *
S ? uS’" and S’ ? v. Note that the first derivation corresponds to
1 1

/

and this implies z = uv € LL'. Therefore, L(G1) C LL'.

) :2> u; the second corresponds to S’ z*> v. Thus, v € L(G), v € L(G"),

37
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Closure Properties of Classes of Languages

Theorem

Each of the classes L; is closed with respect to the product operation.

Proof.

Follows from previous lemmas.
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Properties of Type-2 Grammars

Theorem

(The Localization Theorem) Let G = (An, AT, S, P) be a context-free
grammar. If

n
Xo-o X1 2

where Xy, ..., Xk—1 € ANUAT and a € (Ay U AT)*, then we can write
e
o =aqg---og_1, where X; =G$ ajfor0<i<k—1and) o icy_qni=n.

v

Proof.

We use an argument by induction on n, n > 0. For n =0, we have
aj = Xj for 0 < i< k —1, and the statement is obviously true; in this
case, ng = ---=n,_1 = 0. O

v
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Proof cont'd

Assume that the statement is true for derivations of length n, and let

n+1
=

Xo s Xk—l .

If X0+ Xie1 = = a, by the inductive hypothesis, we have

Y= Vk—1, Where X; %7;for0§i§k—1and
YAni |0<i<k—-1}=n
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Properties of Type-2 Grammars

Proof cont'd

Let Y — [ be the production applied in the last step ~ :G> a. Y occurs in

one of the words 7o, ..., Vk—1, say, ;. In this case, we can write
7j =7;Y7; and « can be written as a = ag - - - ak—1, where a; = v; for

n:
. . . ' ' fa .
0<i<j—-1landj+1<i<k—-1X; Zg’yJ :G>’yjﬂfyj = o, which

proves the statement.
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Properties of Type-2 Grammars

Definition
A derivation g :G> Y1 ? ? ~n in a context-free grammar

G = (An, AT, S, P) is complete if vy, € A%

Note that if X« - Xk_1 :G> :G> « is a complete derivation in G, then

every derivation that results from “splitting” this derivation is also
complete.
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Properties of Type-2 Grammars

Example

Let G = (An, AT, So, P) be a context-free grammar, where
An = {So, 51,52}, AT = {a, b}, and P contains the following productions:

50 — 352, 50 — b51,51 — a, S5 — 350,
51 — b5151, 52 — b7 52 — bSO, 52 — 35252.
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Properties of Type-2 Grammars

Example cont'd

We prove that L(G) consists of all nonnull words over {a, b} that contain
an equal number of a's and b’s. Recall that nx(«) is the number of
occurrences of symbol X in the word a.

We will show by strong induction on p, p > 1, that

Q if ny(u) = np(u) = p, then Sy ZZ? u;
Q if ny(u) = np(u) +1 = p, then 5;

@ if np(u) = na(u) +1=p, then S,
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Properties of Type-2 Grammars

Example cont'd

In the first case, for p = 1, we have either u = ab or u = ba; hence, we
have either Sy = aS, = abor Sy = bS; = ba.
G G G G

For the second case, u = a, and we have S; ? a; the third case, for

u = b, is similar.
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Example cont'd

Suppose that the statement holds for p < n. Again, we consider three
cases for the word wu:

Q ny(u) =np(u)=n+1,

Q if ny(u) =np(u)+1=n+1,;

Q if np(u) =ny(u) +1=n+1.
In the first case, we may have four situations:

11. u= abt, where t € {a, b}* and n,(t) = np(t) = n,
1o. u= bat, where t € {a, b}* and n,(t) = np(t) = n,
13. u = aav with np(v) =n+1and n,(v) =n—1, or
14. u = bbw with ny(w) = n+1 and np(w) = n— 1.
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Properties of Type-2 Grammars

Example cont'd

By the inductive hypothesis, we have Sy % t, and therefore, we obtain

one of the following derivations:

5}
(onl
~
I
=

jon
©
=
I
s

for the cases (11) and (12), respectively.
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Properties of Type-2 Grammars

Example cont'd

On the other hand, if u = aav, we can write v = v/v”, where v/ is the
shortest prefix of v, where the number of bs exceeds the number of as.
Clearly, we must have np(v') = ny(v') + 1 = n’, and therefore,

np(v") = na(v") +1 = n", where n’ + n” = n+ 1. By the inductive

* *
hypothesis, we have S, :G> v, S :G> v": hence,

*
So :G> aS, = 23S S, :G> aav'v’ = u,

which concludes the argument for (13). We leave to the reader the similar
arguments for the remaining cases. This allows us to conclude that every
word that contains an equal number of a's and b's belongs to L(G).
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Properties of Type-2 Grammars

Example cont'd

To prove the reverse inclusion, we justify the following implications:

Q@ If So 2 a, then ny(a) + ns; () = np(a) + ns, ().

n

Q If S1 = «, then ny(«@) + ns, () = np(a) + ns, () + 1.

Q

@ If S 2 a, then ny(a) + ns, () + 1= ny(a) + ns,(a).

The proof is by strong induction on n, where n > 1. For n =1, the
verification is immediate. For instance, if S; :G> «, we have o = a,

o = aSg, or o = bS5157; in every case, the equality is satisfied.
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Properties of Type-2 Grammars

Example cont'd

Suppose that the implications hold for derivations no longer than n.

+1 . . .y — .
If So n=G> «, the first production applied in the derivation is So — a$, or
So — bS1. In the first case, we have @ = af3, where S, :Z;> B, and by the

inductive hypothesis, we have n,(3) + ns,(8) + 1 = np(B) + ns,(5), so

na(a) + ns, (Oé) = na(ﬁ) +1+ nSl(B)
= nb(ﬁ) + n52(B)
= nb(a) + n52(a).

The second case has a similar treatment.
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Properties of Type-2 Grammars

Example cont'd

n+l ey
If S; ? «, we have three possibilities.

(a) If the first production of the derivation is S; — a, then & = a and the
equality corresponding to this case is obviously satisfied.
(b) If the first production is S; — aSp, we can write « = a3, where

So ¢ Bi hence, ny(B) + ns,(8) = ns(8) + ns; (8). so

na(@) + ns, (@) = na(B) + 1+ ns,(5)
= np(B) +ns,(B) +1
= np(a) + ns,(a) + 1.

51/53



Properties of Type-2 Grammars

Example cont'd

(c) If the derivation begins with S; — bS1S; we can write a = b3y, where
5 22? B and S; % ~, where p, g < n. By the inductive hypothesis,

na(B) + ns,(B) = nu(B) + ns,(8) + 1, and
na(7y) + ns, (v) = np(y) + ns,(v) + 1. Consequently,

na(a) + ng, (a) = na(ﬁ) + na(r)/) + ns, (B) + ns; (’7)
= m(B) + ns,(B) + 14 np(7) + ns,(7) + 1
= np(a) + ns,(a) + 1.

*
The case of the derivation S :G> « can be treated in a similar manner.
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Properties of Type-2 Grammars

Example cont'd

Let u € L(G). From the existence of the derivation Sy :Z? u we obtain
na(u) = np(u), which shows that L(G) C {x € {a, b}* | ni(x) = np(x)}.
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