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The greatest lower bound or infimum of a function
Definition

The greatest lower bound of f on S is the largest number m (or —o0)
such that f(x) > m holds for all x € S.

The greatest lower bound of f on S is denoted as

inf f(x).

A
A point xo minimizes f if and only if xo = infxcs (x).
Definition

The least upper bound of f on S is the smallest number M (or co) such
that f(x) < M holds for all x € S.

The least upper bound of f on S is denoted as

sup f(x).
xeS

A point xo maximizes f if and only if xo = supycs f(x). 31



Preliminaries

Example

Let S =R.
e for f(x) = €* we have infycs X =0 and sup, 5 ¥ = o0;
o for f(x) = X + e ™ we have infyecs f(x) = 2;
o for f(x) = e we have sup,es f(x) = 1.




Preliminaries

Example

If S is the disk defined by x? + y2 < 1 and f(x,y) = x? + y? then
inf(, y)es f(x,y)=0and SUP(x,y)eS f(x,y)=1.




Preliminaries

Example
If S=(0,1) and f: S — R is f(x) = x? we have

inf f(x) =0 and supf(x) = 1.
x€S x€S

However, there is no xp in S such that f(xp) = infyes f(x) =0 or
F(x0) = supyes F(x) = 1.

T )=«

X1
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Preliminaries

Recall: the norm of x € R" is

Ix [|I=
Definition
A sequence (xp,) of R" is bounded if there exists a constant K such that
[ xm < K.
Definition

A sequence (xp,) converges to xg, written as limm_00 Xm = Xg OF as
Xm — Xo if limp_oo || Xm — X0 ||= 0.
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Aset S CR"is
@ bounded if there exists a constant K such that || x ||< K for all x € S;
o closed if for every convergent sequence (x,,) in S we have
My, oo Xm € S.

Theorem

(Bolzano-Weierstrass Theorem) A bounded sequence of points in R"
contains a convergent subsequence.
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Definition
A set S in R” is compact if it is both bounded and closed.
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Theorem

Let f be a continuous function on a closed set S. Suppose that there
exists a number b such that S, = {x € R" | f(x) < b} is bounded and
non-empty. Then, f attains its minimum at a point xqg in S, that is

f(xo) = inf f(x).

x€eS
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Proof

Let m = infyes f(x). Then f(x) > m for all x € S. We show that there
exists xo € S such that f(xg) = m.

If m= b, then m < f(x) = b, hence f(x) = m on Sp. Since Sp, # 0, there
exists xg € Sp. This point minimizes f on S.

Suppose now that b > m and let (x4) be a sequence such that

limg— 00 f(Xxg) = m. Since b > m the inequality f(x4) > b holds for at
most a finite number of gs. Deleting these points we are left with a
sequence such that f(xq) — m. Since S, is bounded, the sequence (xg) is
bounded and contains a convergent subsequence (yq). Since S is closed
the limit xo = limg_, y4 belongs to S. Since f is continuous,

f(xo) = q”_>moo flyq) = q“_>moo f(xq) = m.
Thus, xo minimizes f.
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Duality in Optimization with Inequality Constraints

Let f : S — R be a function and let S is a subset of R" defined as
S={xeR" | gi(x)=0for1<i<m}.

S is the set of feasible points. In this context we shall refer to the
following optimization problem
minimize f(x)
subjected to gi(x) <0 for1 <j<m
as the primal problem.

Definition
The associated Lagrangean of the primal problem is the function

L(x, +Za,g, ) = f(x) + 2'g(x),

where aj, ..., an are the Lagrange variables that range over the set R>g.

v
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Duality in Optimization with Inequality Constraints

The Dual Problem

The dual function associated to primal problem is

F(a) = inf L(x,a) = inf f(x) + > aigi(x).

i=1

Theorem

The function F(a) is concave.

13



Duality in Optimization with Inequality Constraints

Proof

Note that if hy, hy are defined on S we have:

inf (h h > inf h inf h .
Jnf (A1 + ho)(x) > inf b (x) + inf ha(x)

For a;,a; € R™ we have

F(tai+ (1 —t)ay) = )12{5 L(x,a)
= inf £(x) + (13} + (1 - t)a)g(x)
Jnf t(f(x) + a18(x)) + (1 = £)(f(x) + 228 (x))
>t mf(f(X) +a18(x)) + (1 - t) inf (f(x) + a2g(x)),

which shows that F is always concave.

14/1



Duality in Optimization with Inequality Constraints

The Dual Problem

The dual problem associated to the optimization problem is
maximize F(a)
subjected to a; > 0 for 1 < j < m.
The dual problem is always a concave optimization problem.
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Duality in Optimization with Inequality Constraints

The Weak Duality Theorem

Theorem

Let x, be a solution of the primal problem, p, = f(x.) and let q. = F(a.)
be the optimal value of the dual problem. We have g, < px.

Since g(x.) < 0, it follows that
L(x.,a) = f(xi) + a'g(x:) < ps.

Therefore, F(a) = infyec L(x,a) < p, for all a.

Since F, is the optimal value of F, the last inequality implies g, < p..
The difference p* — g* is the duality gap.

The situation when g* = p* is designated as the strong duality.
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Duality in Optimization with Inequality Constraints

Strong duality holds when constraints of problems satisfy constraint
qualifications.

Definition

Assume that the interior of the set S is nonempty. The function
81

g = | : | satisfies the strong qualifications if there exists a point X in
8m

the interior of S such that g(x) < 0.
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Duality in Optimization with Inequality Constraints

Definition
A function f : R” — R is affine if there exists w € R" and b € R,
f(x) = w'x + b for x € R".

Definition
The weak constraint qualification are defined as

for some interior point x € S,

g(x) <0
or (gi(x) =0 and gj is affine) for 1 < i < m.
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Duality in Optimization with Inequality Constraints

Example
minimize f(x) = k'x
subject to Ax — b < 0,
where A € R™*" and b € R™.

The Lagrangean L is
L(x,a) = k'x + a'(Ax — b) = —a'b + (k' + a'A)x,
which yields the dual function:

—o0  otherwise.

—a'b ifk'+aA=0,,
g(a) =

and the dual problem is
maximize —b'a subject to k' +a'A =0,
anda>0.
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Duality in Optimization with Inequality Constraints

Example

Let k1,...,km € R". We seek to determine a closed sphere B|x, r| of
minimal radius that includes all points k; for 1 < i < m. This is the
minimum bounding sphere problem, which amounts to solving the
following primal optimization problem:

minimize r, where r > 0,

subject to || x — k; ||< r for1 <i<m.

An equivalent formulation requires minimizing r? and stating the
restrictions as || x — k; [|> —r?> < 0 for 1 < i < m. The Lagrangean of this
problem is

L(r,x,a) = r? ai(|| x — ki H2 —r2)

m
+
i=1
m m

— 2 (1—23,. +) il x—ki .
i=1

i i=1




Duality in Optimization with Inequality Constraints

Example (cont'd)

The dual function is

a) = inf L(r,x,a
g( ) rER>0,XERn ( )
m
= inf rPl1-— aj
reRso,xeR"” ( :Z; I

m
> +Y aillx— kil
i=1



Duality in Optimization with Inequality Constraints

Example (cont'd)

This leads to the following conditions:

oL(r,x,a) n N\
—= = 2r<1 ;a,>—0

L m
oL(r,x,a) _ 2Zai(x—k;)p:0f0r1<l?<”-

0Xx,
p i=1

The first equality yields > ; a; = 1. Therefore, from the second equality
we obtain x = Z,'il ajk;. This shows that for x is a linear combination of
ki,...,kmn. The dual function is

g(a) = Zm:a,' (i ahkh — k,) =0

i=1 h=1

because > ", a; = 1.



Duality in Optimization with Inequality Constraints

Definition
A pair (x*,a*) is a saddle point of the Lagrangian of the optimization
problem if

L(x*,a) < L(x*,a") < L(x,a%)

forx € Sand a > 0,,.

Theorem

If (x*,a*) is a saddle point of the Lagrangean, then (x*,a*) is a solution

of the primal problem.
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Proof

Let (x*,a*) be a saddle point of the Lagrangean. Since
L(x*,a) < L(x*,a*) we have

f(x") +a'g(x") < f(x") + (a") g (x"),
so a'g(x") < (a")'g(x").
By taking a — oo we get g(x*) < 0,,; by taking a — 0,, we get

(a")'g(x") = 0.
Thus, the inequality L(x*,a*) < L(x,a*) amounts to

F(x*) + (a")g(x") < f(x) + (a") g(x),

hence
f(x*) < f(x) + (a")'g(x),

If x satisfies the constraints (g(x) < 0p,) it follows that f(x*) < f(x).



Duality in Optimization with Inequality Constraints

Saddle Points for Differentiable Convex Functions

Theorem

If f and g; are convex functions, the Slater’s qualifications hold, and if x is
a solution of the constraind optimization problem, then there exists a such
that (x,a) is a saddle point of the Lagrangean.

If differentiablity is added, Slater's qualification may be replaced by weak
Slater qualifications:

Theorem

If f and g; are convex differentiable functions, the weak Slater’s
qualifications hold, and if x is a solution of the constraind optimization
problem, then there exists a such that (x, a) is a saddle point of the
Lagrangean.




Duality in Optimization with Inequality Constraints

The Karush-Kuhn-Tucker Conditions

Theorem

Let f, g; be convex and differentiable and suppose that constraints are
qualified. Then X is a solution of the constrained problem if and only if

there exist a > 0,,, such that

(VA)x(%) +3(Vg)x(X) =0,
g(x) <O0p,
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Proof

Suppose that X is a solution. Since the constraints are qualified, there
exists @ such that (X, a) is a saddle point of the Lagrangean by the
previous theorem. The KKT conditions are implied by arguments in the
proof of the theorem on slide 22.

Conversely, suppose that the KKT conditions are satisfied and let x such

that g(x) < 0,. We have
fix) - f(x) >

WV

WV

WV

U PR R T T JET T A

(VFYix — %)

(by the convexity of f)
—3'(VF)x(x — X)

(by the first condition)
-3'(x — X)

(by the convexity of g)
-3'g(x) =0

(by the last two conditions),
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