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Norms on Linear Spaces

5.1 Introduction

In this chapter we study norms on real or complex linear linear spaces.

Definition 5.1. Let F = (F,{0,1,4, —,-}) be the real or the complex field. A
semi-norm on an F-linear space V is a mapping v : V — R that satisfies the
following conditions:

() v(z+y) <v(z)+v(y) (the subadditivity property of semi-norms), and
(i) v(a2) = [alv(z),
forx,yeV anda € F.

By taking a = 0 in the second condition of the definition we have v(0) = 0
for every semi-norm on a real or complex space.

A semi-norm can be defined on every linear space. Indeed, if B is a basis
of V, B={v; | i € I}, J is a finite subset of I, and x = >_._; z;v;, define

vy(x) as
) 0 if x =0,
vyjX) =
2 jer lajl

for x € V. We leave to the reader the verification of the fact that v is indeed
a seminorm.

iel

Theorem 5.2. If V is a real or complex linear space and v : V — R is a
semi-norm on 'V, then

v(z—y) > [v(z) - v(y),
forx,ye V.
Proof. We have v(x) < v(x —y) +v(y), so

v(x) —v(y) <v(x—y). (5.1)
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Since v(x —y) = | — 1jv(y — x) > v(y) — v(x) we have

—(v(x) —v(y)) < v(x) —v(y). (5:2)
The Inequalities 5.1 and 5.2 give the desired inequality. O

Corollary 5.3. Ifp: V — R is a semi-norm on 'V, then p(x) > 0 forz € V.

Proof. Choose y = 0 in the inequality of Theorem 5.2 we have v(x) > |v(x)| >
0. O

Definition 5.4. Let F = (F,{0,1,4+, —,-}) be the real or the complex field. A
norm on an F-linear space V is a semi-norm v : V — R such that v(x) =0
implies z= 0 for x € V.

The pair (V,v) is referred to as a normed linear space.

5.2 Vector Norms on R™

Lemma 5.5. Let p,q € R—{0, 1} such that %—i—% = 1. Then we have p > 1 if
and only if ¢ > 1. Furthermore, one of the numbers p, q belongs to the interval
(0,1) if and only if the other number is negative.

Proof. We leave to the reader the simple proof of this statement. O

Lemma 5.6. Let p,q € R — {0,1} be two numbers such that % + % =1 and
p > 1. Then, for every a,b € R>q, we have
a?  be

ab§_+_7
p q

where the equality holds if and only if a = b

Proof. By Lemma 5.5, we have ¢ > 1. Consider the function f(z) = %p + % -

for x > 0. We have f’(z) = 2P~ — 1, so the minimum is achieved when z = 1
and f(1) = 0. Thus,

f (ab*ﬁ) > f(1) =0,
which amounts to

apb_P_El 1 1
— +——ab P71 >0.
p q

By multiplying both sides of this inequality by bﬁ, we obtain the desired
inequality. 0O

Observe that if % + % =1 and p < 1, then ¢ < 0. In this case, we have the
reverse inequality



5.2 Vector Norms on R" 161
aP  b?

ab > — 4+ —. (5.3)
p q

which can be shown by observing that the function f has a maximum in z = 1.
The same inequality holds when ¢ < 1 and therefore p < 0.

Theorem 5.7 (The Holder Inequality). Let ai,...,a, and by,..., b, be
2n nonnegative numbers, and let p and q be two numbers such that % + % =1

and p > 1. We have
i=1

a; b;
—— and y; = —
>ima)) (>imi bf)e

for 1 <4 < n. Lemma 5.6 applied to x;,y; yields

T
Q=

> < (Yot
i=1 i=1
Proof. Define the numbers

Tr; =

"=

1 1 S - n D + - mn bp .
O a)yr (o vl 2lim1 @ 42 by

i=1"" 1=1"1

Adding these inequalities, we obtain

1 1
aibi S af bg
S (82) (£
because L + L =1. O

The nonnegativity of the numbers a4, ..., an,b1,...,b, can be relaxed by

using absolute values. Indeed, we can easily prove the following variant of
Theorem 5.7.

Theorem 5.8. Let ay,...,a, and by,...,b, be 2n numbers and let p and q
be two numbers such that 1—17 + % =1andp>1. We have

1 1
S aibi| < <Z |ai|p> a <Z |bi|q> "
1=1 1=1 1=1

Proof. By Theorem 5.7, we have

1 i
> aillbi| < <Z|az‘|p> : <Z|bi|q> :
=1 =1 =1

The needed equality follows from the fact that
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'bi

n
<> ail bl
=1

O
We obtain as a special case the Cauchy-Schwarz inequality that was proven
in Theorem 7.3.

Corollary 5.9 (The Cauchy-Schwarz Inequality for R"). Let aq,...,an
and by, ...,b, be 2n numbers. We have

n n
<UD al? e | bl
=1 =1

Proof. The inequality follows immediately from Theorem 5.8 by taking p =
qg=2. O

n

Z aibi

i=1

Theorem 5.10 (Minkowski’s Inequality). Let a1, ...,a, and by, ..., b, be
2n nonnegative numbers. If p > 1, we have

(Freror) < () + ()

If p < 1, the inequality sign is reversed.

Proof. For p =1, the inequality is immediate. Therefore, we can assume that
p > 1. Note that

iaz—l—b iazal—l—b”l—l—Zb (a; +b;)P~
i=1 i=1 i=1

By Holder’s inequality for p, g such that p > 1 and % + % =1, we have

(zn:(ai + bi)(p_l)q> q

n
Zaz (a; + b;)? <
i=1 i=1

_Uh
i M s
)
)
3
v
k]

Similarly, we can write

ib(al—i—b’)l (pr>p<ial+bi)p>q.

i=1

Adding the last two inequalities yields
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1 1 1
n P n P n q
St s (($) + (S0) ) (S
i=1 i=1 i=1 i=1
which is equivalent to inequality

(i(ai +bi)”>; < <zn: af>; + (zn: bf)i.

=1

O

Corollary 5.11. For p > 1, the function v, : R" — Rxq defined by

n »
Up(x1,..., &) = (Z |xi|p> ,

i=1
where € = (x1,...,2n) € R™, is a norm on the linear space (R™, +,-).

Proof. We must prove that v, satisfies the conditions of Definition 5.1 and
that vp(x) = 0 implies x = 0.

Let x = (#1,...,2n), Yy = (Y1,.-.,Yn) € R". Minkowski’s inequality ap-
plied to the nonnegative numbers a; = |z;| and b; = |y;| amounts to

1 1 1
(Z(|$z‘| + |yi|)p> < <Z|$z‘|p> + (Z|yi|p> :
i=1 i=1 i=1
Since |z; + yi| < |zi| + |yi| for every ¢, we have
n » n » n »
<Z(|$i+yi|)p> < (Z|$z|p> + <Z|yz‘|p> ;
i=1 i=1 i=1

that is, vp(x +y) < vp(x) + vp(y). We leave to the reader the verification of
the remaining conditions. Thus, v, is a norm on R". O

Ezample 5.12. Consider the mappings v1, Ve : R™ — R given by

vi(x) = |z1] + 22| + - + |20,

VOO(X) = max{|x1|, |$2|, ERE |In|}7

for every x = (21,...,2,) € R". Both 11 and v are norms on R".

We will frequently use the alternative notation || x ||, for v,(x).
A special norm on R" is the function v : R™ — R>q given by

Voo(x) = max{|z;| | 1 <i<n} (5.4)
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for x = (z1,...,m,) € R"™.
We verify here that v satisfies the first condition of Definition 5.1. We
start from the inequality

|z 4+ yi| < |zil + |yl < Voo (%) + Voo (y)
for every i, 1 < i < mn. This in turn implies
Voo (X +y) = max{|z; + yi| | 1 <i<n} <veo(x) +ve(y),

which gives the desired inequality.

This norm can be regarded as a limit case of the norms v,. Indeed, let
x € R" and let M = max{|z;| | 1 <i < n} = |xg,| =+ = |zg,| for some
li,... 0y, where 1 < 4y,... 0, < n. Here xy,,...,z are the components of
x that have the maximal absolute value and k£ > 1. We can write

=1

1
n ) p\ P
p].i_}I{)lol/p(X) :plir{.loM (Z (|]51\U/1[|) ) :pli_{I;oM(k)% =M,
which justifies the notation ve.

Ezample 5.13. For p > 1, let £, be the set that consists of sequences of real
numbers x = (zg,x1,...) such that the series Y 7 |z;[P is convergent. We
can show that ¢, is a linear space.

Let x,y € ¢, be two sequences in ¢,,. Using Minkowski’s inequality we have

n n n n
Z lzi + yil” < Z(|$z| + |yi)* < Z |2:[P + Z lyil?,
i=0 i=0 =0

=0

which shows that x +y € /,,. It is immediate that x € £, implies ax € ¢, for
every a € R and x € /.

Recall that a metric on a set M is a function d : M x M — R that
satisfies the following conditions:
(i) d(z,y) =0 if and only if x = y;
(i) d(z,y) = d(y,z);
(ili) d(z,y) < d(z, 2) + d(z,y),
for all x,y,z € M. If the first condition is replaced by d(z,z) = 0 for every
x € M, then d is a semi-metric on M.

The following statement shows that any norm defined on a linear space
generates a metric on the space.

Theorem 5.14. Fach norm v : V — Rxq on a real linear space V' generates
a metric on the set V defined by d,(z,y) =|| z— y || for z,ye V.
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Proof. Note that if d,(x,y) =|| x —y ||= 0, it follows that x —y = 0; that is,
X=y.

The symmetry of d,, is obvious and so we need to verify only the triangular
axiom. Let x,y,z € L. Applying the third property of Definition 7?7, we have

vix—z) =v(x—y+y—z) <vix-y)+v(y -z

or, equivalently, d,(x,z) < d,(x,y) + d.(y,2), for every x,y,z € L, which
concludes the argument. 0O

We refer to d,, as the metric induced by the norm v on the linear space V.

For p > 1, then d, denotes the metric d,,, induced by the norm v, on the
linear space R™ known as the Minkowski metric on R".

If p = 2, we have the Fuclidean metric on R™ given by

n

do(x,y) = [ Dl —wil? = | D (@i — i)
=1

i=1
For p =1, we have

dixy) =3 |wi — il
=1

A representation of these metrics can be seen in Figure 5.1 for the special
case of R%. If x = (z9,21) and y = (yo,%1), then da(x,y) is the length of the
hypotenuse of the right triangle and d;(x,y) is the sum of the lengths of the
two legs of the triangle.

y = (yo, 1)

x = (xo, 1) (yo, 1)

Fig. 5.1. The distances d1(x,y) and d2(x,y).

Theorem 5.16 to follow allows us to compare the norms v, (and the metrics
of the form d,) that were introduced on R". We begin with a preliminary
result.
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Lemma 5.15. Let ay, .. ., a, ben positive numbers. If p and q are two positive
numbers such that p < q, then

1
q

1
(af -+ +ap)” = (af +--- +az)

Proof. Let f:R”" — R be the function defined by

=

fr)=(a1+---+ap)".

Since n (ar .
r
it follows that
fftry 1, - 1 a'lna; +---+a}Ina,
f(’l”)_ T2<a1+ +an)+T CLI—I——FCL:L .

To prove that f/(r) < 0, it suffices to show that

allnay +---+al lna, < In(al +---+al)
al +---+an - r '

This last inequality is easily seen to be equivalent to

n

a; a;
g - G In — L <0,
S at-ota, apt--ta

which holds because ;
a

[ A—— <
al+...+a7
f0r1<i<n. [:I

Theorem 5.16. Let p and q be two positive numbers such that p < q. For
every uw € R™, we have || uw ||,>]] © |4

Proof. This statement follows immediately from Lemma 5.15. 0O

Corollary 5.17. Let p,q be two positive numbers such that p < q. For every
z,y € R", we have d,(z,y) > dy(x, y).

Proof. This statement follows immediately from Theorem 5.16. O

Ezxample 5.18. For p =1 and g = 2 the inequality of Theorem 5.16 becomes

which is equivalent to

n . n |2
Dict |udl < 2 iz il ) (5.5)
n n
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Theorem 5.19. Let p > 1. For every x € R™ we have
2 [loo<ll & [[p<n| 2o -

Proof. The first inequality is an immediate consequence of Theorem 5.16. The
second inequality follows by observing that

"\
% 1lp= (Z |xz-|p> < e [af =1 % o
1=
a

Corollary 5.20. Let p and g be two numbers such that p,q > 1. There ezist
two constants c,d € Rsq such that

clal<lzl,<dl zlq
for xe R™.

Proof. Since || X ||oo<|| x ||p and || = [[4< n || X ||co, it follows that || z ||;<
n || x ||p. Exchanging the roles of p and ¢, we have || z [[,<n | x ||q, sO

1
—lxllesllx < n i x
for every x e R". O

Corollary 5.21. For every x,y € R" and p > 1, we have de(x,y) <
dp(z, y) < ndeo(x, y). Further, for p,q > 1, there exist ¢,d € Rsq such that

cdy(@, y) < dp(,y) < cdy(z,y)
for ¢,y e R".
Proof. This follows from Theorem 5.19 and from Corollary 5.21. O

Corollary 5.17 implies that if p < ¢, then the closed sphere By, (x,7) is
included in the closed sphere By, (x,r). For example, we have

Bd1 (07 1) c de (07 1) c Bdoo (07 1)

In Figures 5.2 (a) - (c) we represent the closed spheres By, (0,1), Bg,(0,1),
and Bg__(0,1).
An useful consequence of Theorem 5.7 is the following statement:

Theorem 5.22. Let z1,...,Zm and y1,...,Ym be 2m monnegative numbers
such that Y i~ x; = > y; = 1 and let p and q be two positive numbers
such that % + % = 1. We have

moo1 o1

>y <1

j=1
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N,

(a) (b)
Fig. 5.2. Spheres Bg, (

(c)
0,1) for p=1,2, cc.

-

1

1 1 1
Proof. The Holder inequality applied to «7, ...,z and yi, ...,y yields the

needed inequality
m m m
Z“y Z Z

O
Theorem 5.22 allows the formulation of a generalization of the Holder
Inequality.

Theorem 5.23. Let A be an n x m matriz, A = (a;;), having positive entries
such that Z;n:l ai;j =1 forl1 <i<n. Ifp=(p1,...,pn) is an n-tuple of
positive numbers such that Y . p; = 1, then

m n
> ITa <1

j=1i=1

Proof. The argument is by induction on n > 2. The basis case, n = 2 follows
immediately from Theorem 5.22 by choosing p = pll, q= p12 x; = a4, and
y; = ag; for 1 <57 <m.

Suppose that the statement holds for n, let A be an (n + 1) x m-matrix
having positive entries such that E 1 a” =1forl1 <i<n+1, and let
P = (p1,---,Pn,Pnt1) be such that p1+ “+pp +pny1 = L

It is easy to see that

m m
P1 Pn 1 \Pnt+Pnt1
§ :H § : 17 n—1j a"3+a"+1J) :

O
A more general form of Theorem 5.23 is given next.
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Theorem 5.24. Let A be an n x m matriz, A = (a;j), having positive entries.
If p= (p1,...,pn) is an n-tuple of positive numbers such that > . p; = 1,
then

Pi
n n m

Proof. Let B = (b;;) be the matrix defined by

aij
bij =

a E;nzl Qg

forl1 <i<nandl<j<m.Since Z;n:l bi; = 1, we can apply Theorem 5.23
to this matrix. Thus, we can write

S-S ()

j=11i=1 Jj=1li=1

B [T (Z;n 1 aw)pi -

O
We now give a generalization of Minkowski’s inequality (Theorem 5.10).
First, we need a preliminary result.

Lemma 5.25. If a1,...,a, and by,...,b, are positive numbers and r < 0,

then .
Z CLTbl " > <Z CLi) . (Z b1>
=1 =1

Proof. Let c1,...,¢pn,d1,...,d, be 2n positive numbers such that Z?:l c =

1—r

1
>r_,d; = 1. Inequality (5.3) applied to the numbers a = ¢/ and b = dié

yields:
>G4
p q

Summing these inequalities produces the inequality

L}
Z p

1
cld;

N
Srale

“’.m)-t

or
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n
Z crdiT" > 1,
i=1

1 i o __ai o b ;
5 < 0. Choosing ¢; = ST and d; = ST We obtain the

desired inequality. O -

where r =

Theorem 5.26. Let A be an n x m matriz, A = (a;;), having positive entries,
and let p and q be two numbers such that p > q and p # 0, g # 0. We have

1
a\ = 2N\ p

m n 7\ ¢ n m
> (xa) ) = (32
=1

=1 \i=1 i=1 \j

Q

Proof. Define

Q=

3
3
Ql
T

and u; = ZTZl agj for 1 <i<n.

There are three distinct cases to consider related to the position of 0
relative to p and gq.

Suppose initially that p > g > 0. We have

pa
q

p_q
D _ n _ n .a
FP =370 u; =D i Uil
p_1
9 _

D_1
= E?:l ZT:I agjui Z;nzl Z?:l agjuiq .

By applying the Holder inequality, we have

(5.6)

(7=
S
SR
I

S als
L
IN
VOUER
(=
—~
S
SR
S—
S Qs
N———
LSS
VOUERS
(=
—~
I
Sals
L
N~—
5
\|'@
s
N———
T

which implies FP < F1FP~9, This, in turn, gives F'? < F9, which implies the
generalized Minkowski inequality.

Suppose now that 0 > p > ¢, so 0 < —p < —q. Applying the generalized
Minkowski inequality to the positive numbers b;; = i gives the inequality
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Qs
8=

Y
1=
g
o
<

S

j=1 \i=1

@
I
=
<.
I
-

which is equivalent to

Q=

Qs
=
T

W,
NIE
&

(3

j=1 \i=1

s
Il
-

<
Il
-

A last transformation gives

SIS

=
-

N
Il
-
<.
Il
=

S () )

j=1 \i=1

which is the inequality to be proven.
Finally, suppose that p > 0 > ¢. Since % < 0, Inequality (5.7) is replaced
by the opposite inequality through the application of Lemma 5.25:

n % n p 1_%
Sapd = () (S0)
1=1 1=1

This leads to FP > E1FP~1 or F'4 > E9. Since ¢ < 0, this implies F < E. O

5.3 Matrix Norms

In Chapter 3 we saw that the set F™*"™ is a linear space. Therefore, it is
natural to consider norms defined on matrices. In the case of matrices we need
to consider a supplementary condition that defines the interaction between
norms and matrix multiplication.

Definition 5.27. A matrix norm is a family of functions p™™ : R™*"

R>o, where m,n € P that satisfies the following conditions:
( ) pm™(A) = 0 if and only if A = Opn;
ii) u(m "(A+B) < u(m ")(A) + p{™")(B) (the subadditivity property), and
(iii) o) (@A) = |l (4),
(iv) ,u(mp (AB) < pl™ ”) (A)p™P)(B) for every matriz A € R™"™ and B €
R"™*P (the submultiplicative property ).

—

If the format of the matrix A is clear from context or is irrelevant, then we
shall write u(A) instead of u™™ (A) or just ||A]|.

If the last condition of Definition 5.27 is dropped we obtain generalized
matrix norms which are, essentially, vector norms obtained by transforming
matrices into vectors and, then, using vector norms.
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Definition 5.28. The (m X n)-vectorization mapping is the mapping vec :
R™*"™ — R™" defined by

VeC(A) = (a117 tet 7am17 a127 ce 7am27 tet 7aln7 trt am’ﬂ)u
obtained by reading A column-wise.

The vectorization mapping vec is an isomorphism between the linear space
F™>*" and the linear space F™", as the reader can easily verify.

Definition 5.29. Let v be a vector norm on the space R™". The generalized

matrix norm g™ on R™*™ is the mapping u(™™ : R™*™ — Rsq defined
by

plm™ ™ (A) = v(vec(A)),
for A e R™*™.

Some generalized matrix norms turn out to be actual matrix norms; others
fail to be matrix norms. This point is illustrated by the next two examples.

Ezxample 5.30. Consider the generalized matrix norm p; induced by the vector
norm 1. We have p1(A) = Y70, 3200 |ag;| for A € R™*™. Actually, this
is a matrix norm. To prove this fact consider the matrices A € R™*? and
B € RP*". We have

p

Z azkbk]

k=

p1(AB)

m n P
< Z Z Z |azkbk]

1=1 j=1 k=1

p
>0 S fauwlbu

1E'=1k"=1

vl
NE

@
I
A
<.
I
-
-

M:

=17
(because we added extra non-negative terms to the sums)
m P n p
(33 bl (35 3 e
i=1 k'=1 J=1k"=1
pa(A)pr(B).

We will denote this matrix norm by the same notation as the corresponding
vector norm, that is, by || A ||1-

The generalized norm pe induced by the vector norm v is also a matrix
norm. Indeed, using the notations as above we have:

p
Z azkbk]

5 () (S0

by Cauchy-Schwarz inequality)
p2(A))? (n2(B))*.

2

NE
M=

(Mz(AB) =

IN

M I

M:E
"d)—t

15

~ .

<



5.3 Matrix Norms 173

The matrix norm pug, denoted by || A ||2, is known as the Frobenius norm. It

is easy to see that
| A |l2= trace(A’A). (5.7)

FEzxample 5.31. The generalized norm o induced by the vector norm v,
denoted by || A || is not a matrix norm. To see that, let a,b be two positive
numbers and consider the matrices

aa bb
A= () e (2.

Clearly, we have || A ||oo=a and || B ||2= b. However, since

2ab 2ab
AB = (2ab 2ab) ’

we have || AB ||co= 2ab and the submultiplicative propery of matrix norms is
violated.

A technique that always produces matrix norms starting from vector norms
is introduced in the next theorem.

Theorem 5.32. Let v be a vector norm on R™. Then, the the function p :
R™*"™ — R defined as

u(A) = sup{v(Aa) | v(z) <1},
for A € R™*™ is a matriz norm.

Proof. We need to verify that p satisfies the conditions of Definition 5.27.

It is easy to see that if we exclude the zero vector from the definition of
1(A) the value of p(A) remains the same; in other words, u(A) = sup{r(Ax) |
v(x) <1,x € R" — {0}}.

If u(A) = 0, this means that ¥(Ax) = 0 for every x such that v(x) < 1; In
other words, we have Ax = 0 for every x € R". and this implies A = Oy, .
Since p(Om,n) = 0, the first condition is satisfied.

If A, B € R™ " then

w(A+ B) =sup{v(A+ B)x | v(x) <1}
= sup{v(Ax + Bx) | v(x) < 1}
(

< sup{v(4x) + v(Bx) | v(x) < 1}
< sup{v(Ax) | v(x) < 1} +sup{p(Bx) | v(x) < 1}
— j(4) + u(B),

which shows that the second condition of Definition 5.27 is satisfied.
Let a € R. We can write
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p(aA) = sup{r(ad)x | v(x)

<
sup{alv(Ax | v(x) <
lal sup{r(Ax | v(x) <

1}
1}

1} = [a|u(A),

which means that the third condition is satisfied.
Finally, by the first part of Supplement 4 we have:

= W(A)u(B),

(ma) =
O

By Corollary 2.153, we can replace sup by max in the definition of the
matrix norm induced by a vector norm, p(A4) = sup{r(4x) | v(x) < 1},
because the closed sphere B(0,1) is a compact set in R™. Thus, we have

because

p(A) = max{r(4x) | v(x) < 1}. (5.8)

An equivalent definition of the matrix norm induced by a vector norm is
given next.

Theorem 5.33. Let v be a vector norm on R™ and let u be the matriz norm
induced by v, as in Theorem 5.32. Then,

u(A) = max{v(Az) | v(z) =1},
for A e R™*™.
Proof. Since {x | v(x) =1} C {x | v(x) < 1} it follows that
max{v(Ax) | v(x) = 1} < max{vAx | v(x) <1} = u(A).

There exist z € R" — {0} such that v(z) < 1 and v(Az) = p(A), which implies

W(A) = v(z)v (Aﬁ) <v (Aﬁ) .

Since v (i) = 1 it follows that pu(A) < max{v(Ax) | v(x) = 1}. This

v(z)
yields the desired conclusion. O
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If p is a matrix norm induced by a vector norm on R", then u(l,) =
sup{v(I,x) | v(x) <1} = 1. This necessary condition can be used for identi-
fying matrix norms that are not induced by vector norms.

The matrix norm induced by the vector norm || - ||, will be denoted by

-1

Ezample 5.34. To compute the matrix norm ||A||; = sup{|| Ax ||1 ||| x |1 < 1},

where A € R™*", suppose that the columns of A are the vectors ay,...,a,.
Let x € R™ be a vector whose components are x1,...,Z,. Then, Ax = z1a; +
-+ Tpay, SO

[ Ax |1 = || z181 + - + znan |1

n
< ail [l ai |
=1

n
< max | a; [l Y |l
! im1
=max [l a; 1 - [[x 1

Thus, [|Afly < max; || a; |1

Let e; be the vector whose components are 0 with the exception of its 7"
component that is equal to 1. Clearly, we have || e; ||1= 1 and a; = Ae;.
This, in turn implies || a; ||1=| Ae; |1< ||AJl1 for 1 < i < n. Therefore,
max; || a; [[1< | Al so

n
Al = max [ a; 1= miaxz |ag]-
j=1
In other words, ||A]l1 equals the maximum column sum of the absolute values.

Ezample 5.35. Consider now a matrix A € R™*".
Allsc = sup{|l Ax [loc [ | x [loc< 1}.

We have
n
| Ax |loo = max Zl%‘fﬂj
J:

n

Jnax Z |aijz|
Jj=1

IN

n

< max | x o 3 lagl
j=1

A
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Consequently, if || x [loo< 1 we have || AX [oo< maxi<i<n .5 |aij|. Thus,
lAllso < maxi<i<n 3274 lasl-

The converse inequality is immediate if A = O,, ,,. Therefore, assume that
A # Opxn, and let (ap1, ..., apy) be any row of A that has at least one element
distinct from 0. Define the vector z € R" by

lap;| 3
if a,; #0
ZJ = Apj PJ # ’
1 otherwise,

for 1 < j < n.Itisclear that z; € {—1,1} forevery j, 1 < j < n and, therefore,
| z [|co= 1. Moreover, we have |ap;| = ap;jz; for 1 < j < n. Therefore, we can
write:

n n n
Y lapil = apizi =D ap;z;
=1 = i=1

A

n
S 1%1%)(" Zaijzj
7j=1
= || Az [[oo < sup{]] Ax [[oo [[| % foo < 1} < [[Afloo-

Since this holds for every row of A, it follows that maxi<;<p Z?:l laij| <
| Alloo, which proves that

1<i<n

n
[Allso = max > Jail.
j=1

In other words, || Al equals the maximum row sum of the absolute values.

5.4 The Topology of Normed Linear Spaces

We saw that every norm | - || defined on a linear space V' generates a metric
d: V? — R given by d(x,y) =| x —y ||. Therefore, by Theorem 2.93,
any normed space can be equipped with the topology of a metric space, using
the metric defined by the norm. Since this topology is induced by a metric.
any normed space is a Hausdorff space by Theorem 2.112. Further, if v e V,
then the collection of subsets {C(v,r) | r > 0} is a fundamental system of
neighborhoods for v.

A sequence (xg,X1,...) of elements of V' converges to x if for every e > 0
there exists n. € N such that n > n. implies || x, — x [|< €.

Theorem 5.36. In a normed linear space (V)| - ||), the norm, the multipli-
cation by scalars and the vector addition are continuous functions.
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Proof. By Theorem 5.2, we have | x —y [|> | || x || = || ¥ || | for every
x,y € V. Therefore, if lim,,_,oc X, = x, we have | xp,—x ||> | || xn || = | x || |,
which implies lim,,_,o || X5 ||=|| x ||. Thus, by Theorem 2.128, the norm is
continuous.

Suppose now that lim, . a, = a and lim,_,. X, = x, where (a,) is a
sequence of scalars. Since the sequence (x,) is bounded, we have

| ax — anxp || < || ax — anx || + || anX — anxy ||

<la—anl [ x| +an [| x = x5 |,

which implies that lim,,_, a, %, = ax. This shows that the multiplication by
scalars is a continuous function.

To prove that the vector addition is continuous, let (x,,) and (y,,) be two
sequences in V such that lim, .. x, = x and lim,_.. y,, = y. Note that

[ (x+y) = o +yo) [SIx =% [+ 11y =y, I

which implies that lim, (%X, +y,) = x +y. Thus, the vector addition is
continuous. 0O

Definition 5.37. Two norms vy and vy on a linear space V' are equivalent if
they generate the same topology.

Theorem 5.38. Let V' be a linear space and let vg : V. — R>q and vy :
V — Rx>q be two norms on V that generate the topologies Og and O1 on V,
respectively.

The topology O1 is finer than the topology O (that is, O C O1) if and
only if there exists ¢ € Rsq such that vo(v) < cvi(v) for every ve V.

Proof. Suppose that Og C Op. Then, any open sphere Cy(0,7r9) = {x € V |
vo(x) < ro} (in Op) must be an open set in Oy. Therefore, there exists an
open sphere C4(0,71) such that C1(0,71) € Cy(0,70). This means that for
r9 € R>¢ and v € V there exists r1 € R such that v1(v) < ry implies
vo(v) < ro for every u € V. In particular, for ro = 1, there is k > 0 such that
v1(v) < k implies vy(v) < 1, which is equivalent to

cv1(v) < 1 implies vy(v) < 1,

_1
for every ve V and c = .

For w = ﬁ Ul‘(’v), where € > 0 it follows that
1 v c
= = 1
evi(w) = en <c+eu1(v)) C+6< ’
SO

u0<w)=u0( 1 v >: L) _

c+evi(v) c+evi(v)
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Since this inequality holds for every e > 0 it follows that vo(v) < cvyi(v).
Conversely, suppose that there exists ¢ € Rsq such that vy(v) < cvi(v)
for every v € V. Since

Vinw i}y ww <
c
for ve V and r > 0 it follows that Og C O;. O

Corollary 5.39. Let V be a linear space and let vg : V. — R>q and vy :
V — Rx>q be two norms on V. Then, vy and v1 are equivalent norms if and
only if there exist a,b € R such that avo(v) < v1(v) < by (v).

Proof. This statement follows directly from Theorem 5.38. 0O

Ezample 5.40. By Corollary 5.20 any two norms v, and v,, on R" (with p, ¢ >
1) are equivalent.

Continuous linear functions between normed spaces have a simple charac-
terization.

Theorem 5.41. Let (Vi,v1) and (Va,v2) be two normed F-linear spaces where
F is either R or C. A linear function f: Vi, — Vs is continuous if and only
if there exists M € Rsq such that vo(f(x)) < Mvi(x) for every € V1.

Proof. Suppose that f : V; — V5 satisfies the condition of the theorem.
Then,

(e (o fp)) <o

for every r > 0, which means that f is continuous in 0; and, therefore, it is
continuous everywhere (by Theorem 2.161).

Conversely, suppose that f is continuous. Then, there exists § > 0 such
that f(C(01,6)) C C(f(z),1), which is equivalent to saying that v1(x) < §
implies v2(f(x)) < 1. Let € > 0 and let z € V; be defined by

__ 0
Cu(x) e

We have v1(z) = V‘i'&()’:_)e < 4. This implies v2(f(z)) < 1, which is equivalent
to
0

o — 1
) <
because of the linearity of f. This means that

(7)) < 2L

for every € > 0, so 12(f(x)) < F11(x). O

Definition 5.42. A Banach space is a normed linear space that is a complete
metric space with respect to the metric induced by the norm.
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5.5 Matrix Sequences and Matrix Series

The set of matrices C™*? is a C-linear space, and the set of matrices R™*?
is an R-linear spaces. Using vector norms or matrix form, these spaces can be
equipped with a topological structure, as we indicated above.

We focus now on the normed linear space (RP*?,| - ), where || - ||) is a
matrix norm.

Let A € RP*P. We can show by induction on n that

A" < (A" (5.9)

The base step, n = 0, is immediate. Suppose that the inequality holds for n.
We have

A =A™ Al
< flA™ Al
(because || - || is a matrix norm)
< (lAap™ Al
(by the inductive hypothesis)
= (l4p™*,
which concludes our argument.
If JA] < 1 the sequence of matrices (A4, A%, ..., A", ...) converges to-
wards the zero matrix Op ;. Indeed, lim,, o0 [|A™ — Op p|| = limp—oo A" <

limy,— oo (JJA)™ = 0, which shows that lim, . A" = O, .
Definition 5.43. Let A = (Ao, A1,...,An,...) be a sequence of matrices in
RP*P. A matrix series having A as its sequence of terms is the sequence of
matrices (So, S1,...,5n,...), where S; => k=0"Ay.

The series (So,S1,...,Sn,...) will be denoted also by Ag+ A1 +---+ A, +

We say that the series Ag + A1+ ---+ An + -+ - converges to a matriz S
if imy, o S, = S. This is also denoted by Ag+ A1 +---+ A, +---=85.

The subadditivity property of the norm can be generalized to series of
matrices. Namely, if the series Ag + A1 +---+ A, + -+ - converges to S, then

ISH <> 1A
=0

Indeed, by the usual subadditivity property

40+ Av+ -+ Aull = Y A
=0
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This implies
o0
Ao + Ay + -+ + Anll = > Al

for every n € N, so [|S]| > Yoo [l4s]l, due to the continuity of the matrix
norm.

Ezample 5.44. Let A € RP*P be a matrix such that ||A]] < 1. We claim that
the matrix I — A is invertible and A° + A' + - + A"+ ... = (I — A)7!
Suppose that T — A is not invertible. Then, the system (I — A)x = 0 has a
non-trivial solution. This implies x = Ax, so | 4] > 1, which contradicts the
hypothesis. Thus, I — A is an invertible matrix.
Observe that

(A + A AT - A =T — AT
Therefore,
(lim (A0 4 AL +-~+A”)) (I—A)"' = lim (I — A" =1,

since lim,,_,oc A®t! = O. This shows that the series A° + Al + ...+ A" +
converges to the inverse of the matrix I — A, so

1=0

Moreover, we have

Iz -4~ =1 ZMH
Z AN
=0

= > (A’
=0

_
1Al

because ||A| < 1.

Exercises and Supplements

1. Prove that if x,y,z are three vectors in a real vector space V and v is a
normon V, then vx —y <vx—z+vz—y.
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2. Let A € R™" (or in C"*") be a non-singular matrix. Prove that if v is a
norm on R™ (on C", respectively), then v4 defined by va(x) = v(Ax) is
a norm on R™ (on C").

3. Two vector norms v, and v, on R" are conjugate if % + % = 1. Prove that

X'y < vp(x) - vy(y)

for x,y € R™.
4. Let A € R™ "™ and let v be a vector norm on R". Prove that if A € R™*",
then we have the following equalities:

n(A) = sup{r(4x) | v(x) =1}
= sup { v(Ax) ‘x eR" — {O}}

v(x)
=inf{k | v(Ax) < kv(x), for every x € R"}.

Solution: To prove the first equality note that
{v(A%) | v(x) = 1} C {n(Ax) | v(x) < 1}.
This implies
sup{v(Ax) | v(x) = 1} < sup{v(4x) | v(x) < 1} = p(A).
On the other hand, let x be a vector such that v(x) < 1. We have x = 0 if

and only if v(x) = 0 because v is a norm. Otherwise, x # 0, and for y =
L -x we have v(y) = 1 and v(4x) = v(A(v(x)y) = v(x)v(Ay) < v(Ay).

v(x)
Therefore, in either case we have

v(Ax) < sup{v(4y) | v(y) =1}
for v(x) < 1. Thus, we have the reverse inequality,
sup{v(4x) | v(x) <1} <sup{v(4y) | v(y) =1},

SO
H(A) = sup{v(Ax) | v(x) = 1}.

To prove the second equality observe that

o {8 - on () )
= sup{r(4y) | v(y) =1} = u(A),

because v (ﬁ) = 1 and every vector y with v(y) = 1 can be written as

y= ﬁx for some x # 0.
We leave the third equality to the reader.
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