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Abstract

Wesurvey theresearch andwereportnew resultsrelated
to the relationshipsthat exist betweenBooleanand non-
BooleanfunctionsdefinedonBooleanalgebras.Theresults
includedhereare relevantfor set-valuedlogic that is useful
in several non-standard typesof circuits: interconnection-
freebiomoleculardevices,devicesbasedon optical wave-
lengthmultiplexing, etc. We extendour previousresultson
approximationofsingle-argumentnon-Booleanfunctionsto
multi-argumentfunctions.

1. Intr oduction

Let
���������
	����� ����������

bea Booleanalgebra,where
�

is a set,
	

and
�
arebinaryoperationson

�
calleddisjunc-

tion andconjunctions,respectively,
�

is a unaryoperation,
calledthecomplementationoperation,and

�����
aretwo spe-

cial elementsof
�

, with
������

suchthat the usualaxioms
of Booleanalgebrasaresatisfiedasgivenin [15] or [6].

Booleanfunctionsare thosefunctions ��� � ��!#"$�
for someBooleanalgebra

�%�&�����'	����(� �����������
thatareob-

tainedfrom variablesandconstantsby successive applica-
tions of the operationsof Booleanalgebras:

	����
, and

�
. A

Booleanfunctionis completelydeterminedby its valueson
thevectors)+*-, �����/.0� . Therefore,thereare 132�4 Boolean
functionsof the form �5� � � !6" �

. If
�

is a finite
Booleanalgebrathathas7 atoms,thenumberof functions8 � � �9!#":�

is 1/;<2�=>4 maybeconsiderablylargereven
for smallvaluesof 7 . In caseof a two-elementBooleanal-
gebras,thesenumbercoincide.In largeralgebras,thefrac-
tion of Booleanfunctionsbecomesminuscule:theBoolean
functionsrepresent ?2 =A@ =A4CB @ 4 of all functions.

Researchin new computingparadigmsthat originates
mainly in Japanbrought to the forefront the useof non-
Booleanfunctionsover Booleanalgebrasin implementing

new typesof circuitry. Bio-switching devices introduced
and studiedin [7] use the specificity of the reactionbe-
tween enzimesand substratain order to computemulti-
valuedswitching functions. This kind of circuitry allows
ultra-high-valueddataprocessingandahighdegreeof com-
puting parallelism. In [2, 7] the authorsconsiderseveral
fundamentalbio-circuitswhich correspondto thebio-pass,
bio-outputandbio- complement. If D � , ������EE�EF�HG<!9�/. is
thesetof fundamentalvaluesof an

G
-valuedlogic thenev-

ery I , �KJ I JLGM!N� representsa pair substratum-enzyme
(assumingthatwe dealwith

G
distinctenzymes).

The bio-circuitsmentionedabove operateon the setof
subsetsof D , denotedasusualby O � D � and,therefore,can
bedescribedasfunctionsof theform

8 �PO � D � � !6" O � D �
overtheBooleanalgebra

� O � D �F�
Q��'R�� ���
ST� D � . A pointmade
in [2] is thefactthatthesecircuitsallow thesynthesisof any
set-valuedfunction,

8 � � O � D �H�H�U!V" O � D � .
Non-Booleanfunctionsplay in importantrole in other

novel ideain circuit design: the useof optical wavelength
multiplexing for designing a set-logic network [8, 18],
where the conversiongate operationis describeda non-
Booleanfunction.

For a Booleanalgebra
�%�&�W�X�'	����(� �3�'�������

we shallde-
notethe elementsof

�Y�
by capital letters Z �'[\��EEE , while

elementsof the algebra
�

will be denotedwith small let-
ters. Booleanfunctionswill be denotedwith small letters� �^]V�E�EE . Arbitrary functionswill bedenotedby capitallet-
ters:

8 ��_`�E�EE
.

If ab* � and cd*e, ����3. we usethe notationsa ? � a
and a�f � a � for ag* � . Notethat cTh �%� for cU*i, �����/. . IfZ ��� a ? ��EEE�� a � � * � � and ) ��� c ? ��EE�E� c � � *�, ����/.0� ,
define Zkj as a hl? ��� a#h 4� . We have )nm �o�

if ) �qp
and )rm ��� , otherwisefor every ) �'p *-, �����/.0� . Also, if) ��sp , wehave ZkjtZkm �b� for every Z5* �Y� .

The binary operation“+” is definedon
�

by avuNw �a�w �V	 a � w for a � we* � . An easyargumentby induction
on x shows that if y ? �E�EEz� y � * � suchthat y0{�yz| �}� for



�~J��
� I J x and
�n�� I , then � ?
� { � � y�{ �s� ?
� { � � y0{ EIf Z ��� a ? ��EE�E� a � � * �Y� , thenwe denotea ? 	 a 2 	����	 a � by Z����� � �� � � .

2 Characterizationsof BooleanFunctions

Characterizationsof Booleanfunctionsallow usto iden-
tify the few Booleanfunctions that exist amongthe vast
numberof Booleanfunctions. Researchin this problemis
quite old: indeed,the first suchcharacterizationwas ob-
tainedby McColl [9, 10, 11], who proved that a function8 � �Y��!6"��

is Booleaniff it satisfies1 � conditionsof
theform Zkj 8 � Z ��� Zkj 8 � ) � , where)�*k, �����/.�� . More
recently, in [16], we obtainedthefollowing result:

Theorem2.1 Let
�+�}�����
	����� ����������

bea Booleanalge-
bra and let

8 � � �s!6"��
be a function. Thefollowing

statementsareequivalent:

(i)
8

is a Booleanfunction;

(ii)
8 � Z � u 8 �W[ �sJ�� u � j��P�^f�� ?'� 4 Zkj [ j for everyZ ��[ * �Y� ;

(iii)
8 � Z � u 8 �W[���Je� Z}u [Y� �� �� � �� � � for every Z �'[ * � � .

Thenecessityof thelastconditionwasobservedby McKin-
sey in [12]. Our resultshows thatthis conditionis alsosuf-
ficient andthis, it is actuallya characterizationof Boolean
functions.

Example2.2 Thebio-outputfunctionbo � � 2 !#"��
ona

Booleanalgebra
�%���W�X�'	����(� � �'�������

wasintroducedin [7,
2] is givenby

bo
� a � w �\�+� a if w �s��

otherwise,

is not Boolean. Indeed,let a ����
be an elementof

�
.

Observe that bo
�^�3����� u bo

� a ���P�d��� u%a � a , while�H�^����0� u � a ���P�H� � � �� � �� � � ��� a ������� �� �� � �� � � � a � , and a �J a � , which
contradictsthethird statementof Theorem2.1.

Another important example is related to the set-
theoreticalliterals that are usedin [1, 5, 4, 3] designing
interconnection-freebiomolecularcomputingsystems.

Example2.3 Let � ��� * � such that � Jo�
. The set-

theoreticalliteral �&�a is a functionfrom
�

to
�

givenby:

�&�a �&� � if � J a J���
otherwise,

for every a�* � . Supposethat � ���� and �e� � . Note
that

G�� �¡�
doesnot belongto the interval ¢ � ����£ because

this would imply � ��� . Thus,we have �&���u �&�G¤�}� u���o�
; on anotherhand. �Ku G�� �vu �¡� � �

because�¥u �¡�\��� would imply � ��� . This contradictsthe third

partof Theorem2.1. Thus, �+�a is not a Booleanfunction,
in general.

Example2.4 Let
�¦���W�X�'	����� �3�'����0�

bea finite Boolean
algebra,whosesetof atomsis denotedby AT

�W� �
and let§ � AT

��� �¥!V"��
be a function. The § -conversionfunc-

tion is a unaryoperation
p�¨ � ��!6"©�

where
p�¨ª� a �`�� , § � c ��« c9* AT

�W� �z� c J a . . If § is chosen,for example,
suchthat c �J § � c � for cK* AT

�W���
, it is easyto seethat a ¨

violatestheconditionsof Theorem2.1.

The relaxationof the secondconditionof Theorem2.1
suggeststhe introductionof anotherclassof non-Boolean
functionsthatextendto thecaseof functionsof x arguments
the classesof upperand lower semi-Booleanfunctionsof
one-variableintroducedin [13].

Definition 2.5 Let
�����W���
	����� ��������0�

bea Booleanalge-
braandlet

8 � � �v!#"��
bea function. For )�*�, ����/.0� ,8

is an ) -Booleanfunctionif
8 � Z � u 8 �W[Y��Je� uXZkj [ j

for every Z ��[ * �Y� .
Notethatif

8
is ) -Booleanfor every )�*¬, ����/.0� , then8

is a Booleanfunction.For x ��� , every
�
-Booleanfunc-

tion isanuppersemi-Booleanfunctionandevery
�
-Boolean

functionsis a lower semi-Booleanfunction. Further, it is
possibleto show that a function

8 � � � !#" �
is ) -

Booleanif and only if it satisfiesthe McColl’s condition
for ) , namelyZkj 8 � Z ��� Zkj 8 � ) � for every Z* �Y� .

For any function
8 � � � !#" �

the function
_ ��Y�U!#"�

definedby
_¥� Z ��� Zkj 8 � Z � for Z5* �Y� isanp

-Booleanfunctionfor every
p+�� ) becauseZkm _¥� Z ���Zkm®Zkj 8 � Z ���s� and Zkm _¥��pM�\�Lp j 8 ��pM�\�s� .

It is easyto seethat if
8 � �Y��!V":�

is an ) -Boolean
function,thenwehave:8 � Z �¯� Z j 8 � ) � u 8 � Z � °± �P�Hf�� ?�� 4P² ��j � Z ± (1)

for every Z³* �Y� . Therefore,if
8

is ) -Boolean,then_¥� Z �¬� Zkj 8 � Z � is a Booleanfunction. Moreover, a
function

8 � �Y�´!6"q�
is ) -Booleanif andonly if thereis

anelementµX* � anda function ¶� �Y�´!6"�
suchthat8 � Z ��� Z j µMud¶ � Z � °± �P�Hf� ?'� 4P² ��j � Z ±

for Z�* �Y� . 8 is a Booleanfunction if andonly if ¶ is a·
-Booleanfunctionfor every

· �� ) .

Example2.6 We have shown in [17] that theBooleanop-
erationstogetherwith the function ¸&� �¹!#"º�

defined



by ¸ � a �\�+� � if a �s��
otherwise

for aN* � , form a completesetof functionsfor the setof
functionsdefinedover

�
. Let ¸ � bethegeneralizationof ¸

definedby

¸ � � Z ���¦� � if Z �%������EEE������
otherwise

for Z¹* � � . Thefunction ¸ � is not Booleanbecauseit is
not

�W���EE�E�'���
-Boolean. Indeed,by taking ) ���W���EE�E�'���

and Z �*k, �W���EE�Ez���P�F���^�3��EE�Ez��0�
. wehave
8 � Z � u 8 � ) �\�� u �n�%� and

� Z¦u�) � �� �� � �� � � � Z � � �� � �� � � � � .
Theorem2.7 Let »�� � 2 !#"$�

be a Booleanfunction.
For twoarbitrary functions

8 � �Y�´!6"�
and

_ � � �´!6"�
definethefunction

8-¼C½ _ � � ¾¿!#"�
by8�¼ ½ _¥� Z ��� » � 8 � Z �z��_¥� Z �H�

for Z* � � .
If both

8
and

_
are ) -Booleanfunctions,then À �8�¼ ½ _

is also ) -Boolean.

Theorem2.7 implies immediately that the set of ) -
Booleanfunctionsis a subalgebraof the Booleanalgebra
of all functionsfrom

�Y�
to
�

.

3 Approximationsof Non-BooleanFunctions

Let
8 � � �k!#"��

bea function. Definetheset
�YÁÂ+Ã�Y�

by:� ÁÂ � ,¡Ä�* � � « 8 � Z � u 8 � Ä ��Js� u Åj��P�Hf� ?'� 4 Z j Ä j .PE
The binary relation Æ Á is given by ZÇÆ Á [ if

�YÁÂ ��YÁÈ . is anequivalenceon
� �

. Theequivalenceclassof an
elementZ will denotedby ÉÊZ¬Ë Á .

For x � �
, Z � � a �F�
Ì � �ÊÍr�

, and we have� u � j��P�Hf� ?'� Zkj Ì j �Î� uNa�f Í f~u�a ? Í ? ��� u �^� ua �z�H� u Í~� uLa Í�� avu Í . Thus, the currentdefinition
reducesto thedefinitionof theequivalenceÆ Á thatwe in-
troducedin [14] for the case x �:�

. In the samerefer-
enceweobtainedacompleteclassificationof one-argument
functionsover Booleanalgebraswith four elementsbased
on thenumberof Booleanfunctionsneededfor approxima-
tion.

Let ÉÊZiË beanequivalenceclassof therelation Æ Á . De-
fine theBooleanfunction �CÏ Â<Ð � �~�U!#"�

by�CÏ ÂÑÐ � Ä ��� ÅÈ � Ï ÂÑÐ 8 �W[Y�¯� Åj��P�Hf� ?'� 4 Ä j [ j

for Ä�* �Y� . Equivalently, thefunction �CÏ ÂÑÐ canbewritten
as �TÏ ÂÑÐ � Ä ��� Åj��P�Hf�� ?�� 4

ÒÓ ÅÈ � Ï ÂÑÐ 8 ��[ �®�[ j�ÔÕ Ä j
for Ä�* � � . Then, �CÏ Â<Ð is alsogivenby:�CÏ Â<Ð � ) �\� ÅÈ � Ï ÂÑÐ 8 �W[ �®��[ j (2)

for )�*i, ����3.�� .
The significanceof the equivalence Æ Á is highlighted

by thenext theoremthatshowsthatfor eachsuchclassÉÊZiË
thereis a Booleanfunction �CÏ ÂÑÐ that coincideswith

8
on

themembersof theclass.

Theorem3.1 Let
8 � � �}!#" �

be a function on the
Booleanalgebra

�Ö���W�X�'	����(� �/�'����0�
. We have

8 � Ä �¥��CÏ ÂÑÐ � Ä � for every Ä�*9ÉWZiË Á for every Z* � � .
It is interestingto observethatafunction

8
is ) -Boolean

if andonly if
� Áj �s�Y� .

For thespecialcaseof binaryfunctions,that is, of func-
tion

8 � �Y��!#"$�
suchthat

8 �W� ���k× , �����/. the sets� Â neededfor thecomputationsof therelation Æ Á canbe
easilycomputedasshown by thenext result.

Theorem3.2 Let
8 � �Y�-!6"¤�

be a binary functionon
theBooleanalgebra

�����W���
	����� ��������0�
. We have:

�YÁÂ �8 ² ? � 8 � Z �H�AQ ,�Z �Ø. for every Z5* � � .
Example3.3 Let Ù �'Ú * � � be two x -tuplessuch thatÙ JqÚ

. Denotethe set ,�Z³* � � « Ù J Z JÛÚ�.
by¢ Ù �
Ú~£ .

The literal
8 � Z �g�qÜ¹ÝZ is a binary function, whereÙ J�Ú . Supposethat Ù ����3�g���W���E�EEz�'���

andthat
Ú5���������^���EE�E�����

. If Z�*d¢ Ù �'ÚÞ£ , then
�YÁÂ � ¢ Ù �
Ú~£TQ ,�Z �Ø.

for every Zß* �Y� . Otherwise,
�YÁÂ �Û���Y�K! ¢ Ù �'Ú~£Ê�\Q,�Z �Ê. . Note that theconditionsimposedon Ù and

Ú
mean

thatat leastoneof Z � Z � doesnot belongto ¢ Ù �'Ú~£ . Thus,
eachZ in Ù �
Ú hasa distinctset

� ÁÂ andtherefore,no two
such x -tuplesare Æ Á -equivalent. This makesthe Boolean
approximationof suchliteral particularlyinefficient, when
theinterval Ù �'Ú is large(thatis, Ù is closedto

�3�
and

Ú
is

closedto
���

).

Example3.4 Let
� � �W�X�'	����� �3�'����0�

, where
� �, ��� c � c �Ê���/. , andlet

8 � � 2 !#"¤�
, be the functiongiven

by a 2
a ?

8 � a ? � a 2 � � c c �à�� � � � cc �á� c �c � � c � �� c � � �



Since
8 ����� c � u 8 � c � c ����� u �Y�%� , ���W��� c � u � c � c �H� � � �� � �� � � �� c ���P� �� �� � �� � � � c , the function is clearlynon-Boolean.Thesets� Â aregivenby:�Yâ f�� hFã(ä �N�Yâ f�� ? ä �s�åâ h0� hFãæä �b�Yâ h�� ? ä ��Yâ h ã � f'ä �N�Yâ h ã � hFä �N�Yâ ? � f'ä �b�Yâ ? � hFä �N� 2�Yâ f�� f'ä �b�Yâ h�� hzä �b� 2 ! , ����� c �z��� c �'���
.�Yâ h ã � h ã ä �s�åâ ? � ? ä �b� 2 ! , �H�3� c �ç�F��� c �W�����F.�Yâ h�� f
ä �s�Yâ f� hzä �b� 2 ! , �������P�F��� c � c �
.�Yâ ? � h ã ä �N�Yâ h ã � ? ä �b� 2 ! , �H�3��0�F��� c �W� c ���F.�E

whichshowsthat
8

is ) -Booleanon8outof the16possible
pairsin

� 2 . Thus,therearefiveequivalenceclassesof Æ Á :è ? � , ����� c � �F���W�������z��� c � c � �F��� c ��0�F�� c � ���P�F��� c � � c �z���H�3���P�F���^�3� c �
.��è 2 � , �������P�F��� c � c �
.P�è#é � , � c � � c � �F���^�3�����F.��è6ê � , � c �'���z���W��� c �
.P�è#ë � , �H�3� c � �F��� c � �����F.�E
The correspondingBooleanfunctionsthat approximate

8
canbeobtainedfrom formula(2):�Cì l � ) �í� cV¢ ������0� j 	i� c � c � � j 	i� c � � c � j 	i�^������� j £���Cì @ � ) �í� �Cì0î � ) �\�b���� ì�ï � ) �í� � c ���P� j 	i����� c � j �� ì0ð � ) �í� �^��� c � � j 	i� c � ��0� j �
for every )�*¬, ����3. 2 .
4 OpenProblems

Example 3.4 suggeststhat one could measurethe
“Booleanicity” of anarbitraryfunction

8
by thenumber

bool
� 8 �\� « ,0)�*¬, �����/.0�#« 8 is ) -Boolean

.T«1 �
Thecloserthis numberis to one,thefeweraretheBoolean
functionsthatareneededfor approximating

8
. In thecase

of the n-dimensionalliterals
Ü�ÝZ with Ù J}Ú

, Ù ��ñ�3�
,

and
Ú¦��%���

, wehavebool
� ÜoÝZ ��� ?2 4 , while in thecaseof

thefunctionconsideredin Example3.4wehavebool
� 8 �\���Eóò

.
It would be interestingto investigateclassesof non-

Booleanfunctionwhosemeasureof Booleanicitywould be
high, andidentify classeswherethis measureis especially
low andexaminein greaterdepththe relationshipbetween
bool

� 8 �
andthecomplexity of theBooleancircuitsthatap-

proximate
8

.
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