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Abstract

We survey thereseach andwereportnew resultsrelated
to the relationshipsthat exist betweenBooleanand non-
Booleanfunctionsdefinedon Booleanalgebras. Theresults
includedhere are relevantfor set-valuedogic thatis useful
in several non-standad typesof circuits: interconnection-
free biomoleculardevices,devicesbasedon optical wave-
lengthmultiplexing, etc. We extendour previousresultson
appoximationof single-agumennon-Boolearfunctionsto
multi-argumentfunctions.

1. Intr oduction

LetB = (B,V,-,,0,1) beaBooleanalgebrawhereB
is aset,V and- arebinary operationn B calleddisjunc-
tion and conjunctions respectiely, ' is a unaryoperation,
calledthe complementatiooperationand0, 1 aretwo spe-
cial elementf B, with 0 # 1 suchthatthe usualaxioms
of Booleanalgebrasaresatisfiedasgivenin [15] or [6].

Booleanfunctionsare thosefunctionsf : B — B
for someBooleanalgebraB = (B, V,-,’,0, 1) thatareob-
tainedfrom variablesand constantdy successie applica-
tions of the operationsf Booleanalgebras:v, -, and’. A
Booleanfunctionis completelydeterminedy its valueson
thevectors4 € {0,1}™. Thereforethereare22” Boolean
functionsof the form f : B® — B. If B is a finite
Booleanalgebrathathasm atomsthe numberof functions
F : B» — Bis2™?"" maybe considerablyargereven
for smallvaluesof m. In caseof atwo-elemenBooleanal-
gebrasthesenumbercoincide.In largeralgebrasthe frac-
tion of Booleanfunctionsbecomesninuscule:the Boolean
functionsrepresenw of all functions.

Researchin new computingparadigmsthat originates
mainly in Japanbroughtto the forefront the use of non-
Booleanfunctionsover Booleanalgebrasn implementing

new typesof circuitry. Bio-switching devices introduced
and studiedin [7] usethe specificity of the reactionbe-
tween enzimesand substratain order to computemulti-
valuedswitching functions. This kind of circuitry allows
ultra-high-\alueddataprocessing@ndahigh degreeof com-
puting parallelism. In [2, 7] the authorsconsiderseveral
fundamentabio-circuitswhich correspondo the bio-pass,
bio-outputandbio- complementlf r = {0,1,...,7 — 1} is
the setof fundamentalaluesof anr-valuedlogic thenev-
eryj, 0 < j < r — 1 represents pair substratum-enzyme
(assuminghatwe dealwith r distinctenzymes).

The bio-circuits mentionedabove operateon the set of
subsetof r, denotedasusualby P(r) and,therefore,can
bedescribedasfunctionsof theform F : P(r)* — P(r)
overtheBooleanalgebra(P(r),U,n,’,{,r). A pointmade
in [2] is thefactthatthesecircuitsallow thesynthesiof ary
set-aluedfunction, F : (P(r))” — P(r).

Non-Booleanfunctionsplay in importantrole in other
novel ideain circuit design: the useof optical wavelength
multiplexing for designinga set-logic network [8, 18§],
where the corversion gate operationis describeda non-
Booleanfunction.

For a BooleanalgebraB = (B, V,-,’,0,1) we shallde-
notethe elementf B™ by capitalletters X, Y, ..., while
elementf the algebraB will be denotedwith small let-
ters. Booleanfunctionswill be denotedwith small letters
f,9,- .. Arbitrary functionswill bedenotedby capitallet-
ters:F, G, .. ..

If z € B anda € {0,1} we usethe notationsz' = z
andz® = z' for z € B. Notethata® = 1 fora € {0,1}. If
X = (z1,...,2,) € B"and4 = (a4, ...,a,) € {0,1}",
define X4 asz{'---z%. We hare A® = 1if A = C
andA® = 0, otherwisefor every A, C € {0,1}". Also, if
A #C,wehave XAXC = 0 for every X € B".

The binary operation“+” is definedon B by z + y =
zy' V z'y for z,y € B. An easyargumentby induction
onn showsthatif 21,...,2, € B suchthatz;z; = 0 for



1<i,5 <nandi#j, thenVlSiSn zi = Zlggn Zi.
If X = (z1,...,2,) € B", thenwedenotez; V z, V
-V, by XV.

2 Characterizations of BooleanFunctions

Characterizationsf Booleanfunctionsallow usto iden-
tify the few Booleanfunctionsthat exist amongthe vast
numberof Booleanfunctions. Researchn this problemis
quite old: indeed,the first suchcharacterizatiorwas ob-
tainedby McColl [9, 10, 11], who proved that a function
F : B — B is Booleaniff it satisfies2™ conditionsof
theform X4F(X) = X4AF(A), whereA € {0,1}". More
recentlyin [16], we obtainedthefollowing result:

Theorem2.1 LetB = (B, V,-,’,0,1) bea Booleanalge-
braandlet F : B — B be a function. Thefollowing
statementsire equivalent:

(i) F isaBooleanfunction;

(i) F(X)+ F(Y) < 14V 132 XAY# for every
X,Y € B";

(i) F(X)+FY)<(X+Y)VforeveryX,Y € B

Thenecessityf thelastconditionwasobsenedby McKin-

sey in [12]. Ourresultshavs thatthis conditionis alsosuf-
ficient andthis, it is actuallya characterizatiomf Boolean
functions.

Example 2.2 Thebio-outputfunctionbo : B2 —s B ona
BooleanalgebraB = (B, V, -, ,0,1) wasintroducedn [7,
2] is givenby

z ify=0
0 otherwise,

bo(z,y) = {

is not Boolean. Indeed,let z # 0 be an elementof B.
Obsere that bo(1,1) + bo(z,0) = 0 + z = =z, while
(1,1) + (z,0))Y = (z/,1)V = 2/, andz £ z', which
contradictghethird statemenbf Theorem2.1. I

Another important example is related to the set-
theoreticalliterals that are usedin [1, 5, 4, 3] designing
interconnection-frebiomolecularcomputingsystems.

Example2.3 Let p,q € B suchthatp < ¢. The set-
theoreticaliteral "z is afunctionfrom B to B givenby:

P g 1 ifp<z<gq
r = .
0 otherwise,

for everyxz € B. Supposehatp # 0 andp < ¢. Note
thatr = ¢’ doesnot belongto the interval [p, q] because

thiswould imply p = 0. Thus,we ha/eppq +Prf =1+
0 = 1; onanotherhand. p+r = p+ ¢’ < 1 because
p+ ¢ = 1wouldimply p = ¢. This contradictsthe third
partof Theorem2.1. Thus,”z” is not a Booleanfunction,
in general. I

Example2.4 Let B = (B, V,-,,0,1) beafinite Boolean
algebra,whosesetof atomsis denotedby AT(B) andlet
o : AT(B) — B beafunction. The o-corversionfunc-
tion is a unaryoperationC, : B — B whereC,(z) =
V{o(a)|la € AT(B),a < z}. If o is chosenfor example,
suchthata £ o(a) for a € AT(B), it is easyto seethatz”
violatesthe conditionsof Theoren?2.1. 0

The relaxationof the secondconditionof Theorem2.1
suggestghe introductionof anotherclassof non-Boolean
functionsthatextendto thecaseof functionsof n arguments
the classesf upperandlower semi-Boolearfunctions of
one-ariableintroducedn [13].

Definition 2.5 Let B = (B, V,-,',0,1) beaBooleanalge-
braandlet F : B® — B beafunction. For A € {0,1}",
Fisan A-Booleanfunctionif F(X)+F(Y) < 14+ X4Y4
forevery X,Y € B™. I

Notethatif F' is A-Booleanfor every A € {0,1}", then
Fis aBooleanfunction. For n = 1, every 1-Booleanfunc-
tionis anuppersemi-Booleariunctionandevery0-Boolean
functionsis a lower semi-Boolearfunction. Further it is
possibleto shav that a function F : B®™ — B is A-
Booleanif andonly if it satisfiesthe McColl's condition
for A, namelyX4F(X) = X4F(A) for every X € B".

For ary function F : B®™ — B the function G :
B™ — Bdefinedby G(X) = XAF(X)for X € B*isan
C-Booleanfunctionfor every C' # A becauseX“G(X) =
XCXAF(X)=0andX“G(C) = CAF(C) = 0.

It is easyto seethatif F' : B® — B is an A-Boolean
function,thenwe have:

F(X)=XAF(A) + F(X)

Y. X7 @

De{0,1}n—{A}

for every X € B™. Therefore,if F' is A-Boolean,then
G(X) = XAF(X) is a Booleanfunction. Moreover, a
functionF' : B® — B is A-Booleanif andonly if thereis
anelementt € B andafunctionK : B® — B suchthat

F(X) =Xk + K(X) > oo xP
De{0,1}»—{A}
for X € B™. F is aBooleanfunctionif andonly if K isa
D-Booleanfunctionfor every D # A.

Example 2.6 We have shown in [17] thatthe Booleanop-
erationstogetherwith the function 3 : B — B defined



by
ifz=0

1
Bla) = {0 otherwise

for z € B, form a completesetof functionsfor the setof
functionsdefinedover B. Let 3,, bethegeneralizatiorof 3
definedby

1 if X =(0,...,0)
Bn(X) {0 otherwise

for X € B™. Thefunction 3, is not Booleanbecausét is
not (0, ..., 0)-Boolean. Indeed,by taking A = (0,...,0)
andX ¢ {(0,...,0),(1,...,1)}wehave F(X)+ F(A
0+1=1land(X +A4)¥ =XV <1

=

Theorem2.7 Leth : B> — B be a Booleanfunction.
For twoarbitrary functionsF' : B* — B andG : B —
B definethefunctionF o, G : B> — B by

Fop G(X) = MF(X),G(X))

for X € B™.
If both F and G are A-Booleanfunctions,then H =
F ¢y G isalso A-Boolean.

Theorem2.7 implies immediately that the set of A-
Booleanfunctionsis a subalgebraof the Booleanalgebra
of all functionsfrom B™ to B.

3 Approximations of Non-BooleanFunctions

Let F : B — B beafunction. DefinethesetB C
B™ by:

By ={UeB" | FX)+FU) <1+ \/ X*U"}.
Ae{0,1}"

The binary relation ~r is givenby X ~p Y if BY =
BE. is anequialenceon B™. Theequivalenceclassof an
elementX will denotedby (X)F.

Forn = 1, X = (z),W = (w), and we have
L+ Vacroy XAWA =1+ 2% +o'w' =1+ (1 +
z)(1 + w) + zw = x + w. Thus, the currentdefinition
reducego the definition of the equivalence~  thatwe in-
troducedin [14] for the casen = 1. In the samerefer
encewe obtaineda completeclassificatiorof one-agument
functionsover Booleanalgebraswith four elementsased
onthenumberof Booleanfunctionsneededor approxima-
tion.

Let (X) beanequivalenceclassof therelation~g. De-
fine theBooleanfunction f xy : B" — B by

fowy =\ Fv)- \J uvuv4

Ye(X) Ae{0,1}"

for U € B™. Equivalently, thefunction f,xy canbewritten
as

foy@ =\ (V F(Y)-Y“‘) vt
)

Ac{0,1}* \Ye(X

forU € B™. Then, fx) is alsogivenby:

foo@) =\ F)-v4 2

Ye(X)

for A € {0,1}".

The significanceof the equivalence~r is highlighted
by the next theorenthatshows thatfor eachsuchclass(X')
thereis a Booleanfunction fxy thatcoincideswith F on
thememberof theclass.

Theorem3.1 Let F' : B® — B be a functionon the
Booleanalgebra B = (B,V,-,,0,1). We have F(U) =
Jxy(U) foreveryU € (X)r for every X € B™.

It isinterestingo obsenethatafunctionF' is A-Boolean
if andonly if BY = B™.

For the specialcaseof binaryfunctions,thatis, of func-
tion F : B® — B suchthat F(B™) C {0,1} the sets
Bx neededor the computation®f therelation~g canbe
easilycomputedasshowvn by the next result.

Theorem3.2 Let F' : B® — B bhea binary functionon
theBooleanalgebraB = (B, V,-,',0,1). We have: BE =
F~1(F(X))uU{X'} foreveryX € B".

Example3.3 Let P, € B™ be two n-tuplessuchthat
P < Q. Denotetheset{X € B"P < X < @} by
[P, Q]-

P

The literal F(X) = XQ is a binary function, where
P < Q. SupposeghatP # 0™ = (0,...,0) andthat@ #
1" =(1,...,1). If X € [P,Q], thenBf = [P,Q] U {X'}
for every X € B". Otherwise,BY = (B — [P,Q]) U
{X'}. Notethatthe conditionsimposedon P and@ mean
thatat leastoneof X, X’ doesnot belongto [P, Q)]. Thus,
eachX in P, hasadistinctset BY andthereforenotwo
suchn-tuplesare ~ p-equivalent. This makesthe Boolean
approximationof suchliteral particularlyinefficient, when
theintenal P, () is large (thatis, P is closedto 0" and( is
closedto 17). 0

Example3.4 Let B = (B,V,-,0,1), where B =
{0,a,a’,1}, andlet F : B> — B, bethefunctiongiven
by

T2
F(z1,22) |0 a d 1
0 01 0 a
T a 1 0 a O
a' 0 a 0 1
1 a 0 1 0




SinceF(0,a) + F(a,a) =1+0=1,((0,a) + (a,a))V =
(a,0)V = a, thefunctionis clearly non-Boolean.The sets
Bx aregivenby:

B,y = B(o,1) = Ba,’) = Bay) =
Bar,0) = B(at,a) = Buo) =
Bi0,0) = B(a,0) = B> — {(0,0),
B(a’ ')—B(ll)—B —{( a ),
B(a,0) = Bo,s) = B> — {(0,0), (a, )}
B,a) = B,y = B = {(1,1), (a',a)}.

whichshownsthatF' is A-Booleanon 8 outof the16 possible
pairsin B2. Thus,therearefive equivalenceclasse®f ~ g

B = B
(a,0)}
). (@, 1)}

¢ = {(0,d),(0,1),(a,d),(a,1),
(a',0),(a’,a),(1,0), (1,a)},

€ = {(0,0),(a,a)},

€ = {(al7al)7(171)}7

€ = {(a,O),(O,a)},

G = {(laal)a(alal)}

The corresponding@ooleanfunctionsthat approximateF’
canbeobtainedrom formula(2):

fe,(A) = a[(0,1)AV (a,a) V (a',a)? Vv (1,0)4],
fe.(4) = fe(4) =0,
f(:’4 (A) = (a: O)A \ (Oaa)A
f(‘35 (A) = (17aI)A \Y (alal)A
for every A € {0,1}2. 0

4 OpenProblems

Example 3.4 suggeststhat one could measurethe
“Booleanicity” of anarbitraryfunction F' by the number

|{A € {0,1}"|F is A-Boolear}|
an

bool(F) =

Thecloserthis numberis to one,thefewer arethe Boolean
functionsthatareneededor approximatingF'. In the case

P Q
of the n-dimensionaliterals X with P < Q, P # 0",

P _Q
and@ # 1™, wehavebool( X ) = 5z, whilein thecaseof

thefunctionconsideredn Example324we havebool(F) =
0.5.

It would be interestingto investigateclassesof non-
Booleanfunctionwhosemeasuref Booleanicitywould be
high, andidentify classesvherethis measurds especially
low andexaminein greaterdepththe relationshipbetween
bool(F) andthecompleity of the Booleancircuitsthatap-
proximateF'.
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