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Abstract

We introducea graph-theoetical approach to the study
of approximationof non-Boolearfunctionson Booleanal-
gebra. We showthat optimalinterpolationsof non-Boolean
functionsby Booleanfunctionsare linked to minimal chro-
maticdecompositionsf graphsattachedto thesefunctions
andwe studyspecialverticesin thesegraphs.

1 Intr oduction

The purpose of this paperis to develop a graph-
theoretical approachfor finding optimal Boolean inter-
polations of non-Booleanfunctions on Booleanalgebras
(se€[10, 9]). Theinterestin non-Boolearfunctionhasbeen
sparkedby work dealingwith the applicationsof set-alued
non-Booleanfunctionsin circuit design([3, 8, 1, 2, 6, 5]
and[4].

LetB = (B,V,-,,0,1) beaBooleanalgebrawhereB
is aset,v and- arebinary operationson B calleddisjunc-
tion and conjunction,respectiely, ' is a unary operation,
calledthe complementatioomperationand0, 1 aretwo spe-
cial elementof B, with 0 # 1 suchthatthe usualaxioms
of Booleanalgebrasaresatisfiedasgivene.g.in [11].

Elementsof B™, wheren > 1 will be denotedby
capital letters XY, ..., while elementsof the algebraB
will be denotedby small letters. Elementaryn-tuples
thatis, membersof the set{0,1}", will be designatedy

A, B, .... Booleanfunctionswill be denotedby smalllet-
tersf, g, .... Arbitrary functionswill bedenotedby capital
letters:F, G, .. ..

If z € B anda € {0, 1} we usethenotation

z
z? = ,
T

fa=1
if a=0.
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Notethata® = 1fora € {0,1}. If X = (z1,...,2,) €
B™ and A = (ay,...,a,) € {0,1}", define X4 asthe
conjunctionzy? - - - z%~ . We have

a0 =t
0

for every A,C € {0,1}". Also, if A # C, we have
XAXC =0foreveryX € B™.

The binary operation“+” is definedon B by z + y =
zy' V z'y for z,y € B. An easyargumentby induction
onn showsthatif z,...,2, € B suchthatz;z; = 0 for
1<i4,j5 <nandi# j,then

V os-

1<i<n

if A=C
if A+£C,

>

1<i<n

If X = (z1,...,z,) € B", thenwe denotez; V z5 V
-V, by XV. Also, if X,Y € B", X = (z1,...,%,)
andY = (y1,...,¥n), we denoteby X + Y the n-tuple
(1 + Y15y T+ Yn).

Lemmal.l LetB = (B,V,-,,0,1) be a Booleanalge-
bra.

1. Forevery X € B™ wehave\/ 4.1y X = 1.

2. If X,Y € B", thenl + VAE{O,I}H X474 = (X +
Y)V.

Proof.  Since both identities involve only Boolean
operations,they can be proven immediately by Muller-
LovenheimVerificationTheorem(Theoren®.13from [11])
by observingthat the functionsdesignatedy the expres-
sionsfrom the left andright membersareequalfor all ele-
mentaryvectorsC € {0,1}". 1

It is usefulto notethatthemappingd : B® x B® — B
definedby d(X,Y) = (X + Y)V for X,Y € B™isadis-
tanceon B", in thesensadefinedin [11], p. 313. Namely



it is clearthatd(X,Y) = 0 if andonly if X = Y and
thatd(X,Y) = d(Y, X). It is easyto verify thatfor every
z,y,2 € Bwehave

z+y<(z+2)V(z+y).
Thisimpliesimmediately
d(X,Y) <d(X,Z)Vvd(Z,Y)

for X,Y, Z € B™, whichjustifiesour obsenation.

2 The Graph of a Function over B"

Let F : B — B beafunction. Its graphI'r hasB"
asits setof vertices;anedge(X, Y) existsin I'r if

FX)+FY)Z (X +Y)V.

To simplify the notationwe denotethe relationdefinedby
thegraphl'g by pp.

Notethatif Fy, F> : B® — B aresuchthat F5(X) =
k+ Fi(X) for X € B® andk € B, thenTp, = I'p,
because»(X) + Fo(Y) = k+ LX)+ k+ Fi(Y) =
Fi(X)+F,(Y)foreveryX,Y € B™. Thereforejt is clear
that several distinct functions may sharethe samegraph.
In particulat T'r = T'pr, whereF'(X) = 1+ F(X) for
X € B™,

Definition 2.1 Let F : B® — B beanarbitraryfunction
(not necessarilyBoolean)over the BooleanalgebraB =
(B,V,-,,0,1).

A Booleanr-interpolationof F' is a family of Boolean
functions{fe | € € w} indexedby a partitionr of the set
B™ suchthatfor every block € of 7, fe(X) = F(X) for
every X € C.

An interpolationof the leastcardinalityis saidto be op-
timal. I

Notethatevery setof theform F~1(b) is anindependenset
in thegraphT'r for b € B. Indeedjf X,Y € F~1(b), then
FX)+ F({Y) =0 < (X +Y)V, sothereis no edge
betweenX andY. Moreover, if b,c € B, thenthe set
F~1(b) U F~1(c) is independentf b + ¢ < d(X,Y) for
everyX € F~1(b) andY € F~1(c).

The next theoremis a generalizationof Theorem2.1
from [10]:

Theorem 2.2 For everyindependenset! in thegraphT'g
theBooleanfunction f; : B® — B definedby

fx) =\ (F(Y) \

Yel Ae{0,1}"

XAYA) (1)

issudthat f;(X) = F(X) foreveryX € I.

Proof. SupposeX € I. Then,

X)) =Fx)v \/ (F(Y) V XAYA>,
Yel—-{X} Ae{0,1}"

andwe shallprovethat F(Y) V/ 4 g,13» XY < F(X).
Indeed, Y € I — {X} implies (X,Y) ¢ pr be-
cause I is an independentset, that is, F(X) +
FY) < 1+ Vo XAV Therefore,
Vacoyn XAYA <1+ F(X)+F(Y) = F(X)+F(Y),
SOF(Y)V acio,13n XAYA < FY)(F(X)+FY)) =
F(Y)F(X) < F(X). Thus, f1(X) = F(X). 1

Theorem2.3 For every Boolean r-interpolation {fe |
€ € «} of afunctionF, the partition = is a chromaticde-
compositiorof thegraphT' .

Proof. Forevery € € m andevery X, Y € €, we have
F(X)+F(Y)=fe(X)+ fe(¥) <1+ \/ X*v*
Ae{0,1}"

by Theorem2.1 of [12]. This shaws that (X,Y) & pr,
which implies that € is an independenset. Thus,« is a
chromaticdecompositiorof I'z. |

Corollary 2.4 Theris a bijectionbetweerthe Booleans-

interpolationsof £ andthechromaticdecompositionsfthe

graphT' g. Further, if 4 is a minimal chromaticdecompo-
sition of the graph T'r, thenthe correspondingfamily of

Booleanfunctions{fe | € € u} is an optimalinterpola-

tion of F'.

Proof. This statemenfollows immediatelyfrom Theo-
rems2.2and2.3. 1

The classof functionsthat we discusshelov senesto
shav thatBooleaninterpolationdor non-Boolearfunctions
arenotunique,in general.

Definition 2.5 A function ¥ : B®™ — B is K-
evanesciblewhere K is a subsebf B", if F(X) = 0 for
everyX € K. I

A characterizatiorof Boolean K -evanesciblegfunctionsis
givenbelow:

Theorem2.6 LetB = (B,V,-,’,0,1) bea Booleanalge-
braandlet K C B™. A Booleanfunctiong : B — B
is K-evanesciblef andonlyif g(A) <14V, g ZA for
every A € {0,1}".

Proof. Supposé¢hatg is K-evanesciblandtake Z € K.
Then,sinceg(Z) = \/ 4cpn 9(A)Z4, we have g(4)Z4 =
0,5024 < 1+ g(A). Consequently\/, . 24 < 1+
9(A),509(A) ST+ V 4ex 24



Corversely supposehatg(A) <1+, x ZA for ev-
ery A € {0,1}". Then,sinceg is a Booleanfunction we
canwrite for X € K:

9x) = '\

Ae{0,1}"

V <1+ \V} ZA>XA

Ae{o,1}n ZeK

V (XA+ V XAZA> =0,

Ae{0,1}n ZeK

g(4) x4

IA

becauseX € K implies\/, ., X4Z4 = X, which
showsthatg is K-evanescible. |

Notethatif I is anindependensetin thegraphI'r and
f1, f2 aretwo Booleanfunctionsthat interpolateF' on I,
then f; + f» is a Boolean/-evanesciblegfunction. Thus,a
Booleaninterpolantof F' for anindependenset! of I'r is
uniqueif \/ ,., Z4 = 1 forevery A € {0,1}".

Theorem2.7 Let F : B — B beafunctionandlet I be
anindependensetin I'r. For every Booleaninterpolating
functiong : B® — B for F' on I wehavef; < g, where
f1 is theBooleanfunctiondefinedn Theoem?2.2.

Proof. Sinceg is aninterpolatingBooleanfunction for
F we canwrite g(X) = Ve go,13» 9(C) X = F(X) for
every X € I. Therefore,
g(O)X XA = g(A) X4 < g(4)

FX)x4=\/
ce{o,1}»
for every X € I. Consequently\/ ., F(X)X4 < g(A).
Since

fr4) =\ Fx)x4

Xel
for every A € {0,1}™ it follows that f;(A) < g(A) for
everyA € {0,1}",sofr < g. |

3 Booleanand Isolated Verticesin Graphs of
Functions

In [12] we extendedthe classesof upper and lower
semi-Boolearfunctions of one-variableintroducedin [9]
by introducingthe notion of A-Booleanfunctionfor A €
{0,1}™.

For A € {0,1}" wesaythatF' : B® — B is an A-
Booleanfunctionif F(X)+ F(Y) < 1+ X4Y 4 for every
X,Y € B"™. Thenext lemmawill allow usto formulate
anotherdefinitionof A-Booleanfunctions.

Lemma3.1l LetB = (B,V,-,,0,1) be a Booleanalge-
bra, F : B* — B, X € B*and A € {0,1}". The
following conditionsare equivalent:

1. X4F(X) = XAF(A);
2. F(X)+ F(A) <1+ X4,
3. F(X)+ F(Y) <1+ XAY“4 foreveryY € B".

Proof. (1) implies(2): We have X4(F(X) + F(A)) =
XAF(X)+ XAF(A) =0.

(2) implies(3): By theVerificationTheoremwith respect
toY becausdor Y = A condition(3) reducego (2), while
forY € {0,1}™—{A}, condition(3) reduceso theidentity
F(X)+F()<1.

(3) implies (1): By condition(3), choosingl” = A we
have F(X) + F(4) < 1+ X444 = 1+ X4. Thus,
XAF(X) + XAF(A) < X4 + X4 = 0, which implies
XAF(X)+ XAF(A) =0. |

Definition 3.2 Let B = (B, V,,’,0,1) beaBooleanalge-
bra. A function F' : B® — B is locally Booleanat point
X e B"if

F(X)= \/ FA)X" 2)

Ae{0,1}"

If F'is locally Booleanat X, thenwe saythat X is a
Booleanpoint of F. I

It is easyto seethatall pointsC' € {0,1}" areBoolean
pointsfor F'.

Theorem3.3 Let FF : B®™ — B be a functionand let
X € B",wheeB = (B, V,-,,0,1) isaBooleanalgebra.

X € B™ isaBooleanpointof F' if andonlyif anyofthe
equivalentconditionsof Lemma3.1 are satisfiedfor every
A e {0,1}™

Proof. Supposethat X is a Booleanpoint of F'. By
multiplying both sidesof the equality (2) by X4 we have
XAF(X) = XAF(A), which is the first condition of
Lemma3.1.

Corversely supposdhat X4F(X) = XAF(A) is sat-
isfied for every A € {0,1}". Then, by taking the join of
theseequalitiesandusingPart 1 of Lemmal.1we have:

Fx)= \/ x‘rx)= \/ X'F4),
Ae{0,1}" Ae{0,1}"
whichshavsthat X is a Booleanpoint of F'. |

Note thata point X € B™ is isolatedin the graphI'r
if andonly if thereis noedge(X,Y) forary Y € B™, or,
equialently, if

FX)+FY)< (X +Y)V.

for everyY € B™ — {X}. ThereforethegraphI'r of ary
Booleanfunctionis totally disconnected.



Lemma 3.4 Thefollowing conditionsare equivalent:
1. F(X)+ F(Y) < (X +Y)V foreveryY € B,

2. F(X) + F(Y) < 14V ego3- XAYA for every
Y € B™,

3. F(X)+ F(Y) <1+ XAY 4 for everyY € B™ and
everyA € {0,1}".

Proof. The equivalenceof the first two conditionsfol-
lows immediatelyfrom Part 2 of Lemma1l.1. Using the
DeMorganLaw

1+ \/ Xx'v4=
Ae{0,1}"

A @+x4v4),
Ae{0,1}"

we obtainthe equivalenceof thelasttwo conditions. |

Theorem 3.5 Every isolated point of a function F' is a
Booleanpoint of thefunction.

Proof. Supposethat X € B™ is an isolatedpoint of
F. Then,by Lemma3.4we have F(X) + F(Y) < 1+
Vaego,13 XAy 4 for everyY € B™. In particular taking
Y = A€ {0,1}" wehave

F(X)+F(4) <1+Xx4

for every A € {0,1}", whichis oneof the equivalentcon-
ditionsof Lemma3.1. |
If B is afinite Booleanalgebrathat hask atoms,then
|B"| = 2k". Thus,it is easierto testwhetherX € B"
is a Booleanpoint for a function F' thanto testwhetherX
is anisolatedpointin T' (2% vs. 2k") tests),especiallyif
B hasa large numberof atoms. In computingthe graph
T'r, we bagin by identifying the Booleanpointsand, then,
determinawhich of theseareisolatedpoints.

Example 3.6 Considethe4-elemenBoolearnalgebraB =
({0,1,¢,c'},v,-,,0,1) andafunctionF : B — B. We
saw that0, 1 areBooleanpoints. We claim 0 is anisolated
pointin thegraphl' if andonlyif F(0) = cF(c')+c F(c);
similarly, 1 is anisolatedpointin I'r if F(1) = ¢F(c) +
dF(cd).

An element is anisolatedpointin ' if andonly if the
all of thefollowing conditionsaresatisfied:

Fla)+ F(0) < a,

Fla)+ F(1) < a+1,
F(a)+ F(¢) < a+eg,
Fla) +F(d) < a+(.

It is clearthata = 0 trivially satisfiesthe first two condi-
tions. Thus,0 is anisolatedpoint if andonly if F(0) +

Figure 1. The Graph Tr

F(c) < candF(0) + F(d') < ¢'. Theseconditionsim-
ply F(0)d = F(c)d andF(0)c = F(c')c, respectiely.
Adding the last two equalitiesyields F(0) = cF(c') +
' F(c).

Corversely if F(0) = cF (') + ¢'F(c), then F(0) +
F(c) =cF(c')+cF(c) <candF(0)+ F(c') = 'F(c) +
dF(d) < ¢, which shavs that0 is anisolatedpoint. The
argumentfor 1 is similar.

It is not difficult to seethatc is anisolatedpointif and
only if F(c) = cF(1) + ¢'F(0), hencec' is sucha point
if F(c') = ¢F(0) + ¢ F(1). Further if bothec and¢’ are
isolatedthensoare0 and1.

Consider for example, the function F' defined by
F(0) =0, F(c) =, F(c') = F(1) = 1. Noneof the
verticesof I'r is isolated.Indeed thegraphof this function
is shovnin Figurel.

Sincethe graphis not the totally disconnectegraph, F’
is not a Booleanfunction; however, the chromaticnum-
ber of this graphis 2, becausdhe sets€, = {0,1} and
€1 = {c¢, '} aremaximalindependensets. The Boolean
interpolatingfunctionsare:

F(0)(z°0° v z*0!) v F(1)(2°1° v 21! = &,
F(e)(z° v zteh) v F(d)(2°() v 2 ()Y
(@' vze)vi(z'evad)

= 2'dvaevad =2x'ved =z'v .

feo()
f(‘31 (II}) =

Note thatfor both €y = {0,1} and@; = {¢,c'} theinter
polatingfunctionsareunique.

Example 3.7 Considerthe binaryfunction 7 : B2 —s B,
whereB is thefour-elementBooleanalgebraintroducedn
Example3.6 and F' is the binary function specifiedby the
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O

Figure 2. 'z for the function F : B2 — B of
Example 3.7

following table:

Flz,y) |0 ¢ ¢ 1
0 01 01
c 1 0 1 0
d 01 01
1 1 0 1 0

The graphI'r is shavn in Figure 2. The Booleanfunc-
tionsthatcorrespondo the maximalindependensetsC, =
F~1(0)and€; = F~1(1) arefe,(X) = 0and

fa(X) = xAy4

vV v

F(Y)=1Ae{0,1}"

=V \V/ x4y

Ae{0,1} F(Y)=1

V x4\ vh

Ae{0,1}" F(Y)=1

A directverificationshavs that

\/ Y(O,O) = ¢
F(Y)=1

V Yoy - g
F(Y)=1

Vo Yo =

F(Y)=1

VAR LE

F(Y):l
Thus,

fe (X) = X©O0y x OOy x1.0) y x LD,

4 Conclusionsand Open Problems

The graphT'r of anarbitraryfunction 7 : B® — B
over a Booleanalgebradefinedin this paperis a tool for
determiningBooleaninterpolationsusing the independent
setsin suchgraphs.An algorithmthatfinds maximalinde-
pendensetsusingBooleantechniquess givenin [7].

If K isamaximalindependensetandX € B™ denote
by b% aBooleanvariable where

x_J1 fXeK
X7 )0 otherwise

Then,the K is amaximalindependensetin I'r if thefam-
ily {b%} satisfiethe systemof Booleanequations

o = JL0E) | F(X)+F(Y) £ (X +Y)V}

for X € B™. Suchsystemsanbesolvedusingabranching
technique,asdiscussedn [7]. We are now developinga
specializedalgorithmthat begins with the specificationof
the non-Boolearfunction in a takular form and generates
themaximalindependensetsof thegraphl's.

Graphsof specialclasseof functionssuchasgeneral-
ized Booleanfunctions(see[13, 14, 15]), or chain-\alued
functions,etc. shouldalsobeinvestigated.
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