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Axiomatics of Entropy:

Khinchin (1957)

Fadeev (1956)

Ingarden and Urbanik (1962)
Rényi (1959)

Daroczy (1970)

Devijer (1974)
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Previous Results

Simovicli and Jaroszewicz (2002, Transactions of
Information Theory): axiomatics of entropy based on
the notion of partition:

makes use of the properties of the semimodular
lattice of the partitions of finite sets;

captures a broad variety of entropies (Shannon’s
entropy and Gini index among them);

connects entropy (via partitions) to relational
databases, and

allows development of several
Information-theory-based algorithms in data
mining.
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Entropy and MVL

It was shown that the entropy associated with the
kernel partition of a finite function gives an evaluation

of the minimum energy dissipated by a circuit
Implementing that function (within a certain

technology).
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Partitions
PART(S): set of partitions of set S

Partition 7 = { By, ..., B}
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Partitions Partial Order
o < 7 If each block C of ¢ i1s Iincluded in a block of .

Partition o = {C,...,Co} <
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Operationsinvolving partitions

If .S, T" are two disjoint sets,
m € PART(S),0 € PART(T), mn ={B;|i € 1},
and o = {C, |7 € J}, then

T+o={BlicI}U{C;|je J}

IS a partitionon S U T.

For any sets S, T, m € PART(S), o € PART(T),
and m ={B;|iel},ando ={C;|j € J}, the
partition 7 x 0 € PART(S x T is

nxo={B;xCj|ltelandje J}.

An Abstract Axiomatization of the Notion of Entropy — p. 7/:



Axiomsfor Entropy

A family of (®, 5)-entropies is a a collection of
functions kg : PART(S) <« Rr>( such that:
ENTL1: if m, 7’ € PART(S), 7 <« implies
kg(m') < ks(T);
ENT2: if A, B are two finite sets,
ka(ta) < kB(Ls);

A| < | B| implies
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Axioms for Entropy continued

ENT3: if r € PART(A),0c € PART(B),and AN B = (),
then:

(1A Y
Kaug(m+0) = <\A[+\B\) ka(m) +

B\’
(\Ar n \B\) “5(0)
+/{AUB({A> B})

ENT4: For m € PART(S), 0 € PART(T), kgxr(m X 0)
is a function of k4 () and k(o).

An Abstract Axiomatization of the Notion of Entropy — p. 9/:



Entropy of Partitions of Finite
Sets

A family of functions of the form
k4 : PART(A) < ®r>, indexed by finite sets has the

form:
() (1 - Z | A)

where 7 = {C4,...,C,} € PART(A) and

limg_1 k(G)(1 — 3) is finite.
When 5 — 1 we have the Shannon entropy
5 = 2 gives the Gini index.
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Partitions and Equivalences

A relation p on A Is an equivalence If it Is reflexive,
symmetric and transitive.

A 1s the domain of p, A = D,
A block of p I1s a non-empty set B, B C A such that

B x B C p,and
Bx(A-—B)U(A—B)xBCAXxA-—p.
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Ordinal Numbers
Primary notions: class and membership

A set Is a class « such that o« € 3 for some class
O.

A class a Is e-transitive If 5 € v € o Implies

B8 € a.

A class Is an ordinal 1f it Is €-transitive and each
member of o IS e-transitive.
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Well-ordersand Ordinals

If o is a class, then « + 1 denotes the class o U {«}.
ORD is the class of all ordinals.

For every ordinal « the relation

{(B,7)|8,ycaand 3 =~or 3 c~}isa
well-ordering on .

Every well-ordering is isomorphic to some
well-ordering derived as above from an ordinal.
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Ordinalsand the AC

et 7 be an equivalence.
AC =-: The blocks of 7 can be indexed by an ordinal

a,
m={C¢€ < af

a 1S the indexing ordinal for .
Example: If o = w4+ 1, then 7 = {Cy, C1,...,C,}.
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Equivalences

p L oif pand o are disjoint, thatis D, N D, = 0.

p E o 1f every block of p Is included in a block of
0.

LXE{(%:E)\:E c X}wx =A{(z,y)|z,y € X},
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Systemic Collections of Equiva-
lences
Let

7 be an equivalence,

«, an indexing ordinal for ,

¢ an ordinal such that ¢ < a.

¢ IS the equivalence having the following quotient
set:

for every x € C. with 7 < £ a singleton block
{x}, and

C¢ forevery ¢ suchthat ¢ < ¢ < o
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A non-void collection of equivalence relations £ Is
systemic If forevery m, o € &:

m LoimmpliesTtUo €€,
wp. € &;

the blocks of 7 can be listed as {C¢ | £ < a} such
that:

e € Efor g < a;

for ¢ < « the equivalence with blocks
{C. |1 # &} belongs to &;
W(, c €.
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Let £ be a systemic collection of equivalence
relations. The support of £ Is the family of sets

supp(&) = {X |wx € £}

Every block of an equivalence relation 7 of £ belongs
to supp(€&).
Let C¢ be a block of 7 € £.

3. = W(, c&.
The indexing ordinal of we, € £ 15 0.
30 = (we,)o = te, € €,50 Cg € supp(€).

An Abstract Axiomatization of the Notion of Entropy — p. 19/:



An Example...

[ A, ...

0

, A1} n pairwise disjoint finite sets;
.., 7" n equivalence relations on each of

these sets, respectively.
Let £ be the family of equivalence relations given by:

1.
2.

3.
4.
D.

every equivalence 7% belongs to &;

If C'Is a block of an equivalence relation of &,
then 1o € &;

ifr, 7 efandr L7/, thenmUn’ €&;
ifocec&and p C o,thenp € &;
if e & thenwp_€ &,

£ 1s a systemic family of equivalence relations.
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M easure on Support Sets

A measure on supp(€) is a monotone map from
(supp(€), <) into (rR>(, <) such that for all
X,Y € supp(&) we have:

1. w(X) > 0;

2. XNY =0implies u(X UY) = u(X) + u(Y),
and

3. there exists Z € supp(€) suchthat X N Z = ()
and u(X) = p(2)
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Notations

Let 5 € rR>g, B > 0 and let v be a monotonic (i.e.,
nondecreasing) self-mapping of (r>q, <). The
mapping A, is defined by A\, (X) = v(u(X)) for every
set X.

If v IS fixed, or understood from context, then we
simply write X instead of \,.

For X, Y € supp(€) such that X N'Y = () define

”Y<m§§§05‘
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Weak (67 )\7 ,u)-entropy

Let £ be a systemic set of equivalence relations. A
weak (5, A, p)-entropy is a mapping « : £ < Rxg
satisfying the following conditions:

(P1) k(tx) = AX) forall X € supp(E).

(P) Forall p,o € Ewithp L oand X =D,,
Y = D, we have:

k(pUo) =cxyr(p) + cyxk(o) + klwx Uwy).
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(P3) If m € £ and « is indexed by an ordinal o, where
{C¢ | €& < a} isalisting of the blocks of 7, then
for each ( < o define

- <M(C<))6.
* \ (D)
For an ordinal & < « consider the equation:

k() = K(me) — Y dTA(Ce). (4¢)
(<t

If 7 < acis a limit ordinal and (4¢) holds for all
¢ < 7, then (4,) holds.
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Let £ be a systemic family of equivalence relations
and let x be a weak (3, A, i1)-entropy.
We have k(wx) = 0 for all X € supp(€&).
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Let £ be a systemic family of equivalence relations,
a measure on supp(€), 0 € £, and let Y € supp(€)
be a set disjoint from X = D,. Then, for the

(8, A, u)-entropy « we have:

kK(oUty) — k(o Uwy) = cyxA(Y).
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Main Result
et
£ be a systemic family,

k bea (6, A, u)-entropy satisfying (Py)-(F3),
m € &£ be an equivalence relation whose blocks

are listed as {C¢ | £ < a}, where « is an indexing
ordinal of 7, a > 0.

If xisa (3, A\, u)-entropy we have:

k() = A(Dr)—» dTA(Cy).

(<«
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Extension to any number of equivalence relations
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Another Preliminary Result

Let £ be a systemic collection of equivalence relations
and let p € £ be an arbitrary equivalence relation. Set
X =D, andlet p L wy forsome wy € &. Then, we

have:
k(pUwy) = p(XUY) P u(Y)k(p)+k(wxUwy).
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Property P,

Let o > 0 be a limit ordinal and let
(7l© € £1¢ < o) be afamily of
equivalences indexed by «. If

1. 79 C 7®) whenever ¢ < € < «, and

2. 0% = Je., 7 belongsto &,
then

k(o) = inf{rk(7) | € < a}

The first part of (P,) means that {7(¢) | ¢ < o} form a
well-ordered chain of type «.
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Main Result - 11
Hypothesis:

£ is asystemic set and let x be a (5, A, 11)-entropy
satisfying (P;)-(FPy);

let o be an ordinal, o > 3;

let p©) € & forall ¢ < a be such that pl©) 1 p'®)
whenever ( < € < q;

for0 < ¢ <aseto® =J. . p'*

Suppose that o(7 € & for all limit ordinals 0 < 7 < «.
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continuation...

Conclusion:
Then,

1. ¢¥) e Eforall 0 < € < q,

2. and

k(o) = p(X)Y  u(Xe) k() +
E<a
K U ng )
E<a

where X = D forevery { < aand X = D, .
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An Example

Assumptions and Notations:

{Ay, ..., A,_1} isacollection on n pairwise
disjoint finite sets and 7V, . .., 7(»~V are n
equivalence relations on each of these sets,
respectively.

Denote A = | JI— As.

Let £ previously introduced. Choose u(X) = | X|
for X € supp(€) and let v(p) = p for p € r>.
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Example continued ...

Let x be a (3, A\, u)-entropy that satisfies (P;)—(FPy).
Then,

K (U w@) = AP A k(x4 & (U wAi) ,

1=0 1<n 1<n

which is the central result (Corollary I1.7) of Simovici
and Jaroszewicz.

An Abstract Axiomatization of the Notion of Entropy — p. 34/:



Extension of Entropy Axiomati-
zation

to partitions of arbitrary sets by using:
measures,
ordinal numbers, and
transfinite induction.

This approach clarifies the mathematical bases of the
argument made for partitions of finite sets.

Further exploration of this approach appears useful
for various class of measures on systemic families of
equivalence relations.
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