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ABSTRAET. We introducean extensionof the notion of Shannorconditional entropy to a mote
geneal form of conditionalentopy that captuesboth the conditional Shannorentropy and a
similar notionrelatedto the Gini index. Theproposedamily of conditionalentropiesgeneates
a collectionof metricsover the setof partitions of finite sets,which can be usedto construct
decisiontrees. Experimentalresultssugyest that by varying the parameterthat definesthe
entropy it is possibleto obtainsmallerdecisiontreesfor certain databasesvithoutsacrificing
accurracy.

RESUME. Nousprésentonsine extensionde la notion de I'entropie conditionnellede Shannon
a uneformeplus généale d’entropie conditionnellequi formalisel’entropie conditionnellede

Shannoretunenotionsemblabldiée a I'index de Gini. La famille proposéed’entropiescondi-

tionnellesproduitunecollectionde métriquessur I'ensemblede partitionsdesensemblefinis,

qui peuventétre employéepour construie desarbres de décision.Lesrésultatsexpérimen-
taux suggerent qu’en changeantle paramete qui définitl'entropieil estpossibled’obtenir de

plus petitsarbresde décisionpour certainesbasesde donnéesanssacrifierI'exactitudede la

classification.
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1. Intr oduction

In [SIM 02] we introducedan axiomatizationof a generalnotion of entroyy for
partitionsof finite sets. The systemof axiomsthatwe proposedshavs the common
natureof Shannorentropy andof othermeasure®f distribution concentratiorsuch
thatthe Gini index.

Let PART(A) be the setof partitionsof the nonemptyset A. The classof all
partitionsof finite setsis denotedy PART. Theone-blockpartitionof A is denotedby
wa. Thepartition{{a} | a € A} isdenoteddy 14. If =, 7' € PART(A), thenw < =’
if everyblock of 7 is includedin ablock of 7', Clearly, for everym € PART(A4) we
harers <7 < wa.

The partial orderedset (PART(A), <) is a lattice (see,for examplea very lucid
studyof this latticein [LER 81]). If 0,0’ € PART(A), theno' coverses if ¢ < ¢’
andthereis no partitionoy € PART(A) suchthato < o1 < ¢'. Thisis denotedby
o < d'. It iseasyto seethato < o' if andonly if ¢’ canbe obtainedrom o by fusing
two of its blocksinto ablock of ¢’. Thelargestelemeniof PART(A) is theone-block
partitionw 4; theleastelements the partitiont4 = {{a} | a € A}. Theinfimum of
two partitionsm, o € PART(A) will bedenotedby 7 A 0.

If A, B aretwo disjointandnonemptysets,r € PART(A), 0 € PART(B), where
m={A1,...,An}, 0 = {By,..., B}, thenthepartition + ¢ is the partition of
AUBgivenbyn + o0 = {A1,...,An,B1,...,Bp}.

Wheneverthe“+” operationis defined thenit is easilyseento be associatie. In
otherwords,if A, B, C arepairwisedisjointandnonemptysets,andr € PART(A),
o € PART(B), T € PART(C), thent + (6 4+ 1) = (w+ o) + 7. Obsenethatif A, B

aredisjoint,thent4 + v1p = taus. Also, w4 + wp is thepartition {4, B} of theset
AUB.

Ifm={A,...,An}, 0 = {Bu,..., By} arepartitionsof two arbitrarysetsthen
we denotethepartition{A4; x B; | 1 <i<m,1 < j <n}of Ax Bbyr xo. Note
thatig X tp = taxp aNdw4 X wp = WAxB.

The axiomatizationintroducedin [SIM 02] consistsof four axiomssatisfiedby
severaltypesof entropy-lik e characteristicef partitions.

Definition 1.1 Letg € R, § > 0,andlet & : RZZO — R>¢ beacontinuousfunction
suchthat®(z,y) = ®(y,z), ®(x,0) = z forz,y € Rxo.

A (@, 3)-systenof axiomsfor a partition entopyH : PART(A) — R>( consists
of thefollowing axioms:

(P1) If m,7" € PART(A) aresuchthatr < 7', thenH(7') < H(x).

(P2) If A, B aretwo finite setssuchthat|A| < |B|, thenH(t4) < H(¢B).



(P3) For every disjoint setsA, B andpartitionst € PART(A), ande € PART(B)
we have:

B el
Hir+0) = <7|Allf|lBl) H(r) + (7|AllfllBl> H(o) + H({A, BY).

(P4) If = € PART(A) ando € PART(B), then((r x o) = &(H(x), H()).

Obsere thatwe postulatehatH (w) > 0 for ary partition sincetherangeof every
functionH is Rxo.

For a choiceof g theseaxiomsdeterminean entrogy function Hz up to a con-
stantfactor The samechoice also determinegshe function ®. The entropiesde-
fined for 3 # 1 were namednon-Shannorentropies. In this case,for a partition
m={A;,...,A,} € PART(A) we have:

sy =k [1-3° (@)ﬂ
wherek is a constanthatsatisfiesheinequality k(8 — 1) > 0. Thus,for 5 > 1 we
have
n ) el
= (13 (4)),
andfor g < 1 we have

(1451
Hp(m) =c Z =) —-1],
— \ 4]
J
for somepositive constante, wherec = k if 5 > 1, andc = —k wheng < 1. In

eithercasewe have ®(z,y) = = +y — tzy for z,y € Rxo.

Thecases = 1 yieldsthe Shannorentropy, thatis
"L |A; A;
Hy(n) = —CZ Mlog M
Also,if f =1,then®(z,y) = = +y forz,y € R>o.

2. GeneralizedConditional Entr opy

The generalizedentropiespreviously introducedgeneratecorrespondingyeneral-
ized conditionalentropies.Let 7 € PART(A) andlet C' C A. Denoteby 7 the



“trace” of w on C givenby n¢ = {B N C|B € w suchthatB N C' # (}. Clearly,
mc € PART(C); also,if C'is ablockof 7, thenme = we.

Definition 2.1 The conditionalentiopy definedby the (®, §)-entropy H is thefunc-
tion H : PART? — Rxg givenby:

:Hjﬁ(ﬂ-kf) = Z % : j{ﬂ(ﬂ-cj)a
Jj=1
wherer, o € PART(A) ando = {C4,...,Cy}. 0

ObserethatHg(r|wa) = Hp(m).

A directconsequencef the Axiomsis thatH(w4) = 0 for ary setA (Lemmall.2
from [SIM 02]). Thefollowing reciprocalresultalsoholds:

Lemma 2.2 Let A bea finite setandlet 7 € PART(A) sudthatH(w) = 0. Then,
T =WA.

Proof. SupposehatHg(w) = 0 butm < w4. Then,thereexists a block C' of
m suchthat) ¢ C C A. If § = {C,A — C}, thenclearlywe have 7 < 6, so
0 < Hp(0) < Hp(m), whichimpliesHz(8) = 0. If 5 > 1,then

c\’ [1A-c\?
3o (6) =c<1_ (%) - (' - ') ) 0.
The concavity of thefunction f(z) = z? + (1 — )% on [0, 1] (whengs > 1) implies

eitherC = A or C = §, whichis acontradiction.Thus,m = w4. A similarargument
worksfor the othercases. |

Theorem2.3 Let A beafinite setandlet 7, € PART(A). We haveHg(w|o) = 0
if andonlyif o < 7.

Proof. Supposg¢hato = {C1,...,Cr}. If 0 < 7, thenrtg, = we, forl <j <mn,
soHs(w|o) = 0. Corversely supposehat

IHp(rlo) =Y % Hy(rey) = 0.
j=1

This implies Hg(nc;) = 0for1 < j < n,somg; = wg; forl < j < n by
Lemma2.2. This meanshatevery block C; of ¢ is includedin ablock of 7, which
implieso < 7. |



Notethatthe partition7 A o whoseblocksconsistof nonemptyintersectionsr and
o canbewrittenaswt Ao = ¢, +---+ m¢, = op, + --- + 0B,,. Therefore by
Corollaryll.7 of [SIM 02], we have:

n ) Jel
j‘fg(ﬂ' ANo) = Z (W) J‘Cg(ﬂcj) +3‘C,3(U).

For thoseentropieswith 5 > 1 we have
Hp(m A o) < Hg(rlo) + Hg(o), @

while for thosehaving 8 < 1, the reverseinequality holds. In the caseof Shannon
entropy, 8 = 1 and

Hi(mwAo) = Hi(w|o)+ Hi(o) @3]
= Hy(o|w) + Hi(w).

Lemma2.4 Leta,b € [0,1] sudthata + b = 1. Then,for 3 > 1 wehave:

n

Z(axi -I-byz-)ﬁ < aixf +biyf,

i=1 =1 i=1

for everyzy,...,zn,v1,-..,yn € [0,1]. For 8 < 1, thereverseinequalityholds.

Proof. Theconcaity of the function f(z) = 2 for 8 > 1 ontheinterval [0, 1]
implies (az; + by;)® < a:cf' + byf. Summingup theseinequalitiesgivesthe desired
inequality

The secondpartof thelemmafollows from the corvexity of the functiong(z) =
= on|[0,1] whenj < 1. |

Theoremg.5and2.8 extendwell-known monotonicitypropertiesof Shannoren-
tropy.

Theorem2.5 If 7,0,0’ are partitions of the finite set A suc that e < ¢/, then
Hp(nlo) < Ha(n|o') for g > 0.

Proof. To prove this statemenit sufficesto consideronly the casewhens < o'.

Supposeénitially thats > 1.

Leto,0’ € PART(A) suchthato < ¢'. Supposehat D, E areblocksof o such
thatC = D U E, whereC'is ablock of ¢’; thepartitionr is { B, ..., B, }.

Definex; = ‘Bl ”lDl andy; 'B ”E‘ for1 < i < n. If we choosea = Eg“ and

b= {g{ , then

— |[B:nCP |BinDJ? |B:inE°
|0|_§; T _|D|Z D +|E|Z T
1=



by Lemma2.4. Consequentlywe canwrite:

Hp(w|o)
4 1D |E|
|A|:}CB(7TD) |A|j{ﬁ(7TE) +-
DI (, ~1B.nDP\ Bl (, ~~|B.NE)
Nt N ) PR At R Rt ) R e
A4 ; |D? 4] ; |E|#
(4] ~|BinCl’ ,
< = 1= — = | + - =Hp(m|o').

For 8 < 1 wehave

n
|BmC| |B; N D" NnDJP |Bi N E|” nE|P
C D +|E
1Y e 2| |Z T ||Z T
by thesecondpartof Lemma2.4. Thus,

Hp(mlo)

D| (§~1B:in D B (§~ 1Bin B
e e | LA T
Al 2 DI 4] 2 Bl

i=1 =1

IOl ([~ |BinC)? )
~1 -1 R X
4 a Z ol + Hp(rlo")

=1

|A| g‘fg(ﬂE) + -

IN

For 8 = 1 theinequalityis awell-known propertyof Shannorentrogy. |
Corollary 2.6 For everym,o € PART(A) andj > 0, wehaveHg(w|o) < Hp(m).

Proof. Sinces < w4, by Theorem2.5wehave Hg(w|o) < Hp(mw|lwa) = Hg(n).
1

Corollary 2.7 Let A beafiniteset.For 3 > 1 wehaveHg(mAo) < Ha(m)+Hp(o)
for everym, o € PART(A).

Proof. By Inequality(1) andby Corollary 2.6 we have
Hp(m A o) < Hp(wlo) + Hp(o) < Ha(m) + Hp(o).



Theorem2.8 If &, 7', o are patrtitions of the finite set A suc that # < =, then
Hs(nlo) > Hs(n'|o).

Proof. Supposéhato = {C4y,...,Cy}. Then,it is clearthatmg; < 7r'C for1l <
j < n. ThereforeHg(nc;) > .‘Hﬁ(w J) by Axiom (P1), whlch|mpI|eS|mmed|ater

thedesirednequality |

Lemma 2.9 Let A bea nonemptysetandlet { A, A"} bea two-blok partition of A.
If = € PART(A), o' € PART(A'), ando” € PART(A"), then

‘ I|g_f ! ! |A”|g_(' " "
(71'|U +o ) |A| 5(71' |J)+ |A| ﬁ(ﬂ |J )7

wheen' = 4 andn” = man.

Proof. Notethato’ + o' is apartitionof A. Thus,we canwrite:

F
Holala' +0") = 3 A}W ")+ Z%Ww)
Ee€g’ Feo
_ |2, 7|
E€a’ Feo
AI AII

Theorem?2.10 Let A bea nonemptysetandlet {4, ..., A,} bea partition of A. If
m € PART(A), o € PART(Ag) for1 < k </, then

Hp(mlor +---+ oy) Z ||A| Hp(mk|ok)
wheen, =74, forl1 <k </

Proof. Theresultfollowsimmediatelyfrom Lemma2.9 dueto theassociatiity of
thepartial operatiort‘ 4. |

Theorem2.11 If 8 > 1, thenfor every threepartitions w, o, 7 of a finite set A we
have

Ha(nlo A1)+ Hp(o|T) > Ha(m A o|7).

If 8 < 1 wehavethereverseinequality andfor 5 = 1 wehavethe equality

Ha(nlo A1)+ Hp(o|T) = Ha(m A o|T).



Proof. Supposehatr = {By,...,Bn}.0c = {Ci,.. .,Cm}, andr = {Dy,...,D,}.
We notedalreadythato A7 = op, +---+0p, = 7¢, + --- + 7¢, . Consequently
by Theorem2.10we have Hg(o A 7) = Ef; 1 |€4k“j'fg(7TDk|0'Dk) Also, we have

Hp(o|r) = iy P H(oD,)-

If 8 > 1wesaw thatHs(np, Aop,) < Hg(mp,|lop,) + Ha(op, ), for everyk,
1 < k < £, whichimplies

D
Holo Am)+ Halolr) > Z B3¢m0, now,)

- Z||A| Ho((r A o))

= Ha(m Aol7).

Usingasimilarargumentwe obtainthe secondnequalityof thetheorem.Theequality
for the Shannorcasewasobtainedn [MAN 91]. |

Corollary 2.12 Let A beafinite set.For 8 > 1 andfor 7,0, 7 € PART(A) wehave
theinequality: Ha(r|o) + Hp(o|r) > Hp(w|T).
Proof. Notethatby Theorem2.5we have:
Hp(mlo) + Hp(o|r) = Hp(nlo A1) + Hp(o|T).
Thereforefor g > 1, by Theorem2.11and2.8we obtain:
Hp(rlo) + Hp(olr) 2 Hp(x Aolr) = Hp(r|r).

Thefollowing resultgeneralizes resultof Lopezde MantaragMAN 91]:

Corollary 2.13 For 8 > 1 definethemappingds : PART(A4)? — Rxo byds(m, o) =
Hp(mlo) + Hp(o|r) for m,0 € PART(A). Then,ds is ametricon PART(A).

Proof. If dg(m,0) = 0, thenHg(n|o) = Hp(o|r) = 0. Therefore,by Theo-
rem2.3wehaves < 7 andrw < o, som = ¢. Thesymmetryof dg isimmediate.The
triangularpropertyis adirectconsequencef Corollary2.12. |

In [MAN 91] it is shavn thatthe mappinge; : PART(A)? — R>, thatcorre-
spondgo Shannorentropy, definedby

dy(m,0)
Hy(m A o)

for m,0 € PART(A) is alsoametricon PART(A). Thisresultis extendednext.

e1(m,o) =



Theorem?2.14 Let A be a finite, non-emptyset. For 8 > 1, the mappingeg :
PART(A)? — R, definedby

2dg(m,0)
m,0) + Ha(m) + Hp(o)

eg(m, o) = o

for m,0 € PART(A) isametricon PART(A) sudthat0 < eg(m, o) < L.

Proof. It easyto seethat0 < eg(w,0) < 1 since,by Corollary 2.6, Hg(w) +
Hp(o) > Hp(w|o)+Hg(o|m) = dg(m, o). Weneedio shav only thatthetriangualar
inequalityis satisfiedby eg for 3 > 1. We canwrite:

eg(m,0) +eg(o, 1) =
Hp(mlo)+Fg(o|m) + Hp(o|T)+I (7o)
Hp(mlo)+Hg(o|m)+Hp(m)+Hp(o) ' Halo|r)+Hp(r|o)+FHp(o)+TH ()"

Notethat

Hp(m|o) + Hp(o|m) + Hg(m) + Hg(o) <
Hp(mlo) + Hp(o|m) + Hp(o|r) + Hp(r|o) + Ha(m) + Hpa(T)

becausé&{s(o) < Hg(o|r) + Hs(r) by Inequality(1) andAxiom (P1). Similarly,

Ha(o|r) + Hp(r|o) + Hpa(o) + Hp(r) <
Ha(mlo) + Ha(o|m) + Hp(o|r) + Ha(r|o) + Ha(m) + Ha(T)

becausé&{s(o) < Hg(o|r) + Hp(w). Thisyieldstheinequality:

eg(m,o) +eg(o, 1) >

Hp(n|0)+3p(o|m)+FHp(o|T)+Hp(7|0) _
%ﬁ(7r|0)+f}fza(0|ﬂ)l+?fa(alf)+9fﬁ(T|0)+?Cﬁ(7r)+9fﬁ(r)
1 Ha(m)+Hg(r) Z )
+ R 90 T+ R g T+ H (1)
T T T eg(m, ).

I+ g5 (#9305 (1)

For 8 = 1, e;(m,0) = }‘égfg) dueto equality (2), which coincideswith the

expressiorobtainedn [MAN 91] for the normalizeddistance.

3. A Monotonicity Property of GeneralizedDistances

We prove a monotonicitypropertyof the generalizedlistancedg that shavs that
the selectiorof splitting attributesbasecn theminimal entropicdistancedz doesnot
favor attributeswith largenumberof values.

Theorem3.1 Let A be a finite setsand let 7, 7',0 € PART(A) be three parti-
tions sudh that 7’ is covered by w. In otherwords, 7= = {Bi,...,Bp} andn =



{By,...,B.,,B}}, whee B,, = B], UB]!. Supposalsothatthere existsa block
C of ¢ sud that B, C C. Then,if § > 1, we haveds(w,0) < dg(n',0) and
eg(m, o) <eg(n', o).

Proof. For the caseof Shannors entropy, 8 = 1, the inequalitieswere proven
in [MAN 91]. Thereforewe canassumehatj3 > 1.

We claim thatunderthe hypothesiof thetheoremwe have Hg (o |r) = H(o|n').
Notethatog,, = wg,,, 0B, =ws: ,andop: = wp:,sinceB;,,B]! C B, C C.
Therefore H(og,,) = H(op: ) = H(op: ) =0, hence

m m— B
Hp(olr) = Z Z ||A||5{B op;) = Ha(o|n").

i=1 =1

Theorem2.8impliesHg(w|o) < Ha(n'|o), which givesthefirst inequality
Notethatthe secondequalityof thetheorem:
Hp(xlo) + Hp(o|r)
eg(m,o0) =
20 = 5T + Hlolm) + I(m) + To(@)

Hs(n'|o) + Hp (o) ey o)
Ha(n'|0) + Hp(ola') + Ha(@) + Halo)

is equivalentto
Hplo) +Hg(m)  Hg(o) +Hp(r')
Hp(mlo) + Hg(olm) = Hp(w'|o) + Hp(o|r')
Applying the definition of conditionalentrogy we canwrite:
C] [lBLnI’B [Bml® _ |Bml|?

Al [Jc]e " Jcip IC)B

®3)

Hp(nlo) — Hp(n'|o) =

and BLY + B — B
B! + |B — |Bn,
g{,@(ﬂ) - g{ﬂ(ﬂ' ) |A|B )

whichimplies

g—1
%mm—mwmzﬂg)[wm—mw» (%)

Thus,we obtain:
Hp(n'|o) — Ha(n|o) > Hpa(x') — Hpa(m). (5)
By denotinga = Hs(o) andb = Hg(o|r) = Hg(o|n'), thelnequality(3) canbe

writtenas
a+Hg(m) _ a+Hp(x')
> )
Ha(nlo) +b = Hp(n'|o) +b




which, afterelementargtransformationganbe written as

b+ Hpa(n|o)

g-fﬂ(WI'a') - :H:,B(?TlO') Z a—f—fH:B(ﬂ')

(FHp(n") = Hp(n)),

whchis implied by Inequality(5) because

b+ Ha(nlo) <1
a—+ j‘fﬁ(ﬂ')

This provesthesecondnequalityof thetheorem. |

4. Experimental Resultsand Conclusions

Theexperimenthave beenconductean 33 datasetérom theUCI MachineLearn-
ing Repository The J48 treebuilderfrom the Weka packagehasbeenused,n its orig-
inal form, aswell asmodifiedto supportgeneralizecentropy distancedor different
valuesof the 5 parameter The selectionof the splitting attribute in the modifiedal-
gorithmwasbasedn the minimumentropicdistancebetweerthe partitiongenerated
by the attribute andthe targetpartition. Eachexperimentuseds-fold crosswalidation,
averagehasbeentaken of the outcomesof the 5 runsand was performedwith and
without pruning.

The tree sizeandthe numberof leavesdiminish for 18 of the 33 databaseanal-
ysedandgrow for the remainingl5. The bestreductionin sizewasachiesedfor the
primary-tumor databasewherethe sizeof thetreewasreducedo 37%for g = 2.5
andthe numberof leaveswasreducedo 38.8%comparedo the standardl48algo-
rithm thatmakesuseof thegainratio. Onanothehand thelargestincreasen sizeand
numberof leaveswasrecordedfor the pima-diabetes databasewherefor 8 = 1,
we hasanincreaseao 260%in sizeandto 256%in the numberof leaves,thoughsuch
anincreasenccursrarelyamongthe 15 databasewhereincreasesccur

In Figure1 we shov the comparatie performanceof the generalizedentropy ap-
proachcomparedo the standardgainratio for the databasesvhich yieldedthe best
results(audiology, hepatitis, and primary-tumor), in the caseof the prunned
trees. The 100%level refersin eachcaseto the gain-ratioalgorithm. It is interesting
to obsene thatthe accurrag diminishesslightly or improvesslightly, asshavn in ta-
ble 1, thusconfirmingpreviousresultsfMAN 91, BRE 98, MIN 89] thataccuray is
not affectedsubstantiallyby the methodusedfor attribute selection.
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Figure 1. Compaative ExperimentaResults

Database J48 p=1 =15 | =2 B =25
audiology 78.76% | 73.42% | 73.86% | 73.86% | 71.64%
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primary-tumor | 40.99% | 43.34% | 41.87% | 43.34% | 43.05%

Table 1. AccuracyResults

[MAN 91] bE MANTARAS R. L., “A Distance-Basedttribute SelectionMeasurefor Deci-
sionTreelnduction”, Machine Learning vol. 6,1991,p. 81-92.

[MIN 89] MINGERS J., “An Empirical Comparisorof SelectionMeasuredor DecisionTree

Induction”, Machine Learning vol. 3,1989,p. 319-342.

[SIM 02] Simovicl D. A., JAROSZEWICZ S., “An Axiomatization of Partition Entropy”,
IEEE Transaction®on InformationTheory vol. 48,2002,p. 2138-2142.



