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Abstract

We characterize measures on free Boolean algebras and
we examine the relationships that exists between measures
and binary tables in relational databases. It is shown that
these measures are completely defined by their values on
positive conjunctions and an algorithm that leads to the
construction of measures starting from its values on posi-
tive conjunction is also given, including a formula that al-
lows the evaluation of measures for arbitrary polynomials.
Finally, we study pairs of measures generated by ternary
tables, that is, by tables that contain missing or unknown
values.

1. Introduction

The focus of this paper is a study of measures on free
Boolean algebras with a finite number of generators (ab-
breviated as MFBAS) who take their values in the set N of
natural numbers. As we shall see, these measures play an
important role in query optimization in relational databases,
and also, in the study of frequent sets in data mining. We
show that these measures can help us to mine multi-valued
data, in particular, tables that contain null or undefined val-
ues.

LetB = (B,0,1, ~,V,A) be a Boolean algebra, where
0,1 € B are two distinguished elements of B, ~ isaunary
operation, and V, A are two binary associative, commuta-
tive, and idempotent operation that satisfy the usual axioms
of Boolean algebras (see, for example [6, 2]). Here 0 and 1
are the least and the largest element of the algebra, respec-
tively.

We define

b z ifb=1
r = R
z ifb=0,
forx € Bandb € {0,1}.

It is a well-known fact (see, for instance [6]) that a
Boolean algebra B = (B, 0,1, ~,V, A) defines a Boolean
ring structure, B = (B, 0,1, A, &), where A plays the role
of the multiplication, and & the role of addition, where

z®y=(zAy)V(TAY)

for .,y € B. This ring is unitary, commutative, and has
characteristic 2 (since z &z = 0 for every z). Also, 1¢x =
z.

Let A = {a1,...,a,} be a set of n variables. The set
pol(A4) of Boolean polynomials of the n variables in A is
defined inductively by:

1. 0,1, and each a; belong to pol(A4) for1 <i < n;

2. if p, q belong to pol(A), then 5, (p V q), and (p A q)
belong to pol(A).

If p,q € pol(A4), then we denote by (p ¢ ¢) the polyno-
mial (p A q) V (pAq)).

Boolean polynomials of the form
(-+-((mwp2)wps)w - - -wpn) ~ are  denoted by
(pwpaw - -wpy), Where w € {V,A,&}. Also, we
denote by var(p) the set of variables that occur in the
polynomial p.

Let B = (B,0,1, ~,V,A) be a Boolean algebra and
let A = {ai,...,a,} be aset of n attributes. The n-ary
function f, : B® — B generated by a polynomial p €
pol(A) is defined as follows:



1. fo(ﬂ?l,...,xn) = 0, fl(l'l,...,ilfn) = 1, and

fai (@1, ... ,zp) =z forl1 <i < m;

2. fo(zr, ... zn) = fz1,... ,20);

3. fove)(®1,- .- Tn) = folz, ... ,20) V
fo(wi, oo xn), and  foag (@1, ,20) =
folx, ... xn) A fo(za,... ,zp),

for (z1,...,z,) € B™. We write p = g for p,q € pol(4)
if f, = [,

An A-minterm is a Boolean polynomial

b bn
Poy,... b0 = all AN---Nay,

where b; € {0,1} for 1 < i < n. The set of A-minterms
is denoted by mint(A). Any Boolean polynomial in pol(A)
can be uniquely written as a disjunction of some subset of
A-minterms (up to the order of the disjuncts). This observa-
tion implies that the Boolean algebra pol(A) is isomorphic
to the Boolean algebra of collections of subsets of the set
A; thus, pol(A) has 22" elements.

For A = {a1,...,a,} and I = {iy,...,in} C
{1,...,n} we denote by a; the conjunctiona;, A---Aa;,, .
For the special case, when I = () we write a; = 1.

A measure on a Booleanalgebra® = (B, 0,1, ~,V,A)
is a non-negative, real-valued function u : B — R such
that u(z V y) = p(x) + p(y) for every z,y € B such that
zANy=0.

2 A Representation Result for MFBAS

Let A = {ai,...,a,} be a set of variables. In this
context, we find convenient to use the relational database
terminology and we refer to the the members of A as at-
tributes. We attach a set Dom(a;) to each attribute a; such
that |Dom(a;)| > 2. The set Dom(a;) is the domain of a;.

A table is a triple 7 = (T, A, p), where T is the name
of the table, A = {a1,...,ay,} is the heading of the table
and p = {t4,...,tn} is afinite set of functions of the form
ti + A — U,c4 Dom(a) such that ¢;(a) € Dom(a) for
every a € A. Following the relational database terminology
we shall refer to these functions as A-tuples, or simpler, as
tuples. If Dom(a;) = {0,1} for1 < i < n,thenrisa
binary table.

Let 7 = (T, A, p) be a binary table. A query on the
table 7 is a Boolean polynomial in pol(A). This definition
of queries is a formalization of the usual notion of query in
databases.

Example 2.1 To retrieve in SQL all tuples ¢ of 7 such that
at least two of t(aq),t(a2) and ¢(a3) equal 1 we write the
query as

select * from T'where(a; =1 andas = 1) or
(ag=1andasz =1)or
(a1 =1and az = 1);

The condition specified in this select corresponds to the
polynomial (a; A as) V (as A as) V (a1 A as3). [

A query p defines a table Q(p, 7) = (T, 4, pp), Where
pp is defined inductively as follows:

1. po =0and p; = p;

2. if p=aq, then p, = {t € p|t(a;) =1},

3. ifp=gq,then p, = p— pg;

4. ifp=(q1V g2), then p, = pp, U pp, and,

5. ifp=(q1 A q2), then p, = p,, N pp,.
It is easy to see that for a conjunction

AN alm

im

b
p:aill/\...

where b; € {0,1} for 1 < i < m, the set p, consists of
those tuples ¢ such that ¢(a;,) = by for1 < £ < m.

Theorem 2.2 A function p : pol(A) — N is a measure if
and only if there exists a binary table 7 = (T, A, p) such
that p(p) = |p,| for all p € pol(A).

Proof. Suppose that 7 = (T, A, p) is a table. Define the
mapping 4~ : pol(A) — R by u(p) = |p,| forevery p €
pol(A). Let p, g be two polynomials such that (p A ¢) = 0.
Then, pu-(pV @) = |ppvel = |pp U pgl- Since p A g = 0 we

have pp, N py = 0,50 pu-(pV q) = pr(p) + pr(q). Thus,
is @ measure on pol(A).

Conversely, let u be a measure on pol(A4), where A =
{a1,... ;an}. 10 = (bi,... ,by) € {0,1}", py = a¥* A
-+-Aalr isaminterm and z(p;) = k consider a set op; OFk
tuples ¢}, ... , 1%, where tg.(ai) = b, foreveryi,j, 1< j<
k,and 1 < i < n. Define the table 7, = (T, A, p,,), where
p = U{oplp; € mint(4)}.

We claim that u(p) = |p,| for every polynomial p €
pol(A). Suppose that p can be expressed as a disjunction of

minterms p = g, V- Vg, where by, ... by € {0,1}".
k
Then, u(p) = 3251 m(ps,), because p; A p; = 0
when I # h. On the other hand, |p,| = |UY_, pp, | =
k 2
Y i1 owg, 150 1(p) = |y, i

We shall refer to u. as the measure induced by the table
7 on pol(A).



3 An Exclusion-Inclusion Property for MF-
BAs

Let p be a polynomial in pol(A4). It is known that p can
be uniquely written as

®
p= Z Cliy,.im) N iy N @y,
(G150 58m)
@D

where the summation Z involves the “exclusive or” op-
eration @ and is extended to all subsets {i1,... ,i,,} Of
{1,...,n}. The coefficients c(,, ... ;,.) belong to the set
{0,1}. Thus, for a measure u on pol(A) it is interesting
to evaluate p(p1 & p2 & - - & py,), Where py, ..., py, are
polynomials in pol(A).

Theorem 3.1 Let i1 : pol(A) — N be a measure on the

free Boolean algebra pol(A), where A = {ay,...,a,}. If
p1,--- ,Pm belong to pol(A), then
(p1 @ -+ & piy)
= > ulp) =2 1o Api) + -
=1 11 <19
DT 2T Y i A Ap)

i1 < <dg
A= 2M T (o A A p).
Proof. The statement is clarly true for m = 1. We give an

argument by induction on m for m > 2. For m = 2 we can
write:

w((p1 A p2) V (p1 A p2))
w(p1 A p2) + p(pr A p2),

since (p_l N p2) N (p1 AN p_g) = 0. Note that (p_l N p2) \Y
(p1 A p2) = pa, SO p(p1 A p2) + p(pr A p2) = u(p2),
which implies u(p1 A p2) = p(p2) — pu(p1 A p2). Similarly,
n(pr A p2) = p(p1) — p(p1 A p2), which yields

p(p1 @ p2) = p(p1) + p(p2) — 2 - pulp1 A p2),

which is the desired equality for m = 2.

Suppose that the equality holds for m polynomials and
letpi,...pm, pm+1 b8 m+1 polynomials. By the inductive
hypothesis we can write

w(p1 & p2)

p(p1 & - @ pim @ pmy1) =
p(pL @ - @ (Pm G Pmt1)) =
n(p1) + -+ p(pm—1) + 1P @ Pmt1)
=2 Zi1<i2<m /L(pil /\piz)
-2 Zi1<m iy A (Pm © Pmy1)) + -+
+(=1) 2 Y e H(Di A
+(_1)£_1 -2t Zi1<---<i[,1<m w(piy A
A(Pm @ pm+1)) + -
+(_1)m—1 .gm—1 -M(p1 A---A

/\piz)
.. /\ pil—l

(pm @ pm+1))'

Observe now that

(i, A ADip_y A (P © Pmt1))
= w((piy N ANpiy_y N pm)
DPiy A=+ ADip_y APmi1))
= (i, N ADip_y NDPm)
+u(piy A+ Apig_y NPmy1)
=2 p(piy N ADPiy_y ADm A Pmg1)-

Consequently, we can write:

(—1)ft2tt Zi1<"'<iz<m w(piy A=+ Apiy)

+(_1)l_12l_1 Zi1<"'<’i3_1<m /L(pﬂ AREE /\pig,1
é(pmé@pmw%))
= (=12t Z“< i, 1Py N+ A pi,)

— (=1 2%u(pi, A

The last term of the last sum will be attributed to the next
term of the necessary sum for u(p1 @ -+ @© pm © Pms1)-
This completes the argument for the above equality. |

“ADig_y NPm A Pmy1)-

Corollary 3.2 Let u,pu' : pol(A) — N be two mea-
sures on the free Boolean algebra pol(A4), where A =
{ai,...,an}. If u(p) = /(p) for every conjunction p of
theformp=a;, A---ANay,,,thenp = p'.

Proof. The result follows immediately from Theorem 3.1.
|

Example 3.3 Consider the “majority polynomial” p =
(a1 A ag) \Y (ag A a3) \Y (a1 A a3). For fp we have
fo(x1,22,23) = 1 if and only if at least two of its argu-
ments are equal to 1. Note that

p= (a1 Aaz) ® (az A az) ® (a1 A as).
Theorem 3.1 allows us to write

np) = plar Aaz) + plas Aas) + plar Aas)
—2u((a1 A az) A (az A as))
—2u((a1 A az) A (a1 A as))
—2u((az A az) A (a1 A az))
+4p((ar A az) A (az Aas) A (a1 A az))
= (a1 Aaz) + plaz A as)
+u(ar A as) — 2u(a; A az A as).

—_— o~ =~

0

Corollary 3.2 shows that the values of a measure on
pol(A) is completely determined by its values on positive
conjunctions of the form ay for I C {1,... ,n}.

Let 7 = (T, H, p) be a table. Note that the contribution
of a tuple (by,...,b,) € p to the value of u,(I) equals 1



1(7)

ay (5) as (5)

a1 N\ aa (3) az N a3 (4)

a1 N\ as N a3(2)

Figure 1. Lattice of Positive Conjunctions

for every set I suchthat I C {i € {1,...n} | b; = 1}.
Thus, it is possible to formulate an algorithm that constructs
atable 7 starting from the values of u(a;) such that u = p..

Let PosConj(A) be the set of all positive conjunctions
of attributes of A, that is, the set {a; | T C {1,... ,n}}.
Consider the Hasse diagram of the poset (PosConj(A4), <),
where a; <= ay if J C I and label every vertex a; by
u(ar). The algorithm includes the following steps:

1. Initialize the variable ¢ to 0 and p to an empty table
having the heading A.

2. If there exists a conjunction ax containing n — £ con-
juncts such that u(ax) > 0, then select one such con-
junction such that u(ak) has the largest value and go
to step 3; if no such conjunction exists, then increment
£by 1;if £ > n, exit.

3. Addto p anumber of u(ak ) tuples whose components
equal 1 for all attributes of K and 0, otherwise.

4. Subtract u(ag) from all labels of conjunctions of the
form a; such that J C K. Go to step 2.

Example3.4 Let A = {a1,a2,a3}, and let p : pol(A) —
N be a measure on pol(A). Fig. 1 shows the lattice of posi-
tive conjunctions of attributes of A labeled with values of u
for each of them (in brackets). Let us now use the algorithm
given above to construct a database table 7 = (T, A, p)
such that 4, = p. To begin, set the content of the table
p = 0 and consider the conjunction a; A as A as. Since
wu(ar A as A az) = 2, we add two (1,1, 1) rows to p and
modify the labels of all conjunctions. The result is shown
in Figure 2.

1(5)

a1 N (lz(l) a2 N as (2)

a1 N\ a2 N ag(O)

Figure 2. Intermediate Step of the Algorithm

Then, we consider all two-attribute conjunctions, adding
rows (1,1,0),(1,0,1),(0,1,1),(0,1,1) and modify labels
of conjunctions a1, a2, az and 1 accordingly (cf. Fig. 3).

The last step (not shown) is adding the row (1,0, 0) to p,
all the labels become 0, and the algorithm is complete. The
table 7 is given below

orrorrkRH§
orrror g

roorkrkRg

0

LetV : {0,1} — {0, 1} be the bijection defined by
V(0) =0and V(1) = 1, where 0,1 € R. Note that
VaVvbd) = V(a)+V(b)—V(a)V(), (1)
V(aAb) = V(a)V(b), )
V@ = 1-%V(a), ©)
forevery a,b € {0,1}.
For a Boolean function f : {0,1}" — {0,1} define
the real-valued function ¢, : {0,1}" — {0,1} by
st(fl: e 7571) = v(f(vil(fl)a v 7\771(571)))
forevery &;,...,&, € {0,1}.

Example 3.5 It is easy to verify that if p is the majority
polynomial considered in Example 3.3, then for the numer-
ical function ¢, we can write:

b1, (&1,82,83) = &1&o + &3 + &€ — 2616283

for every &1,&2,& € {0,1}. Note that the coefficients are
the same as the ones in Example 3.3. 0



1(1)

al(l) ag(O)

a1 N a2 (0) az N a3 (0)

a1 N\ a2 N a3(0)

Figure 3. One Further Intermediate Step of the
Algorithm

The remark contained in the above Example is not a co-
incidence. Next, we prove that for every polynomial p, the
numerical function ¢4, can be expressed as a sum of mono-
mials multiplied by the coefficients that occur in the expan-
sion of u(p) given in Theorem 3.1.

Theorem 3.6 Let A = {a1,... ,a,} andp € pol(A). Sup-

pose that
w(p) =Y erplar),
Ied
where J is a family of subsets of {1, ... ,n}. Then, we have:
b1, (&1, &) =D crlr,

Ied

where &; is the monomial &, = &, --- &, .

Proof. Let p,q,r € pol(A) suchthatr = (pV q). We have:

b5, (&5 n)
= VOV, &)
= V(f(V 8DV f(VH G0 6n))
= V(f(V &) + f(VTH G0 6n)) =
V([ (V7 (- €))) - V(f(VT (& 60))),
for (z1,...,2,) € {0,1}™, by equation 1. Thus,

b1, (&1, 6n) = bp, (&1 oo 6n) + 05,1y, 6n)
_¢fp(€17"' ’En)(bfq(fl"" 7fn)

for (&,...,&) € {0,1}". Since ¢y, (&1,-..,&n) =

bp, &1y 6n) by, (61, .., &n), it Tollows that if pAg = 0,
then

Gf &1y &n) = g, (E1se - 6n) + Dp, (15, 6n)
forevery (&1,...,&y) € {0,1}™. This show that for a every
&= (&,...,&,), the mapping p : pol(A) — R defined

by e (p) = ¢y, (&) is a measure on pol(A), so Theorem 3.1
is applicable and we can write:

b1, (Ers &) = Y erlr,

Ied

forevery (&1,...,&,) € {0,1}™ |

4 Applicationsin Data Mining and Database
Query Optimization

In database query optimization and in data mining, it is
often necessary to estimate the number of rows in a data-
base table satisfying a given query. Unfortunately in most
cases the exact number of rows satisfying a query cannot be
computed exactly and has to be estimated (usually using the
assumption of statistical independence between attributes).

Let T = (T, A, p) be a binary table and let K be a set of
attributes, K C A. The support of the set K relative to the
table 7 is defined as the number:

supp,(K)={t€p | t(a) =1foralla € K}.

Thus, supp,.(K) = pr(ar, A ... A ag,), where K =
{ag,,---,ax, }. In other words, the support of an attribute
set K in the table 7 can we viewed as the value of the mea-
sure induced by the table on the Boolean polynomial that
describes the attribute set. By extension, we can regard the
number u.,(¢) as the support of the query ¢ and we denote
this number by supp(q). There is a considerable research
effort in data mining for designing algorithms for discover-
ing all sets of attributes with high support. An idea has re-
cently been raised by H. Manilla in a seminal paper ([4, 5])
is to use supports of attribute sets discovered with a data
mining algorithm to obtain the size of a database query. If
g € pol(A) is a query involving a table 7 = (T', A, p) such
that ¢ can be written as

52
q:C®Za17

Ied

where ¢ € {0,1} and J is a collection of subsets of
{1,....,n}, then supp(q) can be obtained from Theo-
rem 3.1 using the numbers supp_(ar). Methods that obtain
approximative estimations of query sizes been proposed [4],
including the use of Maximum Entropy Principle. An open



problem is whether we can give any guarantee on the qual-
ity of such an approximation.

The computation of the size of the query using Theo-
rem 3.1 can be often simplified if there is a known maximal
number of 1 components in the tuples of the table. For ex-
ample, in a store that sells 1000 items (corresponding to
1000 attributes in a table that contains the records of pur-
chases) it is often the case that we can use an empirical limit
of, say, 8 items per tuple. In this case, conjunctions that
contain more than 8 conjuncts can be discarded and the es-
timation is considerably simplified. Even, if such an upper
bound cannot be imposed apriori, it is often the case that we
can discard large conjunctions (which have low support).
However, there are some risks when approximations of this
nature are performed due to the the large values of coeffi-
cients that multiply the supports for large conjunctions.

Indeed, consider the tables 7%, = (Ts, A, podd),
Toven = (Tes A, peven), Where
Podd = {t € Dom(A) : ny(t)isodd},

Peven = {t € Dom(A) :ny(t)iseven},
where n, (¢) denotes the number of attributes equal to 1 in
tuplet and |A| = n.

Note that for proper subset K of A, we have
supp, , (K) = supp, _ (K), while

1 ifnisodd
0 otherwise,

supp.,, (4) = {

and

1 ifniseven
. (A) = .
SuPpTevE"( ) {0 otherwise.

Thus, from the point of view of the supports of any proper
subset of the attribute set the tables 77, , and 77, are in-
discernible. However, the support of certain queries can
be vastly different on these tables. For example, con-
sider the polynomial p = ay ® as & ... & a,,. We have
#T;de(p) = |p0dd| =2""!and Hrz ., (p) = |peven| = 0.
So, ignoring the term that corresponds to the support for
a single attribute set (note that this is also the attribute set
with the smallest possible support) has a huge impact on
u(p). Note that the result is consistent with Theorem (3.1)
which gives the set of attributes A a coefficient 27—, We
stress however that the negative result above does not rule
out practical applicability of approximating the values of .
since the parity function query used above is by no means a
typical database query.

5 Measures Generated by Multi-Valued Ta-
bles

Tables that contain incomplete information have been in-
tensively studied in databases. In this section we investigate
measures that can be attached to such tables.

Suppose now that = = (T,A4,p), where A =
{ay,...,a,} and all attributes have the same domain
Dom(a;) = P for1l < i < n, where P = {0,u,1}.
The symbol u represents null values, that is, values that are
missing or undefined. We refer to such tables as ternary ta-
bles. A total order is defined on P by 0 < u < 1. The set of
functions P4 = {f|f : A — P} is ordered by the order
defined on P and it can be organized as a Post algebra:

TA = (PA,t(],tu,tl,CO,Cu,Cl,V,/\),

where t;, is the constant function in P# which has value %
for k € P, Co,Cy, Cy are three unary operations such that
ift' = Cy(¢), then

1 ift(a)=k
t'(a)Z{O i)
otherwise.

If D, is the unary operation given by D, (t) = Co(Co(t))
and s = Dy (t), then

(1 ift(a) € {u,1)
sla) = 0 otherwise.

If 7 = (T, A, p) isaternary table, then 77 = (T, A4, p")
is the binary table defined by p* = {t' | t € p}, where
t" = Dy (t). Similarly, 7+ = (T+, A, p*) is the binary table
given by pt = {#+ | t € p}, where t+ = Cy(t). Thus, for
a polynomial p € pol(A) we have an optimistic evaluation,
et (p) = |p;|, when all missing components u are inter-
preted as 1s, and a pessimistic evaluation, 1,1 (p) = |p}|,
when all us are interpreted as 0. In other words, a ternary
table 7 = (T, A, p) generates two measures z,+ and .. on
the set pol(A).

Note that |p| = |pT| = |p*| since the tables that concern
us here admit multiple tuples with the same content.

Lemmab.1 Let, = (Tl,A,pl) and To = (TQ,A,pQ) be
two binary tables. There is a ternary table 7 = (T, 4, p)
such that p; = p* and p, = p' if and only if there exists a
bijection 3 : py — po such that ¢’ = g(t) implies ¢(a) <
t'(a) forevery a € A.

Proof. Suppose that p1 = p* = {t1,... ,t,} and ps =
pt = {t},...,t.}, where p = {s1,...,8,} and ¢;(a) <
sj(a) < tj(a) fora € Aand 1 < j < n. Inthis case, we
can define the function 8 : p1 — p2 by B(t;) = t; for
1 < j < n. ltis clear that 8 has the desired properties.



Conversely, suppose that such a bijection exists. For ev-
ery t € p; define the tuple s given by:

{u ift(a) < B(t)(a)
a ift(a) = A(t)(a)

fora € A. The relation p is given by

st(a) =

p={st | t€p}.
It is immediate that p; = p* and p, = p'. |

Lemmab.2 Lett = (T, A,p)and 7" = (T", A, p') be two
tables such that there is a bijection 3 : p — p’ such that
t(a) < B(t)(a) forevery a € A. Then, for each conjunction
of the form p = a;, A -+ A a;, we have u, (p) < pr (p).

Proof. Without loss of generality we can assume that p =

{t1,...,tpyand p’ = {t|,... .t} }, where 5(¢;) = ¢} for

1<i<n Thus,if pp = {tj,,... .t }, where k = p-(p),

we have t; (a) = 1 for every a € {aj,,...,a;}. This,

in turn, implies ¢; (a) = 1 for every a € {a;,,... ,a;},

which yields & < p, (p). 1
The inverse of Lemma 5.2 is given next.

Lemmab5.3 Let u,u’ be two measures on pol(A4), where
A={a,...,a,}suchthat u(ar) < p'(ar) foreveryay €
PosConj(A) such that I # 0 and p(ag) = p'(ag). Then,
there exist two tables 7 = (T, A,p) and 7' = (T", A, p')
such that:

1L p=p,andy = po;

2. there exists a bijection 3 : p — p’ such that ¢(a) <
B(t)(a) forevery a € A.

Proof. Note that it suffices to prove that there exists an
injection 8 with the property mentioned above, for if, such
an injection exists and |p| = u(ag) = u'(ag) = |p'|, then 8
is a bijection.

We shall prove that, under the conditions of the lemma,
for each p € PosConj(A) there is an injection 3, : p, —
p), such that:

1. t(a) < Bp(t)(a) forevery t € p, anda € A;

2. If p1, p2 € PosConj(A) have the same number of con-
juncts and p1, p2 < p, then 3, (t) = B,,(t) for every

te pp1 ﬂpPQ'

The argument is by induction on the number m of at-
tributes missing as conjuncts in p.

For the basis step, m = 0, we have p = a1 A -+ A ap,
Bp is defined by 3,(t) = t for every ¢t € p,, and the second
part of the statement is vacuously true.

Suppose that the statement holds for conjuncts that miss
m attributes and let p = a;, A --- A a;,, be a conjunct that

misses m + 1 attributes, {ap,, .. .
junctions

,an,. ., - Define the con-

q1 :p/\ah17"' y dm+-1 :p/\ah1n+1

Each of these conjunctions misses m attributes and we have
the injections S, ... , Bm+1 such that 3;(t) coincides with
B;(t) on all tuples ¢ in p,, N py;, and t(a) < B;(t)(a) for
every t € p,, forl <i < m + 1. Observe that

Pp = PpAn, ASRRAYT N Pa n---N P

Define the injection 3, as follows. For ¢ € p,, let 8,(t) =
B4; (t). Note that 3, is well-defined because of the condi-
tions imposed on the injections 3,,. The number of tuples
in pj, that are not in the images of the mappings 3, is :

m—+1
oyl = > Bilpa:)
=1

m—+1

= //(ZD) - Z wi(q:)

m—+1

> up) — Z 1i(g:)

|/’p/\ah1/\---/\ahm+1 |-

Thus, the values of the injection £, on tuples in
PpAGn, A--Aan,, ., CN be assigned arbitrarily in the set p, —

U Bi(py:)- Since the tuples in pyaa,, a-na,, , are the
least among the tuples in p,, we also have ¢(a) < 8,(t)(a),
which means that the injection 3, is definable.

Theorem 5.4 Let u, i1/ be two measures on pol(A). There
exists a ternary table - = (T, A, p) such that y = . and
u' = p.r ifand only if p(ay) < p'(ay) for every a; €
PosConj(A) such that I # 0 and p(ag) = 1/ (ag).

Proof. This statement follows immediately from Lem-
mas 5.1, 5.2 and 5.3. |

6 Conclusionsand Open Problems

We studied properties of measures defined on free
Boolean algebras with finite sets of generators. Such mea-
sures arise naturally in the evaluation of sizes of queries ap-
plied to binary tables in relational databases, a type of ta-
bles that has received a large amount of attention in a data
mining, particularly related to the identification of frequent
set of items and to association rules (see [1, 3]). The mea-
sures associated with tables seem to be particularly useful
for ternary tables that incorporate the idea of missing in-
formation and open a direction of investigation on mining
information from incompletely specified databases.
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