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1 Introduction

The development of logical formalisms is paralleled by the development of their alge-
braic counterparts and the interplay between logic and algebra often plays an inspiring
role for both fields. Notable examples of this interaction are the theory of Lukasiewicz-
Moisil algebras that was born as an algebraic analogue of the many-valued logics in-
troduced by Lukasiewicz, Epsteins’s latticial treatment of Post algebras [Eps60], or
Cignoli’s study of the connection between Post algebras and Lukasiewicz-Moisil al-
gebras [Cig70]. Algebraic functions in lattices (in Gritzer’s sense [Grd79]), which
we investigate here, are useful in specifying the semantics of connective symbols in
various types of logics.

The purpose of this paper is to study ranges of algebraic functions in lattices and in
algebras that are obtained by extending the standard lattice signature by several unary
operations.

More specifically, we investigate ranges of ternary Lukasiewicz-Moisil algebras,
where we give a characterization of algebraic functions whose ranges are intervals.
Among other results we retrieve a canonical form of functions over three-element
ternary Lukasiewicz-Moisil algebras, a result due to Gr. C. Moisil, one of the founders
of switching theory [Moi57].

Further, we prove that in Artinian or Noetherian lattices the requirement that every
algebraic function has an interval as its range implies the distributivity of the lattice.

Alattice L = (L, V, -) is Artinian (Noetherian) if every ascending chain zyp < z1 <
-+ (descending chain zy > z; > ---) is eventually stationary, that is, there is some
natural number p such that z,,, = z, for all m > p.

A lattice is distributive if it satisfies the distributive law, that is, if a - (b V ¢) =
(a-b)V (a-c)foreverya,b,c € L.

A lattice is modular if it satisfies the modular law, that is, a > cimplies a- (bVc) =
(a-b)V cforevery a,b,c € L.

Definition 1.1 The lattice functions defined on a lattice (L, V, -) are:

1. the constant functions of the form f,, given by f,(z1,...,2,) = a;



2. the projection function p}', given by p?(z1,...,%n) = 24}
3. if f, g are lattice functions, the functions f V g and f - g defined by:

(fVvg)ar,...,xn) = flz1,...,20)Vg(x1,...,20)
(f-9)(z1,...,2,) flzr, oo xn) - glar, ... 2n)

are lattice functions. a

The simple lattice functions have a similar inductive definition that makes use of Parts
(2) and (3) of the previous definition. All lattice functions are isotonic (see, for exam-
ple [Rud01], Proposition 3.3.1).

An interval on a lattice L = (L, V, -) is a set of the form:

[a,b] ={zx €L | a <z <b},

where a,b € L. Clearly an interval [a, b] is not empty if and only if a < b. We denote
by INT(L) the collection of all intervals of the lattice L = (L, V, -).

IfL = (L,V,-0,1) is abounded distributive lattice, n € Nand (n) = {1,...,n},
then every lattice function f : L™ — L can be represented in the form:

M f@r,an) =\ (fOs1,-- 0sn) - x5)
SC{n)
forall zq,...,z, € L (see [RudO1], p.48, Lemma 3.1).
Here x5 = x;, - 24, - -+ - - @;,, Where S = {i1,4...,1¢}, and

1 ifhels,
dsn = .
0 otherwise.

A De Morgan algebra is an algebra D = (L, V,-, N,0, 1) such that (L,V,-,0,1) is a
bounded distributive lattice and [V is an involutive dual endomorphism of the underly-
ing bounded lattice; the dual endomorphism N is the negation of D.

A three-valued Lukasiewicz-Moisil algebra (LM3) is an algebra (L, V, -, N, ¢,0, 1),
where (L, V, -, N,0,1) is a De Morgan algebra and ¢ : L. — L is an idempotent en-
domorphism of the underlying lattice, that is, an endomorphism of (L, V,-,0,1) such
that ¢(¢p(z)) = ¢(x) forevery z € L. Itis assumed that ¢ has the following properties:

2 ¢(z) - N(o(x)) = 0

A3) P(N(¢(x))) N(o(x));

4) N(@(N(z))) < o(x);

Q) ¢(z) = ¢(y)and ¢(N(x)) = ¢(N(y)) imply z = y.

Alternatively, ¢ is denoted by ¢-; the dual endomorphism ¢; is defined by ¢; (x) =
¢2(N (x)) for x € L. Using this notation, Property (5) can be written as ¢ (x) = ¢1(y)
and ¢o () = ¢2(y) imply z = y and is known as determination principle for ¢, and
®2.

LM3-algebraic functions are defined by extending the definition of lattice functions
(Definition 1.1):



Definition 1.2 The LM3-algebraic functions defined on a LM3-algebra (L, V, -, N, ¢,0,1)
are:

1. the constant functions f,, where a € L;
2. the projection functions p;
3. for every LM3-algebraic functions f, g, the functions f V g and f - g;

4. for every LM3-algebraic function f, the functions N f and ¢ f.

The axioms of the three-valued Lukasiewicz-Moisil algebra imply:

(6) z-N(z) = ¢(x) N(z)
@) ¢(z)VN(@E) = 1
®) z < ox),

as it is shown in [BFGRO91], pp. 131-133.

Let C'(L) be the set of complemented elements of a three-valued Lukasiewicz-
Moisil algebra. It can be shown that C(L) = ¢(L) and (L, V, -, N, ¢,0, 1) is a Boolean
algebra in which N plays the role of the complement.

Lemma 1.3 Let (L,V,-, N, $,0, 1) be a three-valued Lukasiewicz-Moisil algebra. We

have:

) P(z)Vo(N(z)) = 1

(10) N(¢(x)) < o(N(x))
(11) N(¢(N(z) < =

(12) z-N(¢(z)) = 0,

forevery x € L.

Proof. The first part of the lemma follows from (7) and (8).

Since N is involutive we have N (N (¢(x)) = ¢(x), so, by Equality (9), we have
N(N(¢(z)) vV ¢(N(x)) = 1. This yields N(¢(z)) < ¢(N(x)), that is, Equality (10).

Replacing = by N(z) in Inequality (8) gives N(z) < ¢(N(z)). This implies
N(¢(N(x)) < N(N(z)) = x, which is Inequality (11).

Finally, the Equality (2) combined with the Inequality (8) gives:

z- N(¢(x)) < ¢(x) - N(¢(x)) =0,

which implies

z- N(9(x)) = 0.



2 The Algebraic Functions of ternary Lukasiewicz-Moisil
Algebras

To study the properties of the algebraic functions of LM3 we investigate the submonoid
of the monoid of transformations of the set L generated by I, N, and ¢, where [ is the
identity mapping of the set L.

Theorem 2.1 Let (L,V,-,N,®,0,1) be an LM3 algebra. The submonoid M(I, N, ¢)
of the monoid of transformations of the set L generated I, N, and ¢ consists of
I,N,¢,No,pN,NoN.

Proof. We define inductively the sets of transformations of L, F for k£ > 1 as:

:Tl = {IaNa¢}
Fer1 = {fg| feTFrandg e I}
U{gf | feTFrandg e F1}.

Since I € JFy, it is clear that I C Fy4q for £ > 1. Observe that
EFQ = {IvN7¢7N¢7¢N}7

because ¢? = ¢ and N2 = I.
For F3 we have:
3:3:{15Na¢7N¢7¢N7N¢N}a

because pIN¢p = N¢ by Axiom (3). Finally, F4 = F3 because pNoN = N¢N and
N¢N ¢ = ¢. Thus, F, = F3 for k > 3 and the submonoid generated by I, IV, ¢ equals
Fs. 1

Theorem 2.2 Let (L,V,-,N,$,0,1) be an LM3 algebra. For every LM3-algebraic
function f : L™ — L there exists a family of elements {ao} U {a; | i € I} C L such
that
flx1,...,xn) =agp V \/ai cgi(x1, .. ),
iel

for (z1,...,2,) € L™, where each g; is a conjunction of the form
4
¢
gi(zlv cee 79371,) = H tq,(xw)a
=1

such that t}, ... t% € M(I, N, ¢) and {x,,...,xi, } S{z1,..., 25}

Proof. The argument is by structural induction on the definition of LM3-algebraic
functions.

The basis case has two subcases. In the first subcase let f be a constant function
whose value is ag. Then,

flxy,...,2,) = ag,



for (x1,...,2p) € Ly.
In the second case let f be a projection, say f(x1,...,2,) =z forzy,..., 2z, €
L. The function f can be written as

flzr, ... zn) =1 I(xg),

for (z1,...,2,) € Lp.
Suppose that the statement holds for the LM3-algebraic functions f, h : L™ — L,
that is,

flxe,...,xn) = ao\/\/ai cgi(x1, ..., p)
iel

k(x1,...,2n) = boV \/bi~hi(x1,...,xn)
iel

for (z1,...,2,) € Lp.
It is immediate that f-k and fVk can be written in a similar way by the distributivity
of V over -. For ¢ f we can write

d)(f(xlv s ,l’n)) - (,25((10) \ \/ (z)(al) ’ ¢(gi(x17 ) xn))a

because ¢ is an endomorphism. If (21, ..., 2,) = [[fL, t{(z;,), then
qi
(rb(g(‘rla e 7In)) = H d)tf(xil)a
=1

and every function ¢t¢ belongs to M(I, ¢, N).
Finally, since NV is a dual endomorphism, we have

N(f(z1,...,2)) = N <a0\/\/ai-gi(x1,...,xn)>

i€l
= N(ao) H(N(al)\/N(gz(xlavx’ﬂ))
el

= N(ao)- [[(N(a:) v N(]_I ti(zi,))

el =1
= Nao) [[(N(a) v \/ Ntt(as,)).
el =1

Applying distributivity to the previous equality leads to the desired conclusion for NV f.
1

Lemma 2.3 The set CF of conjunctions of the form Hle fi(x), where f; € M(I, N, ¢)
for1 <i</{land!l > 1 consists of:

0,2, N(z), ¢(z), N(¢(2)), (N (x)), N(¢(N(x))), (x) - N(x), d(x) - (N (x)).



Proof. Define inductively the chain of sets of conjunctions Cy, (for k£ > 1) as:

€ = {f(@) [ feMU,N,9)}
Cirn = CLUCT-CL

Clearly, C* = |J{C} | k > 1}. By Theorem 2.1 the set C is:
€1 = {z, N(x), 6(x), N(¢(2)), o(N(x)), N(¢(N (2)))}.

To compute the set C5 we need to consider the equalities:

v N(@) = é@)-N@) (Bquality (6),
(13) z-p(x) = w,

x-N(op(z)) = 0, (Equality (12)),
(14) z-¢(N(z)) = o) N(),
(15) z-N(¢(N(z))) = N(o(N(x)))

Equality (13) follows from Inequality (8). Substituting N (z) for « in Equality (6) gives
N(z) -z =¢(N(x)) z;but N(z) - = ¢(x) - N(x), again by Equality (6). Thus, we
have shown Equality (14).

Inequality (11) implies Equality (15).

Let us compute now the conjunctions involving N(z). Applying N to Inequal-
ity (8) and taking into account that N is a dual endomorphism yields N (¢(z)) < N(x),
or, equivalently, N (z) - N(¢(z)) = N(¢(z)).

The same Inequality (8) implies N () - ¢(N(z)) = N(x).

Inequality (8) and Equality (2) give:

N(z)- N(¢(N(z))) < ¢(N(z)) - N(¢(N(x))) = 0.

Thus, we have shown that:

(16) N(z)-N(¢(x)) = N(o(x))
(17) N(z)-¢(N(x)) = N(z)
(18) N(z)-N(o(N(z))) = 0.

)
To compute the conjunctions involving ¢(x) we can use Axiom (2):
(

o) - N(9(x)) = 0.
Also, that by (4) we have ¢(z) - N(¢(N(x))) = N(p(N(z))).
Conjunctions involving N (¢(z)) are used in the following equalities:
(19) N(o(x)) - 6(N(z)) = N(o(x)
by Inequality (10)
(20) N(o(x)) - N(¢(N(2))) = N((z)V o(N(x)))
- N
by Inequality (9)
=0



Finally, we observe that:

by Equality (2). Thus, C3 is the set:

€; = {0,z,N(x),¢(x), N(d(x)), o(N(z)), N(¢(N(x))),
¢(x) - N(x),6(x) - o(N ()}

The equalities:

z-¢(x)  N(z) =z N(x) = ¢(z) - N(z), by Equality (6),
z-¢(z) - ¢(N(2)) =z ¢(N(z)) = é(z) - N(z), by Equality (14)
N(z)-¢(z) - N(z) = ¢(z) - N(x),

N(z) - ¢(z) - ¢(N(z)) = N(z) - ¢(x), by Inequality (8),
¢(x) - ¢(z) - N(z) = ¢(z) - N(x),

d(x) - d(z) - 9(N(2)) = d(x) - (N (x))

N(¢(z)) - ¢(x) - N(x) = 0, by Axiom (2)

N(p(x)) - ¢(z) - ¢(N(z)) = 0, by Axiom (2)

(N (2)) - ¢(z) - N(x) = ¢(x) - N(z), by Inequality (8)
(N (2)) - ¢(z) - (N (2)) = ¢(z) - 9(N(x)),

N(¢(N(x))) - ¢(x) - N(z) = 0, by Equality (12)
N(¢(N(z))) - ¢(x) - (N (z)) = 0, by Axiom (2),

allow us to conclude that €5 C €3, and therefore, that C§ = C5.
Assuming that €, = €3, it follows that C; | = C5 UCT - €F = C§ = €3, which is
precisely the equality we intended to prove. |

Theorem 2.4 Let (L,V,-, N, ¢,0,1) be an LM3 algebra. For every algebraic function
f: L — L there exist ay,...,a9 € L such that:

ey J@W=a1-6@) N@)Va ¢(x) 6(N(z))Vas N(¢(N()))
Vayg - ¢(N(x)) Vas - N(d(x)) Vag - ¢(x)Var-Nx)Vas-zVag,
foreveryx € L.

Proof. By Theorem 2.2 an LM3-algebraic function f : L — L can be written as:
f(x)=aoV \/ a; - gi(x),
i€l

where each g; is a conjunction:
qi
g9i(z) = H tf(x)v
=1

such that t},...,t% € M(I,N,¢). In view of Lemma 2.3 we obtain the desired
Equality (21). |

We retrieve now a result obtained in [Moi57], which highlights the significance of
Theorem 2.4. Moisil obtained the formula contained by the next corollary starting from
the known completeness of Ls.



Corollary 2.5 Let Ly = {0, %,1} be the three-element LM algebra. Every function

f + Ls — L3 can be written as:

1

@) @)= (2) B(x) - SN @)V F(1) - N(@(N (@) V £(0) - N(b(x)),

forx € Ls.

Proof. Suppose first that f is an algebraic function. Then, Theorem 2.4 yields:

f(O) = (14\/(15\/0,7\/0,9,
f(l) = a3Va6\/a8Va9,
1 1
f § = (a1\/a7Va8)~§\/a2\/a4\/a6\/a9.

In particular, the algebraic functions for which
(112(14:&6:&7:&8:(1920

satisfy f(0) = as, f(1) = a3, f(%) = ay and, since as, a3, as can be chosen arbitrar-
ily, it follows that these functions comprise in fact all functions f : L3 — Lj3. By
substituting these values in Equality (21) we obtain the desired Equality (22). |

Note that the range of f fails to be an interval if and only if Ran(f) = {0, 1}, that
is, if and only if {as, as, a2} = {0,1}.

2.1 Equations in LM3

We now return to the study of LM3 algebras. To resolve the equation f(x) = 0, where
f is an algebraic function of an LM3 algebra we use the determination principle by
requiring that ¢(f(x)) = 0 and (N (f(z)) = 1.

Clearly, ag = 0 is a necessary condition of consistency for f(z) = 0.

Let b; = ¢(a;) and ¢; = ¢(N(a;)) for 1 < i < 9. Note that b; V ¢; = ¢(a;) V
¢(N(a;)) = 1 by Equality (9). Further, let X = ¢(z) and Y = ¢(N(z)). Note that
both belong to the center of the algebra and, by Equality (9), we have X VY = 1. The
elements N(X) and N(Y) are denoted by X’ and Y, respectively.

Lemma 2.6 Let f be an algebraic function of an LM3 algebra. We have the equalities:

O(f(x)) = (b1 Vb)) -X-YVbs-Y'V(byVibr)-Y
Vbs - X'V (bg V bg) - X V by,
P(N(f(z)) = (2VX'VY') (cz-c5VY)

(eaVY') - (e5-crV X) (e V X')-co.

for every x € Ls.



Proof. We have

o(f(x)) = bi-d(x)- d(N(2)) Vb ¢(z) ¢(N(z))Vbs- N((N(x)))
Vby - ¢(N()) V bs - N(¢(x)) Vg - (x) V br - (N ()
Vbg - ¢(x) V by
= (b1 Vb2)-9(x)  ¢(N(x)) Vbs- N(@(N(x)))V (bs V br) - ¢(N(x))
Vbs - N(p(x)) V (bg V bg) - ¢(x) V by,

which gives the first equality of the lemma.
Starting from the equality:

N(f(z)) = (N(a)V (¢($))VJS)-(N(az)VN(¢($))VN(¢(N(I))))

{(N(ag) v ¢(N(z))) -
{(N(as) vV ¢(x)) - (N(ag) V N(¢(x
((N(ar) V) - (N(ag) V N(z)) -

by applying ¢ to both sides one gets:

o(N(f(z))) = (e VN(@(2))Vo(x)) - (c2V N((2)) Vv N(G(N(z))))
(3 V @(N(2))) - (ea V N(¢(N(x))))
((¢s V o(x)) - (¢ V N(o(x)))
(7 V @(x)) - (cs V @(N())) - co
= (2 VN(¢(2)) V N(B(N(x)))) - (c3 - cs V S(N(z)))
(ca VN (@(N(2)))) - (¢5 - e7 V o())
(¢ V N (¢())) - co

Replacing ¢(x), ¢(N(z)) by X and Y, and N(X), N(Y') by X’ and Y’, respectively
we obtain the second equality of the lemma. |
Thus, we have the system of equations in X, Y:

(byVby) X -YVbs-Y'V(bgVbr)-YVbs- X'V (bgVbg) XVby=0
(CQ\/XI\/YI)'(C3'C8\/Y)'(C4\/Y’)'(C5'C7\/X)'(CG\/X/)‘CQ:1
XVvY =1,

where X' = N(X),Y' = N(Y),and b; Ve¢; =1forl <i<n.
Taking into account the consistency conditions by = 0 and c9 = 1, the system can
be written as a single equation:

(D1 Vbe) - X-YVbs-Y'V(byVbr) Y

Vbs - X'V (bg V bg) - X

Veh - XYV (e5Veg) Y V(- Y)V(hVer) X/
Veg - X VXY =0.

(23)

Note that b; V ¢} = b; V bic, = b; for 1 <i < 9.



Equation (23) can be written as:
(b1 Vb)) XY V (b3 V g)Y' 'V (by V7)Y V (b5 V)X V(b Ubs)X VXY =0,
or, equivalently,

(b1 Vba Vby Vb Vg Vbg) XY V (bgVeg Vg Vibg) XY
V(by Vb Vbs V) X'Y VXY =0.

This equality can be further simplified by absorbing ¢;:

(bl V by VbyVbyV bg \/bg)XY\/ (b3 V bg \/bg)XY/
V(by Vb Vbs)X'Y VXY =0.

The consistency condition for this equation is:
(b1 Vba V by VbyVbgVbg)-(bsVbgVbg)-(byVbrVbs)=0.
If B =0bg V bg and C' = by V b7 the last condition can be written as
(b1 Vb VCV B)-(b3VB)-(CVbs)=0,
which can be written as:
[BVbs-(byVbaVC)-(bsVC)=0.
Applying distributivity we get:
bs - BV B-CVbz-bs-(by Vb)) Vbs-C=0.
This equality is equivalent to the conditions:
(bg Vwg) - (baVbsVbr) = 0,
bs - (by - b5V ba - b5V by Vby) 0.

We obtained the general equation (23) that allows us to extract the values of ¢(x)
and ¢(N(x)). However, obtaining the value of z is possible when specific properties
of ¢ and IV allow it. One such situation is the result of Theorem 2.9.

2.2 Finite LM Algebras

A result obtained by Gr. C. Moisil in [Moi41] and by R. Cignoli in [Cig69] shows that
every finite algebra LMn is a direct product of subalgebras of L,, = {0, %, ey ”T’l, 1}.
Since L3 has only the subalgebras L and Lj it follows that every finite algebra in LM3
is a direct product of algebras Ly and Ls.

Thus, every algebraic function on L is the product of algebraic functions on Lo
and L3, so the range of a function is an interval if and only if the ranges of the com-
ponent functions are intervals, or equivalently, if the range of every L3 component is
an interval. Thus, the problem of identifying the algebraic functions whose ranges are
intervals is reduced to the case L = L3, where we can take advantage of the fact that
C(L3) = Lo.

If we try to generalize this approach by imposing directly the condition C'(L) =
Lo we could use the equivalent characterization of algebras that satisfy this condition
(Theorem 1.6, p. 288 in [BFGR91]), namely L being a subalgebra of L,,, or L a chain.
Thus, for the case of current interest, L must be a finite chain.

10



2.3 The Ranges of Algebraic Functions of LM3

To determine the range of an algebraic function f of LM3 we need to find those y
for which the equation f(x) = y is consistent. This amounts to the consistency of
the equations ¢(f(x)) = ¢(y) and ¢(N(é(z))) = ¢(N(y)), by the determination
principle.

Let Z = ¢(y) and T = ¢(N(y)). We have Z VT = 1. Thus, by Lemma 2.6, we
have the system S of equations in X,Y":

(b1 Vb)) - X -YVbs-Y'V(baVby) Y Vbs - X'V (bgVbg) - XVby=2
(caVX'VY') (e3-csVY) - (caVY') - (c5-c7VX) (g VX)) cg=T
XVY =1,

where X' = N(X),Y' = N(Y),and b; V¢; = 1for1 <i<mn.
Lemma 2.7 In an arbitrary Boolean algebra the system S is consistent if and only if

(b - O - b - b - b - b - by V ey V ey VgV cp)

(b - b - b - by V e Vg Vg Vcg)

(b - bL - bL by V ey Vs N ) Z-T
Veg-C3-Ca-C5-Cg-Cp-Cg-Co- 2 -T'V

(b1 Vba VbyVbgVbrVbgVbg)-(bgVbgVbgVby)
«(ba Vb5V by V) - Z'TV Z'T =0.

(24)

Proof. The system S can be written as a single equation:

[(b1Vb2)'X'Y\/bg'Y/\/(b4Vb7)~Y\/b5'X/\/(bG\/bg)'X\/bg]~Z/\/
(B, by X VY)Y (B Y) - (B B Y) - (B V X) - (b bV X)) - Z
\/(CQ\/X,\/Y/)'(63'68VY)'(C4VY/)'(C5'C7VX)'(C6\/X/)'CQT/
Vich - X YV I(gVeg) YV - YV(gVeh)- X'Veg- XV T
VX' Y =0.

The consistency condition for a Boolean equation F'(X,Y) = 01is F'(1,1) - F(1,0) -
F(0,1) - F(0,0) = 0. In the case of this equation we obtain:

[(b1 Vba VbaVbr Vg VbgVbg)-Z'V Uy -bhy-bly-bh-b-bg-by-Z
Vegegcgrcg-T'V (chVyVeyVey) T
'[(b3\/b6\/bg\/b9)'Z/\/bé'bg~b/8'bé'z\/03-08'C@'CQ'T/
V(s Vg VegVey) T
'[(b4\/b7\/b5\/b9)Z/\/b:1'be'bg'bé'Z\/C4'C5'C7'Cg'T’
V(cy VgV V)T
vZ'-T"=0.

The coefficient of Z - T is:
(bbb b -bL by by V ch Vg VegV ey ) - (b by by by V s VegVeg Ve ) - (b b b by V ey Ve Ven ey ).
The coefficient of Z - T is:

(b, by by by by -y by V -y )- (Bl Bl Bl bV eg-cg-cg-Co ) - (B bl -ba-bly Viey-cs-creco).

11



Since b; V ¢; = 1, we have b}, - ¢, = 0, hence ¢, < b;, or, equivalently, b; V ¢, = b;.
Therefore, the coefficient of Z’ - T reduces to:

(b1\/b2\/b4\/b6\/b7\/bg\/b9)'(b3\/b6\/bg\/b9)'(b4\/b5\/b7\/bg).

Furthermore, we have b, < ¢;, hence b} -dVe¢; = (b;Ve;) - (dVe) =¢- (dVe) = ¢
then b - b - d V c;-cj = (b - b -dVe;) - (b -V -dVcj) = ¢ - cj, etc. This shows
that the coefficient of Z - T" reduces to ca - ¢3 - €4 - C5 - Cg - C7 - g - Cg. Therefore, the
consistency condition reduces to Equation (24). |

Lemma 2.8 Let L be an LM3 algebra, [ : L — L an algebraic function and let
y € L. Then, a necessary condition for y to be in Ran(f) is that Z = ¢(y) and
T = ¢(N(y)) satisfy the condition of Lemma 2.7.

Proof. We have y = f(x) for some z, hence (X,Y) = (¢(x),p(N(z)) is a
solution of the system S. |

The condition in Lemma 2.8 is not sufficient because, although it implies the exis-
tence of a solution (X, Y") to the system S, this solution is not necessarily of the form
(¢(z), ¢(N(x)). However, we can prove sufficiency in a particular case:
Theorem 2.9 Let Ly = {0, 3,1} be the three-element LM algebra and let f : Ly —
L3 be an arbitrary function, as described in Corollary 2.5. Then, a necessary and
sufficient condition for an element y € Lg to be in Ran(f) is that Z = ¢(y) and
T = ¢(N(y)) satisfy the equality:

(25) (byVel)-(ByV ) (ByVeh)-Z-TVey-cs-cs-Z-T'Vby-by-bs Z-T'NV Z'-T' = 0.

Proof. The arbitrary function f : L3 — L3 has the representation given in
Corollary 2.5, which is the representation (21) given in Theorem 2.4 with a; = 0 for
i€{1,4,6,7,8,9}. These values for a; imply b; = 0 and ¢; = 1 for the same values
of 7. In view of Lemma 2.8, Z = ¢(y) and T' = ¢(N(y)) should satisfy the condition
of Lemma 2.7, which now reduces to Equality (25).

To prove sufficiency, suppose that (Z,T) = (¢(y), (N (y)) satisfies Equality (25)
which is a specialization of the equality of Lemma 2.7 to the Boolean algebra Lo =
{0,1} and b; = 0,¢; = 1 for i & {2,3,5}. It follows that the corresponding reduced
system S (studied in Lemma 2.7) has a solution (X,Y). If X =Y =1, then X =
qf)(%) andY = qf)(%); ifX=1Y=0,then X =¢(1),Y =¢(N(1));if X =0,V =
1, then X = ¢(0),Y = ¢(N(0)). Thus, in all cases we have found an element z € L3
such that ¢(f (x)) = 6(y) and (N (f(2))) = 6(N (y)), hence f(x) = y. i

Theorem 2.10 The range of a function f : Ly — Ls, where Ly = {0, 3,1} is the
three-valued LM algebra, is an interval if and only if

(ba V ch) - (by - ck Vb - i) V- cy-chVch-by- bt =0.

Proof. The range f(Ls3) of an algebraic function fails to be an interval if and only if
both 1 € f(Lg) and 0 € f(Ls3),but1/2 ¢ f(L3). In view of Lemma 2.7 this happens
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if and only if Equation (24) has the solutions (Z = 1,7 =0) and (Z = 0,7 = 1), but
fails to have the solution (Z = 1,T = 1). This is equivalent to the conditions:

Ky = (byvidy)-(byVey)- (b5Ves) =1
K2 = 02'63'65:0
K3 = by-b3-b5=0

We conclude that f(Ls) is an interval if K7 = 0, or K3 = 1, or K3 = 1; equivalently,
f(L3) is an interval if K; - K - K4 = 0, which amounts to

(b5 V) - (b V c5) - (b5 V c5) - (e V e V c5) - (b V by V b5) = 0.
Grouping conveniently the factors, this equality can be written in the form:
(b V ) - [c5 Vb - (cy V e5)] - b V 5 - (by V b3)] = O,

or equivalently, taking into account that b} - ¢; = 0.

! =
(b V c5) - (c5- b5 V - c5 - by V by - b - ¢y V by - ) = 0,

which is the desired equality because (pV ¢) - (p-rVg-8)=p-rVq-s. |

3 A Characterization of Distributive Lattices

The sets of values of lattice functions on bounded distributive lattices are intervals of
the lattice. This result belongs to R. L. Goodstein [Goo67] (cf. Corollary 3.5., page
55 of [RudO1]). The main result of this section is to show that for an Artinian or
Noetherian lattice the inverse is also true. To this end, we shall prove the following
statement:

Theorem 3.1 Ler (L,V,-) be an Artinian or Noetherian lattice. If for every lattice
Sunction f : L — L the set of values belongs to INT(L), then L is a bounded distrib-
utive lattice.

Proof. To prove that L is bounded consider the projection p}, whose set of values
is L. Since L is an interval [z, u], z is the least and u is the largest element of L, so
L is bounded lattice. As usual, we denote the least and greatest elements of L by 0, 1,
respectively.

Let a, b be two arbitrary elements of L. Suppose that L is Artinian and let ¢, :
L — L be the lattice functions

¢(x) = (a-z)V(b-2)
PY(x) = x-(aVb).

for x € L. We have ¢(z) < ¢(x) for x € L. Since L is bounded and the sets of
values of ¢, 1) are intervals, both sets equal [0, a V b]. We shall prove that ¢(z) = (),
thereby proving the distributivity of L.

13



Suppose that ¢(u) = 9 (v), thatis,u- (aVb) =v-(aVb). Thus,u-(aVb)- -a=
v-(aVb)-a, which yields v-a = v - a. Similarly, v -b = v - b. Thus, we may conclude
that ¢(u) = ¢(v).

Since i(x) € Ran(¢) there exists ;1 € L such that ¢)(x) = ¢(z1), hence
¥(x) < 9(x1). The process can now be repeated for x1; this yields an element
xo € L such that ¢(x1) = ¢(x2) < ¢(x2), etc. Thus, we obtain a sequence
T =Tg,T1,.-.,Tpn,Tn+1,.-.such that:

and since L is Artinian, there is p such that:

Y(@o) < <Y(ap—1) < YP(p) = P(Tpy1) = -+

Taking into account
(26)
Y(@o) = ¢(w1) < Y(21) = P(22) < P(a2) =+
=(rp2) = P(xp_1) < P(Tp1) = O(7p) < Y(1p) = dpy1) < V(Tpi1),

the equality ¢(z,) = ¥(zpt1) implies ¢(x,) = @(xp41), which, in turn, implies
¥(xp—1) = ¥(zp). Repeating this process, we note that the inequalities (26) collapse
into equalities. Since v (z¢) = 1 (x1) implies ¢(xg) = ¢(x1) it follows that ¢(zg) =
¥ (x0), which is the desired equality.

If L is Noetherian, the dual argument works by replacing the functions ¢, ¢ by the
functions u, v given by:

pz) = (ava)-(bVe)
v(z) = zV(a-b).

forx € L. |
The previous theorem implies immediately the following result:

Corollary 3.2 Let (L, V, ) be a finite lattice. If for every lattice function f : L — L
the set of values belongs to INT(L), then L is a distributive lattice.

If L is an Artinian or Noetherian lattice that is not distributive, then it is always
possible to find lattice functions whose range is not an interval. For example, suppose
that L is the 5-element diamond lattice M3 shown in Figure 1. It is well known that M3
is a modular, but non-distributive lattice (cf. [Bir73]). For the function ¢ : M3 — M3
given by ¢(z) = (a-z) V (b- x) for x € M3 we have Ran(¢) = {0, a,b, 1}. Since
0 < ¢ < 1andc ¢ Ran(¢) it follows that the range of ¢ is not an interval. However,
this set is a sublattice of M3.
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Figure 1: The modular and non-distributive lattice M3

1

Figure 2: The non-modular lattice N5

For the pentagon non-modular lattice N5 given in Figure 2 consider the function
¢ : N5 — N5 givenby: ¢(x) = (a-x)V (b-x). We have ¢(0) = 0, ¢(a) = ¢(c) = a,
¢(b) = b, and ¢(1) = 1. Thus, the set Ran(¢) = {0, a,b, 1} is not an interval; it is
however, a non-convex sublattice of N5, because {a,1} C Ran(¢), a < ¢ < 1, but

¢ & Ran(¢).

4 Open Issues

It would be interesting to examine ranges of algebraic functions of other lattice-based
algebras (such as Post algebras, or more general subclasses of LM algebras) and ob-
tain characterizations of those algebraic functions whose ranges are intervals. Using
ranges of algebraic functions to characterize modular lattices in a manner similar to
Theorem 3.1 is another possible research topic.

15



References

[BFGR91] V. Boicescu, A. Filipoiu, G. Georgescu, and S. Rudeanu. Lukasiewicz-

[Bir73]

[Cig69]

[Cig70]
[Eps60]

[Goo67]

[Gri79]
[Moi41]

[Moi57]

[Rud01]

Moisil Algebras. North-Holland, Amsterdam, 1991.

G. Birkhoff. Lattice Theory. American Mathematical Society, Providence,
1973.

R. Cignoli. Algebras de Moisil de orden n. PhD thesis, Universidad Na-
cional del Sur, Bahia Blanca, 1969.

R. Cignoli. Moisil algebras. Notas de Logica Matemadtica, 27, 1970.

G. Epstein. The lattice theory of post algebras. Transactions of the Ameri-
can Mathematical Society, 96:300-317, 1960.

R. L. Goodstein. The solution of equations in a lattice. Proc. Roy. Soc.
Edinburgh, Sec. A, Part III, 67:231-242, 1967.

G. Gritzer. Universal Algebra. Springer Verlag, New York, 1979.

Gr. C. Moisil. Notes sur les logiques non-chrysippiennes. Annales Scien-
tifiques de I’ Université de Jassy, 27:86-98, 1941.

Gr. C. Moisil. Aplicatiile logicii trivalente in studiul functiondrii reale a
schemelor cu contacte si relee. Bul. Mat. al Soc. de Stiinte Mat. si Fiz. din
R. P. Romadnd, 1:147-191, 1957.

S. Rudeanu. Lattice Functions and Equations. Springer, London, 2001.

16



