The Syntax of £

We will now develop a precise mathematical
description of the programming language £.

The symbols

Xa, X, Xa, ...

are called input variables,

24,25, Zs, ...

are called local variables,

and Y is called the output variable of .
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The symbols
A, B, C;, D, E;, A, B, C,, ...
are called labels of ..

For variables and labels, the subscript 1 can always
be omitted.
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A statement is one of the following:

V « V+1

V « V-1
V&V

IF V=0 GOTO L

Here, V may be any variable and L may be any label.
Note that the statement V « V leaves all values
unchanged, so itis a “dummy” command.

We will later see why it is useful to have V « V in our
set of statements.
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An instruction is either
» a statement (unlabeled instruction) or
* [L] followed by a statement (instruction labeled L)

A program is a list (i.e., a finite sequence) of
instructions.

The length of this list is called the length of the
program.

We also include the empty program — the program
of length 0 — in the set of all programs.
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While a program is being executed, its variables
assume different numerical values.

This motivates the concept of the state of a program:
A state of a program @ is a list of equations of the
form

V=m,

where V is a variable and m is a number,

including exactly one equation for each variable that
occurs in @ (and possibly equations for other
variables).
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Consider the following Is the list

program @: X=4,Y=3,Z=3
a state of #?

[A] IF X0 GOTOB

Yes.
Z«Z+1 H bout
Oow abou
Fz20GOTOE (PN 4 zoa
[B] X< X1
Y Y+ ves.
Zez+l And X =3,Z=3?

IF Z#0 GOTOA o,
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Let ¢ be a state of # and let V be a variable that
occurs in .

The value of V at ¢ is then the unique number q such
that the equation V = q is one of the equations in .

For example, the value of X at the state
X=4,Y=3,Z=3
is 4.
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Consider a machine that can execute programs of L.
During program execution, this machine needs to
store the state of a program, i.e., keep track of the
values of variables.

Is there anything else that needs to be stored?

Yes, we also need to store which instruction is to be
executed next.
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Therefore, we define a snapshot or instantaneous
description of a program @ of length n to be a pair
(i, c) where 1 <i<(n+ 1), and ¢ is a state of @.

The number i indicates the number of the instruction
that is to be executed next.

i=n+ 1 corresponds to a “stop” instruction.

A snapshot (i, o) of a program @ of length n is called
terminal ifi=n+ 1.

If s = (i, o) is a snapshot of ® and V is a variable of ¢,
then the value of V at s just means the value of V at
O.
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If (i, o) is a nonterminal snapshot of @, we define the
successor of (i, o) to be the snapshot (j, t) defined as
follows:

Case 1:

The i-th instruction of ¢ is V < V+1 and o contains
the equation V = m.

Then j=i+ 1 and t is obtained from o by replacing
the equationV=mbyV=m+1

(the value of V at tis m + 1).
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Case 2:

The i-th instruction of @ is V « V-1 and o contains
the equation V =m.

Thenj=i+ 1 and tis obtained from o by replacing
the equationV=mbyV=m-1ifm==0.
Ifm=0,thent=o0.

Case 3:
The i-th instruction of @ is V « V.
Thenj=i+landt=o0.
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Case 4:
The i-th instruction of @ is IF V=0 GOTO L.
Then t = ¢ and there are two subcases:

Case 4a:
o contains the equation V = 0.
Thenj=i+1.

Case 4b:

o contains the equation V = m where m = 0.

Then, if there is an instruction of @ labeled L, jis the
least number such that the j-th instruction of @ is
labeled L. Otherwise, j=n + 1.
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The Syntax of £

A computation of a program @ is defined to be a
sequence sy, Sy, ..., S of snapshots of @ such that
S,,1 IS the successor of s;fori=1, 2, ..., k—1 and s, is
terminal.
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What does it exactly mean when we say that a
program computes a function?

We would like to find a precise definition for this.

Let @ be any program in the language £ and let
ry, ..., Iy be m given numbers.

We form the state ¢ of @ which consists of the
equations

Xi=r, Xo=Tg oo, Xy =l Y =0

together with the equations V = 0 for all other
variables V in @

We call this the initial state.
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Moreover, we call the snapshot (1, o) the initial
snapshot.

When running the program, there are two possible
outcomes:

Case 1:

There is a computation s;, S,, ..., S, of @ beginning
with the initial snapshot.

Then we write wM™(ry, I, ..., I,) for the value of the
variable Y at the terminal snapshot s,.
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Case 2:

There is no such computation; i.e., there is an infinite
sequence s;, S,, Sg, ...beginning with the initial
snapshot.

In this case, yM(r;, I, ..., I,) is undefined.
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[A] IFX£0GOTOB (1) (L {X=r,Y=02=0),

Z 741 ) (4,{X=r,Y=0,2=0}),
IFZ#£0 GOTOE  (3) (5.{X=r-1,Y=0,Z2=0}),
[B] X« X1 N (6,{X=r-1,Y=1,Z2=0}),
Y« Y+1 (5) (7.{X=r-1,Y=1,2=1)),
Z« Z+1 (6) (L{X=r-1,Y=1,2=1),

IF Z#0 GOTOA  (7)

.(1,{X=0,Y=r,Z=r}),

We write:
(1‘;‘” g @, {X=0,Y=r,2=1),
v = G.{X=0,Y=r,Z=r+1}),
6. {X=0,Y=r,Z=r+1).
September 15, 2009 Theory of Computation 17

Lecture 3: Programs and Computable Functions Il

Computation

For any program @ and any positive integer m, the
function y™(r,, 15, ..., I,,) is said to be computed by
®.

We allow any program to be run with any number of
inputs.
Consider the summation program from the previous
lecture:

Wy, 1) =T+,
v =r+0=r

W, 1y Tg) =1+ 1,
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Computation

For any program @ and any positive integer m, the
function y™(r,, 1y, ..., I,,) is said to be computed by
@

In general, a partial function fon a set SMis a
function whose domain is a subset of S™.

If a partial function on S™ has the domain S™, then it
is called total.
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Computation

A given partial function g (of one or more variables) is
said to be partially computable if it is computed by
some program.

This is the case if there is a program @ such that
g(ry, oy ooy F) = WA™(ry, Ty, ..o, 1) fOrallrg, ry, o, 1.

This means not only that both sides have the same
value when they are defined, but also that when
either side of the equation is undefined, the other
one is as well.

A function is said to be computable if it is both
partially computable and total.
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Macros

So far we have used macros in an informal way. Let
us now develop a more precise definition of them.

Let f(x4, Xy, ..., X;,) be a partially computable function,
and @ be a program that computes f.

Let us assume that

e the variables in # are named Y, X, ..., X,,
Z4s s Zio

« the labels in # are named E, A,, ..., A, and

« for each instruction of ® of the form

IF V=0 GOTO A,
there is in @ an instruction labeled A;.
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We can modify any program of the language £ to
comply with these assumptions.

We write:
P =@, Xy, ey Xy Zgy oois Zi, By Agy o, A)

In particular, we will use:

Qn = @(va Zm+1v ] Zm+nv Zm+n+1v ] Zm+n+k;
Emv Am+1v ey Am+l)

for a given value m.
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