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Recursively Enumerable SetsRecursively Enumerable Sets
As long as the GAs long as the Göödel numbering functions [xdel numbering functions [x11, …, x, …, xnn] ] 
and (x)and (x)ii are available, we only need to consider are available, we only need to consider 
subsets of N instead of subsets of Nsubsets of N instead of subsets of Nmm..

Then we have:Then we have:

Theorem 4.2:Theorem 4.2: Let Let CC be a PRC class, and let B be a be a PRC class, and let B be a 
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subset of Nsubset of Nmm, m , m ≥≥ 1. 1. 
Then B belongs to Then B belongs to CC if and only ifif and only if
B’ = {[xB’ = {[x11, …, x, …, xmm] ] ∈∈N | (xN | (x11, …, x, …, xmm) ) ∈∈ B} belongs to B} belongs to CC. . 

Recursively Enumerable SetsRecursively Enumerable Sets
Proof:Proof: If PIf PBB(x(x11, …, x, …, xmm) is the characteristic function of ) is the characteristic function of 
B, thenB, then
PPB’B’(x) (x) ⇔⇔ PPBB((x)((x)11, …, (x), …, (x)mm) & Lt(x) ) & Lt(x) ≤≤ m & x > 0m & x > 0
is the characteristic function of B’, and Pis the characteristic function of B’, and PB’B’ clearly clearly 
belongs to belongs to CC if Pif PBB belongs to belongs to C C ..
On the other hand, if POn the other hand, if PB’B’(x) is the characteristic (x) is the characteristic 
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,, BB ( )( )
function of B’, then function of B’, then 
PPBB(x(x11, …, x, …, xmm) ) ⇔⇔ PPB’B’([x([x11, …, x, …, xmm])])
is the characteristic function of B, and Pis the characteristic function of B, and PBB clearly clearly 
belongs to belongs to CC if Pif PB’B’ belongs to belongs to C C ..
For example, {[x, y] For example, {[x, y] ∈∈ N | HALT(x, y)} is not a N | HALT(x, y)} is not a 
computable set.computable set.

Recursively Enumerable SetsRecursively Enumerable Sets
Definition:Definition: The set B The set B ⊆⊆ N is called N is called recursively recursively 
enumerableenumerable if there is a partially computable function if there is a partially computable function 
g(x) such thatg(x) such that
B = {x B = {x ∈∈ N | g(x) N | g(x) ↓↓} .} .

The term recursively enumerable is abbreviated The term recursively enumerable is abbreviated r.e.r.e.
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A set is r.e. just when it is the domain of a partially A set is r.e. just when it is the domain of a partially 
computable function.computable function.
If If PP is a program that computes the function g (see is a program that computes the function g (see 
above), then B is simply the set of all inputs to above), then B is simply the set of all inputs to P P for for 
which which PP eventually halts.eventually halts.

Recursively Enumerable SetsRecursively Enumerable Sets
If we think of If we think of P P as providing an algorithm for testing as providing an algorithm for testing 
for membership in B, we see thatfor membership in B, we see that
•• if a number belongs to B, the algorithm will provide if a number belongs to B, the algorithm will provide 

a positive answer,a positive answer,
•• if a number does not belong to B, the algorithm will if a number does not belong to B, the algorithm will 

never terminatenever terminate
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never terminate.never terminate.
Such algorithms are called Such algorithms are called semisemi--decision decision 
proceduresprocedures..
They can be considered an “approximation” to solving They can be considered an “approximation” to solving 
the problem of testing membership in B.the problem of testing membership in B.

Recursively Enumerable SetsRecursively Enumerable Sets
Theorem 4.3:Theorem 4.3: If B is a recursive set, then B is r.e.If B is a recursive set, then B is r.e.
Proof:Proof: Consider the following program Consider the following program PP ::

[A][A] IF IF ∼∼(X (X ∈∈ B) GOTO AB) GOTO A

Since B is recursive, the predicate X Since B is recursive, the predicate X ∈∈ B is B is 
computable andcomputable and PP can be expanded to a programcan be expanded to a program
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computable and computable and PP can be expanded to a program can be expanded to a program 
of of LL ..
Let Let PP compute the function h(x). Then, clearly,compute the function h(x). Then, clearly,
B = {x B = {x ∈∈ N | h(x) N | h(x) ↓↓} .} .

Recursively Enumerable SetsRecursively Enumerable Sets
If B and If B and ¬¬B are both r.e., then we can devise B are both r.e., then we can devise two two 
algorithmsalgorithms::
•• one algorithm that terminates if a given input is in B, one algorithm that terminates if a given input is in B, 

andand
•• another algorithm that terminates if a given input is another algorithm that terminates if a given input is 

not in Bnot in B
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not in B.not in B.
Can we find a way toCan we find a way to combinecombine these two algorithms these two algorithms 
to obtain a single algorithm that to obtain a single algorithm that always terminatesalways terminates
and tells us whether a given input is in B?and tells us whether a given input is in B?
The trick is to let the two algorithms run for more and The trick is to let the two algorithms run for more and 
more steps until one of them terminates (more steps until one of them terminates (dovetailingdovetailing).).
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Recursively Enumerable SetsRecursively Enumerable Sets
Theorem 4.4:Theorem 4.4: The set B is recursive if and only if B The set B is recursive if and only if B 
and and ¬¬B are both r.e.B are both r.e.

Proof:Proof: If B is recursive, then by Theorem 4.1 so is If B is recursive, then by Theorem 4.1 so is ¬¬B, B, 
and hence by Theorem 4.3, they are both r.e.and hence by Theorem 4.3, they are both r.e.
Conversely, if B and Conversely, if B and ¬¬B are both r.e., we may writeB are both r.e., we may write
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B = {x B = {x ∈∈ N | g(x) N | g(x) ↓↓},},
¬¬B = {x B = {x ∈∈ N | h(x) N | h(x) ↓↓},},
where g and h are both partially computable.where g and h are both partially computable.

Recursively Enumerable SetsRecursively Enumerable Sets
Now let g be computed by program Now let g be computed by program PP and h be and h be 
computed by program computed by program QQ , , 
and let p = #(and let p = #(PP ) and q = #() and q = #(QQ ).).

Then the following program computes B:Then the following program computes B:

[A][A] IF STPIF STP(1)(1)(X p T) GOTO C(X p T) GOTO C
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[A][A] IF STPIF STP( )( )(X, p, T) GOTO C(X, p, T) GOTO C
IF STPIF STP(1)(1)(X, q, T) GOTO E(X, q, T) GOTO E
T T ←← T+1T+1
GOTO AGOTO A

[C][C] Y Y ←← 11


