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Numerical Representation of StringsNumerical Representation of Strings
We will now look at several We will now look at several primitive recursive primitive recursive 
functions on stringsfunctions on strings..
These functions will be useful for our further These functions will be useful for our further 
discussion of calculation on strings.discussion of calculation on strings.
It will be helpful to remember the functions g and h:It will be helpful to remember the functions g and h:

g(0 n x) = xg(0 n x) = x
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g(0, n, x) = xg(0, n, x) = x
g(m + 1, n, x) = Qg(m + 1, n, x) = Q++(g(m, n, x), n),(g(m, n, x), n),
then g(m, n, x) = uthen g(m, n, x) = umm..

h(m, n, x) = Rh(m, n, x) = R++(g(m, n, x), n), (g(m, n, x), n), 
then ithen imm = h(m, n, x),  m = 0, …, k.= h(m, n, x),  m = 0, …, k.

Numerical Representation of StringsNumerical Representation of Strings
1.)  f(u) = |u|1.)  f(u) = |u|
This “length” function is defined on A* and yields a This “length” function is defined on A* and yields a 
natural number.natural number.
How can we compute f on the How can we compute f on the numbernumber associated with associated with 
A*?A*?
For each t the numberFor each t the number ∑∑tt nnjj has the base nhas the base n
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For each t, the number For each t, the number ∑∑tt
j=0j=0 nnjj has the base n has the base n 

representation srepresentation s11
[t+1][t+1]..

(The expression s(The expression s[m][m] stands for the string that consists stands for the string that consists 
of m times the symbol s.)of m times the symbol s.)

Numerical Representation of StringsNumerical Representation of Strings
For example, given the alphabet For example, given the alphabet 
A = {sA = {s11,, ss2 2 ,s,s33} and t = 2:} and t = 2:

The string representation of The string representation of ∑∑tt
j=0j=0 33j j = s= s11ss11ss11..

This number is the smallest number whose base 3 This number is the smallest number whose base 3 
representation contains t + 1 symbols.representation contains t + 1 symbols.
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If we subtract 1 from the string sIf we subtract 1 from the string s11ss11ss11, it becomes s, it becomes s33ss33..

So the length |u| can be defined as follows:So the length |u| can be defined as follows:

|u| = min|u| = mint≤ut≤u ((∑∑tt
j=0j=0 nnj j > u). > u). 

Obviously, this function is primitive recursive.Obviously, this function is primitive recursive.

Numerical Representation of StringsNumerical Representation of Strings
2.) g(u, v) = CONCAT2.) g(u, v) = CONCATnn(u, v)(u, v)
This function is primitive recursive because it is This function is primitive recursive because it is 
defined by the following equation:defined by the following equation:
CONCATCONCATnn(u, v) = u(u, v) = u⋅⋅nn|v||v| + v+ v

Example:Example: Alphabet A = {1, 2, 3, 4, 5, 6, 7, 8, 9, X}:Alphabet A = {1, 2, 3, 4, 5, 6, 7, 8, 9, X}:
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pp p { , , , , , , , , , }p { , , , , , , , , , }

CONCATCONCAT1010(13, 478) = 13(13, 478) = 13⋅⋅1000 + 478 = 134781000 + 478 = 13478

Numerical Representation of StringsNumerical Representation of Strings
3.) CONCAT3.) CONCATnn

(m)(m)(u(u11, …, u, …, umm))
This function is primitive recursive for each m, n This function is primitive recursive for each m, n ≥≥ 1. 1. 
It follows at once from the previous example using It follows at once from the previous example using 
composition.composition.

E lE l
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Example:Example:
Alphabet A = {1, 2, 3, 4, 5, 6, 7, 8, 9, X}, m = 3:Alphabet A = {1, 2, 3, 4, 5, 6, 7, 8, 9, X}, m = 3:

CONCATCONCATnn(u, v, w) = u(u, v, w) = u⋅⋅nn|v| + |w||v| + |w| + v+ v⋅⋅nn|w||w| + w + w 

CONCATCONCAT1010(13, 478, 9) = 13(13, 478, 9) = 13⋅⋅10000 + 478 10000 + 478 ⋅⋅10 + 9 = 10 + 9 = 
134789134789

Numerical Representation of StringsNumerical Representation of Strings
4.) RTEND4.) RTENDnn(w) = h(0, n, w) (w) = h(0, n, w) 

Remember:Remember:
iimm = h(m, n, x),  m = 0, …, k.= h(m, n, x),  m = 0, …, k.

RTENDRTENDnn gives the rightmost symbol of a given word.gives the rightmost symbol of a given word.
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We know that h is primitive recursive, so RTENDWe know that h is primitive recursive, so RTENDnn is is 
also primitive recursive.also primitive recursive.
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Numerical Representation of StringsNumerical Representation of Strings
5.) LTEND5.) LTENDnn(w) = h(|w| (w) = h(|w| --°° 1, n, w) 1, n, w) 

Corresponding to RTENDCorresponding to RTENDnn, LTEND, LTENDnn gives the leftmost gives the leftmost 
symbol of a given word.symbol of a given word.
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Numerical Representation of StringsNumerical Representation of Strings
6.) RTRUNC6.) RTRUNCnn(w) = g(1, n, w) (w) = g(1, n, w) 

Remember:Remember:
g(m, n, x) = ug(m, n, x) = umm

uu00 = i= ikk⋅⋅nnkk + i+ ikk--11⋅⋅nnkk--11 + … + i+ … + i11⋅⋅nn11 + i+ i00
uu11 = i= ikk⋅⋅nnkk--11 + i+ ikk 11⋅⋅nnkk--22 + + i+ + i11
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uu11 = i= ikk⋅⋅nn + i+ ikk--11⋅⋅nn + … + i+ … + i11
RTRUNCRTRUNCnn gives the result of removing the rightmost gives the result of removing the rightmost 
symbol from a given nonempty string.symbol from a given nonempty string.
When we can omit the reference to the base n, we When we can omit the reference to the base n, we 
often write woften write w-- for RTRUNCfor RTRUNCnn(w). (w). 
Note that 0Note that 0-- = 0.= 0.

Numerical Representation of StringsNumerical Representation of Strings
7.) LTRUNC7.) LTRUNCnn(w) = w (w) = w --°° (LTEND(LTENDnn(w) (w) ⋅⋅nn|w| |w| --°°11))

LTRUNCLTRUNCnn gives the result of removing the leftmost gives the result of removing the leftmost 
symbol from a given nonempty string.symbol from a given nonempty string.

Example:Example: Alphabet A = {1, 2, 3, 4, 5, 6, 7, 8, 9, X}:Alphabet A = {1, 2, 3, 4, 5, 6, 7, 8, 9, X}:
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pp p { , , , , , , , , , }p { , , , , , , , , , }

LTRUNCLTRUNC1010(3478) = 3478 (3478) = 3478 -- 33⋅⋅1000 = 478.1000 = 478.

Numerical Representation of StringsNumerical Representation of Strings
We will use these newly introduced primitive recursive We will use these newly introduced primitive recursive 
functions to prove the computability of a pair of functions to prove the computability of a pair of 
functions that can be used in functions that can be used in changing basechanging base..

Let 1 Let 1 ≤≤ n < l.n < l.
Let ALet A ⊂⊂ Ã where A is an alphabet of n symbols andÃ where A is an alphabet of n symbols and
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Let A Let A ⊂⊂ Ã, where A is an alphabet of n symbols and Ã, where A is an alphabet of n symbols and 
Ã is an alphabet of l symbols.Ã is an alphabet of l symbols.
So whenever a string belongs to A*, it also belongs So whenever a string belongs to A*, it also belongs 
to Ã*.to Ã*.

Numerical Representation of StringsNumerical Representation of Strings
For any x For any x ∈∈ N, let w be the word in A* that represents N, let w be the word in A* that represents 
x in base n.x in base n.
Then we write UPCHANGEThen we write UPCHANGEn,ln,l(x) for the number which (x) for the number which 
w represents in base l.w represents in base l.

Examples:Examples:
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UPCHANGEUPCHANGE2,62,6(5) = 13(5) = 13
The representation of 5 in The representation of 5 in base 2base 2 is sis s22ss11. In . In base 6base 6, , 
ss22ss11 represents the number 13.represents the number 13.
UPCHANGEUPCHANGE1,51,5(3) = 31(3) = 31
The representation of 3 in The representation of 3 in base 1base 1 is sis s11ss11ss11. In . In base 5base 5, , 
ss11ss11ss11 represents the number 31.represents the number 31.


