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Abstract probability distribution ofX conditioned on its set of par-

ents taking on thg" assignment of its domainB,, is

We propose a measure for assessing the degree of influgiection of distributiongX for all nodesX of B, and
ence of a set of edges of a Bayesian network on the ove g

A

all fitness of the network, starting with probability distri 1 <j <[Dom(Pax)|.

butions extracted from a data set. Standard fithess mea- S€Veral scoring solutions have been proposed for eval-
sures such as the Cooper-Herskowitz score or the scofdting the fitness of a BNS for representing probabilistic
based on the minimum description length are computadePendencies among attributes of a data set. The are two
tionally expensive and do not focus on local modificationsT&Jor @pproaches: scores based on maximization of the
of networks. Our approach can be used for simplifyinngSter'Or probability of the network structure conditidne
the Bayesian network structures without significant loss/PoN data, and scores based on MDL (Minimum Descrip-

; - : i tion Length) principle.
g];gtr%%isﬁ_ Experimental work confirms the validity of our The first approach was initially introduced in Cooper

and Herskovits (1993), where the scoring formula was de-
Keywords:Bayesian belief network, Kullbach-Leibler di- rived based on a number of assumptions such as assuming

vergence, entropy, edge pruning that the distribution of tuple@y, - - - , 6% ;) is uniform
for all X andj, or is a Dirichlet distribution. In Heck-
1 Introduction erman et al. (1995) the Dirichlet distribution assumption

was replaced by thékelihood equivalenceassumption
The construction of a Bayesian Network Structure from"’m)‘(:i it WasXshown that under this new assumption tuples
a data set that captures the probabilistic dependencidéi;, - :0r, ;) obey a Dirichlet distribution.
among the attributes of the data set has been one of the The second approach is based on the minimum de-
prominent problems among community of uncertainty re-scription length principle, introduced in Rissanen (1978)
searchers since early 90s. The problem is particularlyvhich stipulates that the best model for data is the one that
challenging due to enormity of number of possible struc-minimizes the combined description length of the model
tures for a given collection of data. and data. Later, in Lam and Bacchus (1994) this princi-
Formally, a Bayesian Belief Networkis a pair ple was applied to learning a BNS from data. The close
(Bs, By), whereB, is a DAG (directed acyclic graph) relationship between these two approaches was shown
which is commonly referred to as Bayesian Network in Suzuki (1999).
Structure(BNS), andB,, is a collection of distributions The application of these methods on learning the lo-
which quantifies the probabilistic dependencies present ial structure in the conditional probability distribution
the structure, as we discuss in detail below. with variable number of parameters that quantify these
Each node of the BNS corresponds to a random varinetworks as opposed to attempting to learn the global
able; edges represent probabilistic dependencies amorsfyucture at once was studied in Friedman and Goldszmidt
these random variables. BNS captures the split of the joinf1998).
probability of a set of random variables, presented by its Both approaches are expensive to compute and do not
nodes, into a product of probabilities of its nodes condi-focus on local modifications of networks. Our scoring
tioned upon a set of other nodes, namely the set girss ~ scheme is much cheaper to compute when local modifi-
decessorsr parents cations are desired and allows the assessment of the im-
The set of values (or states) of a random variallle portance of individual edges on the global fitness of the
is referred to as thdomain ofZ, borrowing a term from  network.
relational databases. This set is denotedbyn (7). We examined this problem from the perspective of
If a random variableX is a node of By with conditional entropy (n.d.) by seeking a set of parents for
Dom(X) = {1,---,Rx} and set of random variables a node that reduces the conditional entropy of that node in
Pax = {Y1,Ys,---,Y;} as its set of parents, and if presence of its parents as much as possible. Our main in-
we agree upon some enumeration of Bein(Pax) =  terestin this paper is to evaluate the “importance” of a set
k : b'e i of edges of a BNS in the presence of data by measuring the
Ili-s D.O.m(yl)’ then we denote by;; the conditional fitness loss of the BNS dlIJDe to pruning the sé/t of edges.gThe
probability P(X = I|Y1 = 41,Y> = y2,--- ¥ = ), evaluation is obtained starting from the Kullbach-Leibler
wherel is some state ok and(yy, - - - ,yx) is thej™ el-  divergence between two probability distributions.
ement of the enumeration. Also, we denote vvﬂfh the Later, we examine the relationship of the fitness loss
' measure introduced in this article and the conditional en-
Copyright ©2006, Australian Computer Society, Inc. This paper ap- tropy, in particular, with the measure introduced in (n.d.)
peared at the Twenty-Ninth Australasian Computer SciermeeZence Finally, we combine the two measures to get a new for-
(ACSC2006), Hobart, Australia. Conferences in ResearchRaactice 1,113 and justify its use to simplify a BNS that represents

in Information Technology (CRPIT), Vol. 48, Vladimir EsiivCastro ) - : : :
and Gillian Dobbie, Ed. Reproduction for academic, notgosfit pur- expert's prior knowledge of the domain without consider-

oses permitted provided this text is included. ing the data. ]
posesP P Let D be a data set and let us denoteAytr(D) its




set of attributes. FoK = {A4;,,..., 4;,} C Attr(D) let Now, if we assumeD = {t,---,tq}, by indepen-

I = {i1,...,ix} beits index set. dence assumption of tuples of data set we have,
If A = (A1,A4,,...,4,) is a permutation of

Attr(D), let A;,, be the sequence of attributes of set P(D|BA) H¢_1 P(t;|B~)

K ordered according té\. Denote byDom(A;,. ) the = e —

Cartesian product of the domains of the attributes in the P(D|B=) [Tz, P(t:|B>)

sequencéd\;, , thatis, . . - -
q T and by Bayesian network split of joint probability we

Dom(Ar,) =Dom(A4;,) X --- x Dom(4;,). have,
Fora= (ay,...,ar) € Dom(Ay, ) we denote bA;,, = H?:1 P(ti|BE,) _
a, the event [15, P(ti|Bmax)
Aiy = ay,.. ., Aiy, = ag. T, 1=, P4, = tild)|Aar,, ;) = ti[Parss (7))

A BNS for data se® is a structureB, with set of nodes [, [Tj=1 P(Aj = tilj]|Aparymax (j) = ti[ParBmex(5)])

Vs = Attr(D) and set of edgeg, C Attr(D) x :

Attr(D). The attributes of the data set are treated as ranwhere ift is a tuple inD andL is a set of attributes, then

dom variables. The BNS represents probabilistic depenye denote the restriction of the tuplego L be t[L]; we

dencies among these attributes. _ refer tot[L] as theprojectionof ¢ on L. Occasionally, we
We denote byBNS(D) the set of all possible struc- yset|1, ] instead oft[L], wherel, is the index set of..

tures forD and byBNSa (D) the set of all structures of — A"Bayesian network structure for a data set incorpo-

BNS(D) which only contain edgegA, A’) such thatd  rates a collection of conditional independence properties

precedesA’ in the permutatiorA. If By € BNSA(D),  among attributes of that data set. This is captured by the

then Parfy, (i) is the index set of the set of parents of directed Markov propertyf Bayesian networks Cowell
A, € Attsr(ﬂ) in B, according toA. This notation is (1998). This property stipulates that for any nadlewve

extended to sets of nodes as follows.VIfC V. and Iy have:

is the corresponding index set of, thenParfy (Iy) is P(X|nd(X),Par(X)) = P(X|Par(X)), (1)
Uiery Par’%s(z‘). The B, subscript andA superscript are o )

omitted when it is clear from context. which is denoted withX Lnd(X) | Par(X), where

The BNS inBNSA(D) that contains the maximum nd(X) is the set of non-descendent nodestofNote that
number of edges is calletie complete BN®r sequence Parsma=(j) C Parga (j) for1 < j <n. Then, since we
A, denoted byBA,, and is depicted in Figure 1. assumed*** accurately represents the distribution over

Attr(D) and by directed Markov property we have,

P(Aj = ti[j]lAPar,Bés(j) = ti[Par'BQS (])])
=P(A; = ti[j]|Ararsmax () = ti[Parsme(j)], Ac = t[C])
=P(A; = ti[j]|Aparsmax () = ti[Pargme<(j)])

(by Markov property)

for all i and;j whereC = Parga (j) — Pargmex(j). This
justifies our proposition.

Yet, the complexity of a complete structure for a given
sequence makes any computation prohibitively expensive.
This demands the introduction of a measure which allows
the simplification of the structure without incurring a sig-
nificant loss of fithess. Such a measure may also be used to
incrementally modify a BNS as new data becomes avail-
able.

Figure 1: The complete BNS for orderidg.

We make two basic assumptions:

1. The joint probability on the attributes 6f can accu- 2 Entropy and Partitions
rately be represented by a BNEB'** € BNSA(D)
and such a structure maximizes the posterior probaa partition of a setS is non-empty collection of non-
bility of the structure conditioned upon the data set. empty subsets o, 7 = {B;|i € I}, such that J,.; B =

2. An uniform prior probability distribution exists onall ¥ @ndB; N B; = @ forall i, j € I wherei # j. The set

possible Bayesian network structures or of partitions of a sef' is denoted byPART(S).
A partial order relation oPART(.S) is defined byr <

Under these assumption®”, has maximum posterior o for 7,0 € PART(S) whereo = {C1,Cs, ....,Cy}, if

probability in the presence of data. every blockB; of 7 is included in a bloclC; of 0. The
For anyB, € BNS(D) we have partially ordered setPART(S), <) is actually a bounded

lattice. The infimum of two partitions andn’ = {B;|j €

P(Bs|D) - P(D) = P(D|Bs) - P(Bs) J} onS, denoted withr A7, is the partition{ B; N B; i €

1,5 € J,B;NB; # 0} onS . The least element of this
lattice is the partitionvs = {{s} | s € S}, the largest is
the partitionws = {S}.

The notion of entropy for partitions of finite sets was
P(D|BA) and axiomatized in Simovici and Jaroszewicz (2002} If

PEDfBp)

by Bayes’ Theorem. Sinc® is fixed, and we assume
P(B;) is uniform, P(B,|D) is proportional toP(D|B;).
Thus, it suffices to show that



is a finite set andr = {By, ...,
the entropy ofr is the number

u By
Zl |S|

B} is a partition ofS,

Clearly, this is the Shannon entropy of a probability distri

\B\

bution(p4, . .. for1 <i<m. The

; pm) Wherepz =

assume thaPar(Dg) N Dg =
Par(Dg).

Clearly, if we remove the set of edgds from B,
the effect of this pruning on the joint probability distri-
bution of the data set represented By will only be
through conditional distributions attached to node®gf.
Thus, to assess the effect of pruning the edges éfom
B, on the joint probability distribution of attributes of
data set, consider the conditional probability distribnti
(Par(DE) SE)( ),

0. Note also thalSy C

main advantage of using partmons rather than probabilPpy

ity distributions is the possibility of using the partiader
defined onPART(.S).

Theorem 2.1 The entropyH : PART(S) — Rxq is
anti-monotonic; in other words, if < #’, thenH(7) >
H(n') for everyr, 7’ € PART(S).

The trace of a partitionm on a subsef” of S is the
partitionmr = {TNB; | i € TandT N B; # 0} of
T. Letw,0 € PART(S) be two partitions, where =
{Bi,...,By}ando = {C1,...,C,}. The entropy ofr
conditioned orv is the number:

It is immediate thatHs(r|ws) = Hg(m) and that

H(m|as) = 0. Also, in Simovici and Jaroszewicz (2006)

it is shown thaﬂ‘fg(ﬂ'|0') Ha(m No) —Hga(o), aprop-

The following statement, proven
in Simovici and Jaroszewicz (2002) is used in the sequel.

(P(Ap, =bi|Apar(py)—sp) = &), -,
P(Apy = bm|Apa(pg)—sg) = &) ),

where Dom(Ap,) = {by,...,b

Dom(Apar(p)—s5))-

Note thatp'52"”#)~%%)(a() is the probability distri-
bution of tupIeADE conditioned on its set of parents after
the removal of the set of edgésinstantiated withe/. To
see how much the distribution is distorted as we prune the
set of edgesv from B, we compare the probability dis-
tributions of Ap,, conditioned on its set of parents By
before and after removal of the set of edges for all possible
instantiations of the sequence of parents.

For each instantiatioa’ € Dom(A (par(p)—s5)) Of
the sequence of parents Afy,, after pruning, there are
several instantiations of the sequence of parents of
before pruningay, ...a., wherea; € Dom(Apa(py))
such that;[Par(Dg) — Sg| = & for 1 < i < 2. Thus,

m} and & €

erty that extends the similar property of Shannon entropye néed to compare the probability distributions

The next theorem proven in Simovici and Jaroszewicz
(2002), Simovici (2007) states that conditional entropy is

Par(Dg)

pD (Par(Dg)— SE)(

(a) andp;,, a),

anti-monotonic with respect to its first argument and is

monotonic with respect to its second argument.
Theorem 2.2 Letw, 0,0’ € PART(S), whereS is a finite
set. Ifo < o/, thenH(o|r) > H(o'|r) andH(n|o) <
H(rw|o").

Finally, we mention the following corollary, also

proven in Simovici and Jaroszewicz (2002).

Corollary 2.3 Let S be a finite set.

For every,o <
PART(S) we haveH(r|o) < H(r).

Definition 2.4 The equivalence relations*:” defined by

the sequence of attributég on D, consists of those pairs

(t,t") € D? such that[A;] = t'[Af].
The corresponding partition®’ € PART(D) is the
partition generated by;. 0

It is clear that ifI’ C I thenz®r < 7hr,

3 A Distribution Distortion Measure

Let us denote b)ppa'(l")( a) the conditional probability
distribution,

( P(AIV = b1|APar(Iv) = a)a R
P(Ar, =bulApa(r,) =a) ),
where Dom(A;,) =

{by,...,b
Dom(APar(Iv))- o
To avoid unnecessary complications we assune

m} and a €

Par(Iy ) = 0 in what follows, although the results that we

have hold without this condition.

Let E = {(As,, Ad,), ..., (As,, Ag.)} be a subset of
the seté of the edges o8, and letSg = {s1,...,s,
be the set of source nodes of edgesmfand D =
{dy,...,d,} be the set of destination nodes fBr We

for a € Dom(Apa(p,)) anda’ € Dom(A par(py)—5s))
such tha®’ = a[Par(Dg) — Sg]. Then, we can linearly
combine the divergence between the pairs, weighted by
the probability of occurrence a derived from data set
D.

To compare two finite probability distributions

7pn) andq = (QIaq27 e aQn)

we use th&ullbach-Leiblerdivergence measure given by

S p
q) = sz' -log, o
i=1 v

KL has well-known properties:

p = (php?a" .

1. KL(p,q) > 0 for all finite probability distributiong
andg.

2. KL(p,q) = 0if and only if p = g element-wise.

HoweverKL (p, ) has no upper bound which makes com-
parisons for realizing the level of differences among a
set of distributions difficult. We overcome this problem
by dividing our linearly weighted measure of differences
among the conditional probability distributions beforelan
after edge pruning by the same weighted measure, but this
time among the conditional probability distributions be-
fore the edge removal and the non-informative uniform
probability distributioru,,, € [0, 1]™:

(1 1 1)
Un=1|—s— ", — |,
m m m

wherem = |Dom(Ap,)|. If par”?)(a) = u,, for all

a € Dom(Par(Ap,,)), then knowing the assignment of
values t0Apar(a ) Is completely non-informative in pre-

dicting the value oA .. Also, assumingD| is a multiple



of m, the m-block partition oD which correspondsto the and its set of parent nodes along with the set of parent-

finite probability distributionu,,,,
where|B;| = ---

7Tu7n — {B17 .. .Bm}
= |Bn| = % is referred to asn-block

uniform partition ofD and it has the maximum entropy ,

H(m"m) = log,(m), over all possible partitions @ with
m blocks.

Definition 3.1 The distribution distortioncaused by re-
moving the set of edgek from the BNSB, denoted by

DDg, (E) whereDg N Par(Dg) = (), is defined as

S P(Apar(ny) = @) - KL(PT P2 (@), p2= (alQ 1))
> P(Apar(ny) = @) - KL(p "% (@), u,,)

where Dg and Sg are defined as before ardry =
Par(Dg) — Sg. Also the sums are over akh <

DOHl(Apar(DE)). D

Theorem 3.2 We have:

H(rAre |nher ) — H(nAPe P @r))

DDgs(E) = g{(ﬂ'um) _ g‘((’]TADE |7TAPar(DE))

3

wherem = | Dom(Ap,)|.

Proof. See Appendix A. |
Corollary 3.3 We have) < DDg (E) < 1.

Proof. SinceQr C Par(Dg), we haver®ra(rr) <

7Aee . By the monotonicity property of conditional en-

tropy with respect to its second argument we have:
H(x"Pr [ (Pr)) < B(rAPr |rhar ).
Also,
H(wArs [1A2s) < H(xAPe |{D}) = H(nhPs).
But we know,
H(r" Pe) < H(xlm).
The result follows immediately. |

Theorem 3.4 We haveDDg_(E) = 0 if and only if

P(ADE =b; | APar(DE) = a) =
P (Apy, = bi | Apar(pp)-sz) = aPar(Dg) — Sg)
foralli, 1 <i < m, anda € Dom(Apa(1))-

Proof. Note that we implicitly assume th&t(Apa(p,,) =
a) # 0 because, otherwis&(Ap, = b; | Apar(py) =

a) is undefined. The statement follows from the second

property of theKL measure. |

Theorem 3.5 Let E and E’ be two sets of edges of BNS

Bs. Then, ifPar(Dg) N Dg =0, Dp = D andSg C
Sk, we haveDDg (E) < DDg (E').

Proof. SinceSg C Sg/, we haveQg C Qg. Then,

by the monotonicity property of conditional entropy with

respect to second argument we have,
H(rAPe |r4er ) < H(rAPe|r4es ).

The result follows immediately. |

The global search for a set of edges to be pruned
to simplify a BNSB; can be very expensive. Alterna-

child edges. That is, we can stz to be a set of sin-
gle node, and consider different subsets of its set of par-
ents asSg. Then, we seek a subset such that 2y

is close to zero. Since if we prune a gétof incom-

ing edges atX such thatSp C Par(X) andDDg_(E)

is close to zero, thep™" ™) (a) ~ p%” (a]Qx]) for all
a € Dom(Par(X)) by Theorem 3.4. This, in turn implies
P(X|APar(X)) ~ P(X|AQE)‘

But, the directed Markov property implies

P(X|Apar(x); And(x)) = P(X|Apar(x))-
Then, we have

~P(X|APar(X)a And(X))
=P(X|AQs:Asp, And(x))

Thus, we have
X L(Asp,Andx)) | Ags-

Finally, by symmetry and decomposition properties of
conditional independence Pearl (1988) we have

X1 Angx) | Age-

Thus, the conditional independence property of a node of a
structure is preserved if we prune a set of incoming edges
of the node with distribution distortion measure close to
zero.

In fact the parent-child fithess measure,

j—(:(ﬂ-X |7TAPar(X))

o< —— _— °< 2

< e S @)
introduced in (n.d.) has some similarity wilD s, .

We have shown that if this measure is close to zero,

thenPar(X) is a suitable parent set for nodé. Find-
ing parent-child relationships among the attributesPof
such that the measure (2) is close to zero, increases the
posterior probability ofD conditioned upon the inducing
BNS B,. As stated before, an increase in this probabil-
ity leads to an increase in the posterior probability of the
structure conditioned on data (assuming a uniform prior
on possible Bayesian network structures for a data set,
as in Cooper and Herskovits (1993)). This happens be-
cause if we choose a set of parefiar(X) for a nodeX
such thatH( (7~ |r#r=x)) is close to zero, then for those
a € Dom(Apg(x)) such thatP(Apy(x) = @) is non-
trivial, the probabilityP(X = = | Apa(x) = @) is close
to 1 for somez € Dom(X) and close td) for all other
x' € Dom(X)\{z}.
If P(Apar(x) = a)islargeand’(X =z | Apax) =
a) ~ 1, this implies thatP (Apa(x) = 8, X = ) is large.
Thus, for a BNSB, that we obtain in this way we have

P(D | Bs)
B!
i=1 Xe€Attr(D)
Py (X =t;[X] | Apar(x) = ti[Par(X)])
XeAttr(D) z€Dom(X)

aeDom(APar(X) )

(PBS(X =z | Apar(x) = a))N(X'APar(X))(””’a) 7

tively, we can examine local structures defined by a node



whereN(x a.,x,) (%, 8) is the number of tuples in D
with ¢[X] = x andt[Par(X)] = a. Having a BNSB,
such thatPy, (X = = | Apar(x) = @) is close to one for
those pairgz, a) with largeN(x a,,, «,) (2. @) justifies the
increase in posterior probability 43.

4 Constructing a BNS for a Data Set

Recall that if ' is a set of edges, thepg = Par(Dg) —
Sk is the set of nodes that remain parents of the nodes i
Dg after the edges iy are removed.

Definition 4.1 Let A; € Attr(D) for 1 < ¢ < n. Then,
the total measure of fitness ldsg pruning the set of con-
verging edgeds at nodeA; in BNS B, is the number,

H

F
H(rAi|mher) — H(mAi|phrarcan)
log, | Dom(A;)| — H (A [ghrarca) Figure 2: Neapolitan Cancer Bayesian structure was in-

A [ A _ Ay | Apar(a, troduced in Cooper (1984). This structure has five nodes:
+(1—-a)- H(w ™ |mmam ) — H(mr e )), Metastatic Cancer (MC), Serum Calcium (SC), Brain Tu-
H(mA) mor (BT), Coma (CM) and Severe Headaches (SH). Meta-
node E corresponds to this structure.
denoted byFL, (A;, B, F), where0 < o < 1. a
Clearly, this measure is always in the rarjgel]. Note i :
that the left component of the sum is the r(1:iistr]ibution dis- Table 1: Neapolitan Cancer Scores
tortion measure of pruning the set of incoming edges, Structure| fog(C-H Score)] MDL Score
The right component measures the decrease in reduction A -7505 24948
of entropy of node; in presence of its parents after prun- B -7586 25214
ing of the setF. Thus, ifFL,(4;, B,, E) is close to zero, C -7938 26384
then both components will be close to zero. The left com- D -7509 24958
ponent ensures that the conditional independence is pre- E -8120 26986
served after the pruning df, while the right component F -7505 24947
preserves the posterior probability Dfconditioned upon G -7697 25581
the structure. We can choose= 1 if we have no pref- H -7713 25632
erence over any of the two measures. Note thaf] if | -8341 27719

a set of converging edges at nodeand £’ C F then,

FL,(4;,Bs, E') < FL,(4;, B, E). This enables us to ) ) S

use the heuristic method explainedin (n.d.) to find a strucsource isSerum Calciunand destination i8rain Tumor

ture that fits the given data from a complete network struc{SC to BT) is important since its removal causes a signif-

ture. This complete structure can be induced from a totalcant degradation of both the C-H and MDL scores. On

order of attributes that represents the expert’s knowledgthe other hand, TFL assess the edge from Brain Tumor to

of the domain. Severe Headaches (SH) as not important. Again CH and
MDL scores confirm this assessment.

5 Experimental Results

Table 2: Neapolitan Cancer Pruning Measures with
As our first experiment, we started with a Bayesian net-1

work Structure for Neapolitan Cancer data set viitht- 2

tributes andl0000 rows, pruned different subsets of con- Edge] DD Ent. Loss| THL

verging edges at a single node and computed the total mea- AB | 0.0526 0092 10.0723
ging edg 9 P AC | 0.684 | 0.2067 | 0.445%

sure of fithess loss for each pruning. Figure 2 visualizes
these pruned structures and their relation with each other
as a graph which we refer to as meta-graph to avoid confu-
sion with the Bayesian graphs for the data set. Also, we re-

AD | 0.0068 | 0.0035 | 0.005
AE | 0.5777] 0.2976 | 0.4377
AF 0.023 0.001 0.012

fer to the edges and nodes of the meta-graph as meta-edges AG [0.12155] 0.2126 | 0.167

and meta-nodes, respectively. Each meta-node represents AH | 0.1328 | 0.2322 | 0.1825

a BNS for Neapolitan data set and each edge, a pruning Al | 0.786 | 0.405 | 0.5957
transformation. That is, the destination meta-node of a BH | 0.0846 | 0.1402 [ 0.1124

meta-edge is obtained by removing a subset of converging GH | 0.0128 | 0.0196 | 0.0162

edges at a single node from the source meta-node of that DI | 0.7848 ] 0.4016 | 0.593

meta-edge. Each meta-node is labeled with a letter from El 0.4938 | 0.1074 | 0.301

Atol.

Table 1 represents the scores for each meta-node in fig- \we also applied our approach on a Bayesian network

ure 2 based on two schemes MDL and C-H score. structure for the ALARM data set, originally described

Table 2 shows trlle tota} fitness loss of each metg—edgﬁ_e, Beinlich et al. (1988) as a network for monitoring pa-
for parametery = 5 and its two components, distribu- tients in intensive care. Table 3 contains scores for this
tion distortion and entropy loss for each pruning of setstructure which is labeled as A. Structures B to H are gen-
of edges. The fithess loss measure is strongly correlategrated from A by pruning different subsets of parents for
with both scoring schemes (C-H and MDL), which showsthree nodes selected at random. Table 4 shows the exact
the usefulness of this measure for simplifying a Bayesiarparent pruning specification applied to obtain B to H from
network structure. Also, our measure can be used to asA. The child column represents the node we have chosen
sess the importance of various edges. For example, the tée prune its incoming edges. The original parent column
tal fithess loss measure suggests that the edge that whoskeows the set of parents in the original structure, namely



A. New parent column represents the set of parents of the The distribution distortion could be used as measure

child after pruning. The other columns are the same as imf importance and interestingness of the edges of the
previous example. Note that again, there is a close corrdBayesian network structure and we intend to further pur-

lation between fitness loss measure and different scoresue this issue. Another open technical problem is to ex-

Since the structures are much larger than in previous explore whether by pruning a complete Bayesian network

periment, pruning an edge or two has a milder effect orstructure in the presence of a data set can lead to a net-
the magnitude of the scores of the global structure than invork structure that best fits the data.

the Neapolitan case for about the same total fitness loss

which is a local measure. A Proof of Theorem 3.2

— Talble(%: ﬁ'%rm S)COI{/IGSL < \all\(gr?ubstitute the Kullbach-Leibler measure in the numer-
ructure| Tog(C-H Score core

A -159636 530806 m

B 164287 546157 aEDom(% o) P(Apar(DE) =a) - 1; P(Apg = bﬂApar(DE) = a)

C -162785 541189 e

D -161372 536491 togg P ~ Vil Rpar(D ) :”}

E 161731 537644 Phop =tiltep = el2ED

F -161684 537514 - > SO [P(AD,. = by Apay —a

G 159767 531136 oy S 0E PR

H -159638 530802 ogs PAp = bilApg(p ) = 9]

- i [P(ADE = by Apar(D ) =
aEDom(APar(DE)) i=1

Table 4: ALARM pruning measures with parameter= “logy P(Ap, = bilAg, = alQg))]
%. The nodes of the ALARM network are traditionally _ _ . Apg |*Par(PE),
numbered froml though37 in the literature. The corre- m , .
spondence between the node numbers mentioned in the ta- ,__ > 2 [Ptpp = tiAgp = Asp =)

a’eDom(AQE) i=1

ble and the real attributes are as follows (8, HREKG), (9,
HRSat), (27, Catecholamine), (29, Heart Rate) and (30,

17
@’/ €Dom(Ag )

Error Cauter). Hlogs PAp = bilAq =)
Struct. | Child | O.Par| N.Par| DD Ent. Loss| TFL — —9(«"PE | Pa(DR)
B 38 30,29 | none | 0.4388| 0.778 | 0.6083 "
C 38 30,29 | 30 0.297 | 0.5266 | 0.4118 - > > [les2 P(Apy, = bilAg, =)
D 8 30,29 | 29 | 0.1655| 0.203 | 0.2294 ¥ ebomAg ) =1
E 9 30,29 | none | 0.2847| 0.319 | 0.3018 _ > Ppy, = bishgy = doAs, = 2]
F 9 30,29 | 30 | 0.2767| 031 | 0.2933 a’eDom(Ag )
G 9 30,29 | 29 | 0.0212| 0.0237 | 0.0225 AD Apar(D ) .
H 29 27 none | 0.0006| 0.001 | 0.0008 =N TEn B - > [1082 P(AD , = bilAg, =)
a’EDom(AQE)
i€[1..m]
Finally, Table 5 shows the correlations between TFL P(Apy = biAgy =)

and changes in logarithm of CH score and also between
TFL and changes in MDL score for Neapolitan Cancer and™
ALARM structures as a result of edge removals explained
in Tables 2 and 4. Interestingly, although TFL is a local
measure, it has very close correlations with MDL and CH
scores which are global measures. aeDom(% R )P<APar<DE> =3 -K@
Also note that while the correlations between TFL and or)
MDL are positive, the correlations between TFL and CH :aeDom(AZ )[P“‘DE =bi:Apar(Dp) =@
score are negative, since as TFL increases, the probability el ] 2
of the structure conditioned upon the data set decreases
and as a result the CH score decreases.

3 ("D 2 QR _ 3¢ Pk |« Pa(DR)y,
In the same way we can show,

PSP @), um)

“logy P(Ap o = bilApa(p ) = @) +logz m

—3¢(xim) — 9¢(x"DE | Pa(DR) ).

Table 5: Correlations
Data Set | TFL/ Tog(CH) | TFL/MDL

Neapolitan| -0.97324 | 0.9733857
ALARM -0.9983168 | 0.9980918 References

(n.d.). Removed for double-blind review.

; Beinlich, I., Suermondt, J., Chavez, M. & Cooper, G.
6 Conclusions and Future Work (1988), The alarm monitoring system: A case study
with two probablistic inference techniques for belief
networks,in ‘Second European Conference on Atrtifi-
cial Intelligence in Medicine’, London.

We proposed a method for assessing the degree of influ-
ence of a set of edges of a Bayesian network structure on
local conditional probability distributions. In particul

for the purpose of constructing a BNS from data, we concooper, G. F. (1984), NESTOR: A computer-based medi-
centrate on pruning a set of converging edges at a single c3| diagnosis aid that integrates casual and probabilistic
node. This local pruning has a direct effect on the global nowledge, PhD thesis, Stanford University.

fitness of the Bayesian network structure, measured by

scoring schemes such as MDL or CH, which appear to b&€ooper, G. F. & Herskovits, E. (1993), A Bayesian
strongly correlated to the distribution distortion propds method for the induction of probabilistic networks from
by us. Thus, pruning is useful for adjusting a Bayesian data, Technical Report KSL-91-02, Stanford Univer-
network structure obtained from an expert’s prior knowl-  sity, Knowledge System Laboratory.

edge of the domain to a data set.
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