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Abstract. The most common fitness evaluation for Bayesian networkhen t
presence of data is the Cooper-Herskovitz criterion. Téchmique involves
massive amounts of data and, therefore, expansive congngatVe propose a
cheaper alternative evaluation method using simplifiedragsions which pro-
duces evaluations that are strongly correlated with thep€oélerskovitz crite-
rion.

1 Introduction

We investigate the problem of constructing a Bayesian nétvior a composite phe-

nomenonU = {uj,Us,...,U,} whereu; for 1 < i < n are discrete random variables
representing the state assignment of the attributdd.offo accomplish this, we start from
a data multiseD = {¢;,¢,...,t,} where am-ary tuplet; is an instance of the evebt We

refer to this multiset asvidence data set (data set for short).

A number of assumptions are necessary for deriving a mefsuggaluating the fitness of
a Bayesian network structure for a training data set. Se#ohgpotheses make the evaluation
more manageable. On the other hand, the model obtained wedder assumptions is be
more capable to be conforming with the underlying true itistion of the problem at hand.

LetG = (U, E) be a directed acyclic graph havikpas its set of vertices anfl as its set
of edges, which captures the direct probabilistic depecidsamong these variables. l&be
the collection of parameters which quantifies the joint jataihity distribution ofU as specified
by G. We denote the set of possible assignments of a random leartialby Dom(u;) =
{ul,...,ul*}. The notion of domain can be extended to sets of variahlesing Cartesian
product. If theset of parent nodes of u; is Parg (u;), thenDom(Parg (u;) = {U},..., U},
The set ofnon-descendants of u;, ndg (u;) is the set of all nodes it excludingu; and all its
descendants. When it is clear from the context we drop thecsighGG. The pairB = (G, O)
satisfies théocal Markov conditionif Py (u;|nd(u;)) = Pg(u;|Par(u;)) for1 < i < n, where
Pg is the probability distribution ot specified byB. The modelB is a Bayesian network
if it satisfies the local Markov condition. By the chain rule Wwave: Py (ui, Uz, ..., U,) =
[T, Px(u;|Par(u;)). Therefore if we let);;, = P(u; = uf|Par(u;) = U/) and@;;. =
(Bij1,..,0i5r,) forl < i <n, 1 <k <mrandl < j < g, then the joint probability
distribution onU is specified by® = {6;;./]1 < i <nandl <j < g;}.
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2 A Posterior-based Score with A Reduced Assumptions Set

Cooper and Herskovitz introduced the probabiftyG|D) as a measure of assessing the
fitness ofG as a probabilistic model db. SinceP(D) is constant across different networks,
we can work withP(G, D). Let Q¢ be the space of all probability distributiois for the
structureG. Then,
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Recall thato is a collection of distributions;;. = (1, ..,0;j—1),1 Z; 0i;1) for
all i andj. The vectord);;. for any (i,j) € [1..n] x [l..¢;] must satisfy> ;" 1 Oije < 1
andd;;, > 0 for all k. Also, O itself, the collection of these random vector varlablea;I, loa
treated as a random variablB(D|O, G) is the conditional probability function of data given
(G, ), f(©|G) is the conditional density function & given structures, and P(G) is the
prior probab|I|ty function of structuré&. To evaluate this integral a number of assumptions
were introduced by Cooper and Herskovits (1993). diéta independence assumes tuples of
D are independent given the network structure. Tdoal and global independence ( LGl )
assumption requires thay;. is conditionally independent &f. ;.. for all (¢, j) # (¢/, j7) given
the structure. Based on tHeGI assumption2(©), the space of possible collectioBscan be
written as

n o 4 r;—1

{H H i1y ZJ(Tzfl)) S Rt | Z Qijk <1 and@z-jh. .. 792-]'(7.1.,1) > 0}

i=1j=1 k=1

and we havef(0|G) = [[iL, [Ij, g(6:;.|G) due to the LGI assumption. Cooper and
Herskovits (1993) replacé by the above product in Equality (1). Also, they assume the
distributiong(0;;.|G) for eachi and; is uniform. We refer to this assumption sesond order
uniform probability (SOUP ). Heckerman et al. (1995) introduce the BDe metric which is
a posterior-based measure similar to CH metric. They useltB¢ assumption and three
other assumptions: treecond order Dirichlet probability (SODP ) (suggested but not used
in Cooper and Herskovits (1993)), tiparameter modularity and themultinomial sample (

MS ) assumptionSODP is generalization 0SOUP assumption which states thB(0,;.|G)
follows a Dirichlet distribution for alli andj. The multinomial sample assumption asserts
that if we define the ordered sB} = {¢4,...,%_1} then,

OM]fu|hmhnmkﬂ:w%”w:HU®MG®D:&m

wheret[V] denotes the restriction &f C U on tuplet € D and we have the state assign-
mentParg(u;) = U;/ consistent witht;[uy, ..., u;—1] = (uj’,..., f 1) andé;j, € O.
Later, theSODP assumption was replaced with two other assumptitikdihood equiva-
lence andstructure possibility, which imply theSODP assumption. Note that every probabil-
ity function ¢(6,;.|G) follows a Dirichlet distribution which requires; parameters. Thus,
for each BNSG we need to specify ;" ; ¢;; parameters and this makes this approach
impractical. To overcome this difficulty Heckerman et al9g5h) encoded the prior knowl-
edge into a single Bayesian network referredapr{or network) B, = (G, ©,-). Then,
they set theDirichlet parameter corresponding to probability distribution comgntd;;;, to
aijk = N'-Pg (U; = uk ,Parg,, (u;) = UJ) whereN’ is a user given parameter which they
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refer asequivalent sample size. The choice of a values df’ and the collectior®,, without
observing data is arbitrary. We use sampling which enabte let data shape the distribution
of the posterior probability on vecto#fs;..

In the evaluation of the prioP(G) Cooper and Herskovits (1993) assumed an uniform
prior distribution. This and other assumptions are basquhoameters that need to be arbitarily
specified. Sampling enables us to use data as a substitisegrdog assumptions or domain
knowledge in determining the parameters of the second qmbdability distribution and the
prior probability P(G).

Let §; and8, be two disjoint samples fror. We evaluate?(G|81, 82) as a measure of
fitness of BN structuré&;. SinceP (81, 82) does not depend on the specific BNS we can drop
it and instead comput®(G, 81, 82). Note that by chain rul’(G, 81,82) = P(81]G, 82) -
P(G|82) - P(82). If we sample consistently across different structuresn () is constant
and can be dropped. Therefore, we adByé, |G, S2) - P(G|S2) as a relative measure of
fithess of structures for a data €@t If we repeat the process of sampling, we can extend our
measure to

1
k &
(H P(82q-1|G, 82q) 'P(G|S2q)> )
q=1
where$, 8, .. ., 82;, are samples frord whereS,,_1 N 82, = () for eachy. We refer to this
measure ak-sample validation of structure G for data set D and denote it b BAMP (G, D).
LetS = {t1,...,t,} and$’ be two disjoint samples @. The first term oSAMP, (G, D)
can be written as

P(8|G.8) = /Q ., PE0.C.8)7([6.8)d0. @

Letd = (uy,...,u,) be a topological order of nodes &f which represents expert prior
knowledge of the domain. Denote by (¢) the number of occurrences of tuglén 8 and let
Yijk(8) = [{t €8 | t[{us}] = ui At[Par(u;)] = U7} and ~i;.(8) = 7, vix(8) . Since the
attributes ofD are discrete, we have

k3 T‘L

P(8|B) Hpms 0,G) :ﬁﬁP(ui:tl[uiHUi:tl[U §',0,G) HﬁHHejﬁ”,

=1 =1i=1 I=1i=1j=1r=1

where the first equality is by the chain rule a$td= (¢, ...,t,_1), the second equality is by
assumingMS assumption antd; = (Ui, ...,u;—1) andX;j, = 1if t;[u;] = u] € Dom(u;)
andt;[Parg(u;)] = U/ € Dom(Parg(u;)) and ;- = 0 otherwise. SinceX"7 | A\ijr =
viir(8) , we have

n o 4
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i=1j=1r=1

Then,

i
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i=111j=111r=1"%ijr i=1j=1r=1

For the second term of right hand side of Equality (2) we have

P(s'1e,G)f(8]G)

fel8,6) = Joue) P(8'16,G) f(6]G)de

®)
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We assume th8OUP hypothesis and set eagl¥;;.|G) = (r; —1)!. The posterior probability
of © is conditioned ory in presence of sampk¥, as shown in Equality (2). This approach is
is different from the one used in Cooper and Herskovits (1988reSOUP hypothesis has
been applied directly without intervention of sample dataen, we have

' / 1T (o I e (87!
/w@) rEie.eseco =111 ((” D! (%-j.<8f>+n—1>!)’

i=1j=1

from Equality (3) andSOUP , LGI, and from a result from Jeffreys and Jeffreys (1988) (see
pages 468-470 of this reference). Thus, from the previoualéges and from (3) and (5) we

have,
r; Yijr(8")

@|8 G HHF ’YLJ +7"z HW7 (6)

1=17=1

wherel is Euler’s function. Combining Equalities (2), (4) and (6 wbtain

TTT L0 (8) + n) 7 DOir(8USY) +1)
P(8|G,$) : :
s16:8) =11 w6 60wy 5, 7e

i=1j=

To approximate the quantiti?(G|S) we use a slight variation of a measure called the
distribution distortion introduced in Baraty and Simovici (2009). Here we want tolesie
the conditional independency captured by local Markov @ according to data, that is,
we want to assess to what degree the conditityis;|nd(u;)) = fs(u;|Par(u;)) holds for
1 <i < n, wherefs is thefrequency function relative to sampleS C D. To achieve this, we
measure the divergence of the set of probability distrémsifs (u;|nd(u;) = U) from the set
of probability distributionsfs (u;|Par(u;) = U[Par(u;)]) for all i andU € Dom(nd(u;)).

Definition 2.1 Thelocal Markov divergence of the fork structure at node u, of G' according to
sampleS, denoted by_MDg(ui), is the number

Z fs(nd(u ) - KL[ fs(ui[nd(u;) = U), fs (us|Par(u;) = U[Par(u;)])],

where the sum extends over &ll € Dom(nd(u;)). HereKL[p,q] is the Kullbach-Leibler
divergence between the probability distributigns: (p1,...,p,) andq = (q1,...,qn). 0

Let Hs(n) be the Shannon entropy of the Separtitioned according to the values wf
and letHs(7!|7V) be the conditional Shannon entropy of the $etartitioned according to
the values ofu, conditioned by the partition o according to the assignment of the set of
attributesW (see Baraty and Simovici (2009)).

Theorem 2.2 For 1 < i < n we have LMD (u;) = Hs (7% |xParui)) — F(g (mli |z"du0)),
Theorem 2.3 LMD (u;) = 0 if and only if fs(u;|nd(u;)) = fs(us|Par(u;)).

Theorem 2.2 implies that < LMD$ (u;) < Hs(x%). By Theorem 2.3 the smaller the

value ofLMDSG(uZ-) is, the closer is the fork structure at nodgto satisfy the local Markov
condition according t&. Therefore, the Markov condition is closer to be satisfiecbading

to sampleS. On another hand, the closeMDS (u;) is to Hs (7V+) the more divergent the two
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probability distributionsfs (u;|nd(u;) = U) and fs(u;|Par(u;) = U[Par(u;)]) are for every
U € Dom(nd(u;)). WhenLMD¥ (u;) = Hs (7", we haveHs (Ui [xP2(U)) = Hs (7% ) and
Hs (m! (ui)y = 0. This means that the sBar(u;) has no prediction capability at all at the
nodeu; and the sehd(u,) has a perfect predication capability on Let BNS(U) be the set
of all possible Bayesian structures on set of attribiteBefine P(G|S) as

iy (Hs(x*) — LMD (ui)) .
ZG’eBNS(U) Dica (g{S(ﬂ'ui) - LMDg/(Ui))

P(GI8) =

Using the previous evaluatioSAMP (G, D) can be written as

k * k n I %) — LMDS .
<H P(82q71|G’782q) . P(G|82q)> _ (H Zs:l ( qu( ) Sag (U ))

q=1 q=1 ZG’EBNS(U) 2o <9{qu () — LMDS2q( ))

1
H "yLJ 82q + Tz H 72]7 82(1 11U 82(1) + 1)
(7ij. (8241 U 824) + 74) L'(7ijr(S2¢) + 1)

r=1

If we consistently sample the data across different strestwe can drop the constant entities
with respect to BNS~ and assuming’gzq =i (Hsy, (m") — LMD§2q (us)) we set,

E.

- 7, 52 + 7‘2 ’Y'L 'r 52 1 U 82 ) + 1)
SAMP,(G, D) PR (73 (824) a - q
k( (H H H [(7ij- (82g—1 U 82¢) +74) H L(7ijr(82q) + 1)

i=1j=1 r=1

3 Experimental Results and Conclusions

We conducted experiments on three well-known struct@tes;, Goar and Gy¢ for
domains Alarm, Car Diagnosis2 and Neapolitan Cancer with1®7and 5 nodes respec-
tively. For the first two structures we randomly generateddbrresponding probability tables,
O n andOcar. Then, based on probability distributions introduced 6157, © 417) and
(Goar, ©car) We generated data sets of si®900 and100000 respectively. For thé& y ¢
we used its corresponding data set in the literature Witth with no missing values.

For each data set we randomly generated a number of stractidéferent complexities.
The number of the edges for these structures ranged frem0, 12 — 108 and12 — 330 for
NC, CAR and AM data sets respectively.

Figures 1(a), 1(b) and 1(c) show very strong correlationséen the CH score and the
SAMP score for various values far. The derived measure is cheaper to compute, since it
works with samples much smaller than the entire data.

We introduced a measure based on posterior probability fssuring the fitness of a
Bayesian network structure based on data. The conclusitnsofvork is that our sampling-
based scoring is a viable and much cheaper alternative tGithscore. The fact that we use
sampling to reduce the set of assumptions and we get a vengstorrelation between two
measure confirms that ttBOUP and uniform distribution orP(G) are safe assumptions and
do not distort the search.
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FIG. 1 — Correlations between log(SAMP (G, D)) and log(CH) and timein ms needed for computing
log(SAMP1)(G, CAR) and CH scores
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Résumé

L'évaluation qualitative la plus connue des réseaux Bayesen présence de données est le
critere Cooper-Herskovitz. Cette technique implique desngjtés massives de données donc,
par conséquent, des nombreux calculs. Nous proposons uhedeél’évaluation plus efficace
utilisant des suppositions simplifiées et qui produit deduéations fortement corrélées avec le
critere Cooper-Herskovitz.



