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Overview |l

1. Axiomatizations of entropy and related
Information theoretical concepts with
applications to decision tree induction.

2. Interestingness and pruning of association
rules.

3. Bonferroni-type inequalities and their
applications in data-mining.
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AXxlomatizations of entropy and

related information theoretical
concepts with applications to

decision tree Induction
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Decision trees

Rudimentary example: credit decision

income
>50k?
yes

approve

yes

deny approve

data — deci sion tree Isanimportant data
mining problem
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Choose an attribute for the root of the tree

Decision Tree Construction

Usually a greedy algorithm:

Partition the data according to the root of the
tree

Call the algorithm recursively for each subset
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Splitting  attribute selecm
problem

Crucial task: choosing test attribute at each
node (splitting attribute selection)

Most algorithms: choose attribute which
minimizes

H(target|test) = Z P(X Z P(Y = y;|X = z;)log P(Y = y;| X = z;)

or

Gini(target|test) = ZP(X = x;) (1 — ZP(Y =yi| X = Cﬂz)Q)
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Results of Lopez de Mantara!'

D(X,Y)=H(Y|X)+ H(X|Y) is a distance
between attributes, that is

1. D(X,X)=0

2. D(X,Y)=D(Y, X)

3. DX, Z) < D(X,Y)+ D(Y, Z)

If used for splitting attribute selection, tends to
produce smaller trees without sacrificing

accuracy.

A



Axlomatizations of EntropN
background

First axiomatization: Claude Shannon 1948

Later years. many more axiomatizations
[Mathai, Rathie]

Axiomatization of entropy of Boolean
functions [Simovicl, Reischer 93]
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AXxiomatizations of Entrop)‘

contributions

Alternative axiomatization of entropy of logic
functions, axiomatization of conditional
entropy of Boolean functions [ISMVL99]

Def. of entropy for relational databases, its
Interactions with relational algebra, approx.
functional dependencies based on entropy [in

Finite vs. infinite, Springer-Ver
Axiomatization of entropy of a

ag, 2000]

partition and

conditional entropy between partitions [IEEE
Trans. on Inf. Theory, Jul 2002]
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Partitions of finite sets
Let A be a finite set. Partition of A:
{By,..., B}
such that
e BiNB;=0foralll1 <i<j<k
- UB;=A
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v

Partitions and database tables

Attributes induce partitions on rows
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Example: axioms for Shannon entropy of partitions

(P1) If r,n" € PART(A) are such that 7 < «n/, then 0 < H(n') < H(n).
(P2) If A, B are two fi nite sets such that |A| < |B|, then H(w) < H(tp).

(P3) For every disjoint sets A, B and partitions = € PART(A), and
o € PART(B) we have:

H(m + o)

- (AEB})) o)+ (s ) 40
+H({A, BY).

(P4) If m € PART(A) and ¢ € PART(B), then

A

H(m x o) = ®(H(w),H(o)).



Axiomatizations of generaM

entropy
By changing (P3) to

H(mw + o)

_ A\ Bl "’
- (\A|+|B|) j{(”)*(\A|+|B|) o)
+H({A, B}).

we obtain axiomatizations of a family of entropies
Hp (Havrda-Charvat entropy) including important
special cases:

1. Shannon entropy (6 = 1)

2. Gini iidex (6 = 2)
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Our result

Dﬁ(X, Y) — Hﬁ(Y|X) + Hﬁ(X|Y) IS a
distance between attributes

Experiments suggest that generalized entropy
distances produce small trees.
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Experimental results I'

I

o

. tested on 33 datasets (UCI Irvine)

using distance: decrease In size in 20 cases.
17 cases: smallest trees for a # 1, 2.
accuracy did not significantly change

best reduction: (pri nary-t unor database
a = 2.95). 2.7x smaller the standard J48
algorithm (Shannon Entropy).

. In some cases an increase in size though.

. opeiroblem: Investigate why



\ 4

Interestingness and pruning of
association rules
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Market basket data
customer ID | beer | bread diapers
101 1 0 1
103 0 1 1
107 1 1 1

ltems: binary attributes

ltemsets: sets of items
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Frequent Itemsets

{t e p: ]
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Support of an itemset I in relation p:

—(1,..., 1)}

supp,,(I) =

(estimate of probability of al
ltemset [ Is frequent If

Pl

items present)

supp(/) > minsupp

Apr i ori algorithm efficiently finds all
frequent itemsets

A
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Assoclation rules

X —Y
where X and Y are itemsets.

support and confidence:

supp(X — YY) = supp(X UY)
XUY

conf(X —»VY) = supp(X U Y)
supp(X)

Common practice: generate all rules having
some minimum support and confidence
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Too many rules l'

cont act - | enses dataset
« 5 attributes
* 24 rOWs
» easy to analyze ‘manually’
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Rules for| enses data

Manually selected rules:
tears=reduced — no lenses
astigmatism=no,tears=normal — soft lenses

astigmatism=yes,tears=normal — hard
lenses

age=pre-presbyopic,prescription=nypermetrope,astigmatism=yes — none

age=presbyopic,prescription=myope,astigmatism=no — none

age=presbyopic,prescription=hypermetrope,astigmatism=yes — none
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Use assoclation rules

minimum support: 4.2%
no minimum confidence

113 rules with consequent | enses
890 rules total

minimum confidence: 50%:
86 rules with consequent | enses

487 rules total

A
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Solutions

1. Rule sorting according to some measure of
Interestingness

2. Rule pruning
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General measure of interesM
ness [PKDDO01]

1. For rule sorting some measure of rule
Interestingness Is necessary

2. Important measures are: Gini index, 2,
entropy gain.

3. We introduced a new measure T, g which
has all 3 above as special cases

parameters «, 5 allow for smooth
transitions between the three, creating
Intermediate measures with interesting
properties.
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Rule pruning — current'
proaches

Each subrule of a rule considered separately

Rule
AB =Y

IS not interesting If
conf(AB — Y) ~ conf(A — Y)

or
conf(AB —Y) ~ conf(B —Y)

A



Rule pruning [PAKDDOZ2] v

take all subrules into consideration simultaneously
Rule r : X — Y introduces constraints

P(XY) = supp(r), P(X) = supp(r)/conf(r)

For A — Y, let C: set of constraints of all its
subrules.

Find distribution P¢ over AU Y such that

— All constraints in C are satisfied

— Entropy of P¢ is maximal (Maximum Entropy
Principle)
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Rule pruning [PAKDDO0Z2] v

Estimate conf®(A — Y) based on PC.
Interestingness of A — Y

inter(A — Y) = |conf(4 — Y)—conf(4 — Y)]

If inter(A — Y) < eprune A — Y, since its
explained by its subrules.
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Example

assoc. rule | confidence
D —Y 0.5
A—Y 0.3
B—Y 0.7

Suppose: conf(AB —Y) =0.3

Is AB — Y Interesting?
Let’s use our approach

A




Example

Subrules introduce constraints C:

) —Y,conf =05
P(Y)=0.5
A —Y, supp = 0.15, conf = 0.3
P(A) =0.5, P(AY) = 0.15
B — Y, supp = 0.35, conf = 0.7
P(B)=0.5,P(BY)=10.35
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Example v

The MaxENT distribution Is

000 001 010 011
0.105 0.105 0.045 0.245

100 101 110 111
0.245 0.045 0.105 0.105)°

S0 we expect

| conf*(AB — Y) =05



cont act - | enses revisite

antecedent — lenses

tears=reduced — none

astigmatism=no,tears=normal — soft
astigmatism=yes,tears=normal — hard
prescription=myope,astigmatism=yes — hard
prescription=myope,tears=normal — hard
prescription=hypermetrope,astigmatism=yes,tears=normal — none
age=pre-presb.,prescription=hypermetrope,astigmatism=yes — none
age=presbyopic,prescription=myope,astigmatism=no — none
age=presbyopic,prescription=hypermetrope,astigmatism=yes — none
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Bonferroni-type Inequalities and
their applications In data-mining
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Inspiration l'

H. Manilla et al. [1996,2001]: Use frequent itemsets to get
support (size) of arbitrary queries, e.g.:

supp(AB) = 1 — supp(A) — supp(B) + supp(ADB)

(inclusion-exclusion principle)
Questions:

How to obtain such a formula for arbitrary function?

Guarantee of accuracy if some supports are unknown?

A




A more general St&lt@lM
[SIAM DM conf. 2002]

Boolean Algebra: B = (B,0,1, ~,V,A)
Set of variables: A = {a4,...,a,}

pol(A) the free Boolean algebra on A consists
of polynomials:
— 0, 1, and each q; belong to A,
— if p,q € pol(A), then
p,(pV q),(pAq) € pol(A).

A




Measures on Boolean Algebr!s

A measure on a Boolean Algebra
(B,0,1, = ,V,A): u: B —|0,00] s.t.

ple Vy) = p(x) + py)
ifz ANy =0.
Example:
Support supp is a measure on pol(A)

A
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Question 1 rephrased

For any p € pol(A) and some measure p express
u(p) in terms of measures of positive
conjunctions

Examples:

plar @ az) = p(ar) + plaz) — 2p(ar A as)
plar A az) = p(1) — plar) — plaz) + plar A as)

A



Inclusion-exclusion type rM
for Exclusive-or

° p1,Do, ..., Ppm are Boolean polynomials
* Let

Sk = Z U(pzl N Diy /\"'/\p’ik)

* Then,

pp1® - ©pm) = Y (=2)"1S,

. =

m



Example v

Parity function: a1 @ as D as

° 51 = p(ar) + plaz) + plas)
Sy = ,u(al A\ CLQ) -+ ,U(CI/Q N\ CL3) + u(al N\ ag)
¢ Sg — ,U(G,l N\ a9 /N ag)

* giving
,LL(CLl D a9 D a3) — Sl — 252 —+ 453

A
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Every Boolean polynomial can be
represented as exclusive-or of
positive conjunctions

We can express a measure of any
boolean polynomial In terms of
measures of positive conjunctions
of Its variables

A
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Bounds

Dropping terms from inclusion-exclusion we get
bounds on the measure: Bonferroni Inequalities:

o 2s+1
Z(—Z)k—lsg < up1 @ ... 0p,) < Z(—Q)k_lsﬁ,
k=1 —

forany r,s € N

A



Example v

Upper bound:
plar @ ax @ az) < p(ar) + p(az) + p(as)

Lower bound:

plar @ ax @ az) > plar) + plaz) + p(as)
— 2,LL(CL1 A\ CLQ) — 2/1(012 A\ ag) — 2,&(&1 N\ ag)

We can thus obtain bounds for support of any
database query

A



There are queries which caM
be approximated

Parity polynomial: p,,, =a; G as @ ... @ ay,
Two relations over A = (ay,as, ..., a,):

Podd = {t = Dom(A) : nl(t) 1S Odd},
{t € Dom(A) : ny(t) is even},

peven

A



There are queries which caM
be approximated (cont.)

We have:
supp,, .(K) =supp, (K)forall K C A,
but

Supppodd (ppa’r‘) — ]-7 Supppeven (ppar) — O

One unknown itemset A can result in huge
inaccuracy of supp(ppar)

A



Tables with missing values l'

Allow missing values Dom(a;) = {0, u, 1}
Define y* generalizing support to such tables

With each attribute a; associate a value
Q; € [Oa 1]

If only one attribute «; Is missing, multiply
tuple’s support by «;

If more attributes are missing, use
Independence assumption

A



Example v

ut(ay Nay) = supp(lag =0Aay=1)

(1 —aq)supp(ag =uAay=1)
+agsupp(a; = 0 A ag = u)

(
+(1 — ar)assupp(a; = az = u)




Properties of u"

Theorem:

u" IS a measure.

Consequences:

« 1" gives probabilistically consistent results.

« All previous results apply to u"

A



Example

— S5 S 35

ai | as

- <€ O O




Example v

|[Ragel, Crémilleux 98]: count each itemset
where it is defined

supp(a;) = 0.5 < supp(a; Aag) =1

Nayak, Cook 01]: weighted sum of attributes in a
row

supp(a1) = 0.5 < supp(a; Aag) =0.75

u(ay A ag) = 0.5
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Use supports of known itemsets to
estimate support of other itemsets
[PKDDO02?]
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Bonferroni-type inequalities"
supports

The following inequalities hold for any ¢ € ~:

2t
—k—1
a,) < _)k (" S
supp(a1as - .. ay) < kzzo( ) ( 0r 1 ) k
2t+1 m I 1
ay,) > —1)k+1 IR
oplonn. o) > 3 (-0 () s

A
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Problem:

Bonferroni-type inequalities can be applied only if
supports of all itemsets up to a certain size are
known — usually not the case Iin data-mining

Solution:

Apply Bonferroni inequalities recursively

A



Example
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Frequency

Frequency

0

0.10

0

0.25

0.10

0.05

o|lo|lo|l ol B
— | =l o| ™
— | ol—= o 0

0.25

— | = o| ™

— oo 0

0.25

m nsupp=0.35
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Frequent Itemsets:

ltemset

Support

A

0.65

B

0.65

C

0.75

AC

0.50

BC

0.50

Want bounds on supp(ABC).

A
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We have

supp(ABC) < 1 — supp(A) — supp(B) — supp(C)
+ supp(AB) 4 supp(AC) + supp(BC)

but supp(AB) < minsupp SO

supp(ABC) < 1 — supp(A) — supp(B) — supp(C)
+ minsupp + supp(AC) + supp(BC) = 0.3

A
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Future research




Rule pruning using backng
knowledge

Retain only rules which are unexpected with
respect to what we already know

Representation of background knowledge
Bayesian networks

Loglinear models

A




Other Bonferroni-type ineqM
ties

Develop tighter bounds for sizes of specific types
of queries like monotonic functions

A
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Application to genetic data:
ongoing research
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Thank you for your attention

A
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