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Abstract
This paper aims to build an automated market maker (AMM) protocol to realize fixed-income prod-
ucts in decentralized finance. Compared to typical AMMs for cryptocurrency exchange, fixed-rate
AMMs are much more difficult to design due to the inter-dependency of interest rate, loan price,
and, especially, time factor. The literature lacks scientific developments. Existing efforts are either too
simplistic, focusing more on computational automation and less on economic effect, or too engineering-
crafted, using ad hoc formulations without economic justification. Indeed, today’s primal fixed-rate
AMMs, Yield AMM and Notional AMM, are too financially-risky for liquidity providers (Yield AMM)
and too expensive for borrowers and lenders (Notional AMM). In this paper, we propose BondMM,
a novel fixed-rate AMM protocol with two major advances. First, BondMM is superior regarding
properties that reflect the financial strength of a lending institution: 1) better price impact to attract
borrowers and lenders, 2) better capital efficiency to attract liquidity providers (LPs), and 3) better
financial stability for both users and LPs. Second, BondMM allows for 4) issuance and trading of
loans having flexibly different maturity dates using only one liquidity pool; the maturity can be arbi-
trarily requested, long or short term. This is an innovative feature unseen in both the literature and
the practice of DeFi. Existing fixed-rate protocols would dedicate a separate liquidity pool to each
maturity date, hence causing fragmented liquidity. By having a single pool shared by all maturities
and LPs, BondMM improves capital efficiency, increases liquidity, and decreases computational costs.
Traders can easily swap cross-maturity and increase leverage by requesting long maturities. In terms
of blockchain feasibility, BondMM is constructed, whose correctness provable, using elegant closed-
form mathematical expressions, hence efficient for smart contract implementation. The properties and
performance of BondMM are validated with our theoretical analysis and evaluation study simulating
real-world and synthetic datasets.
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1 Introduction
Fixed-income markets are the lifeblood of the
global economy. They are more than twice the
size of the global stock market. As blockchain
technology [1] is disrupting the financial sector,
we expect more and more decentralized finance

(DeFi) products in the near future, and if the pat-
tern in traditional finance applies, fixed-income
DeFi should be one of the leading players in the
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DeFi space, if not the leader. How far are we get-
ting there? Today1, the DeFi lending sector is
about $40B in total value locked (TVL), which is
1.3%+ of the overall $3T+ crypto market capital-
ization. In particular, few fixed-income products
exist [2–10], with total TVL about $5B, or 12.5%-
of the DeFi lending market.

In other words, the market remains huge and
wide open for fixed-income DeFi. We approach
this opportunity from two different angles: 1) is
it because existing lending protocols are not well
designed for fixed-rate offerings, thus struggling to
attract adoption? and 2) is it because there are
just too few products available, suggesting room
for more to enter the market? The answer is yes to
both. In this paper, we propose a new fixed-rate
lending and trading protocol based on automated
market making (AMM) [11–14] that brings major
advances to the state of the art.

1.1 State-of-the-Art Limitations
DeFi lending leaders such as AAVE [4], Com-
pound [5], and MakerDAO [15] are designed for
variable rates. They do offer fixed rates but only as
an add-on product for borrowers, and the rates are
so high that they account for only 1% of the total
borrowing volume. This is because the lending
pool needs a guaranteed spread to profit lenders
at the cost of fixed-rate borrowers.

On the other hand, few protocols exist exclu-
sively for fixed-rate lending and trading. The
most notable are Yield Protocol [6] and Notional
Finance [7], which inspired a following of vari-
ous fixed-income DeFi applications, for example,
principal-and-yield strip products with Pendle [8],
Element [10], or Swivel [3], and structured prod-
ucts with BarnBridge [2]. Unfortunately, all these
protocols and products remain unattractive to
both liquidity providers (LPs) and users (borrow-
ers, lenders, traders) for the following reasons:

Low trading volume. In theory, fixed-rate
protocols operate as an AMM using the same rate
for borrowing as that for lending. As the LPs lose
income from bid-ask spreads, they make money
only from transaction fees. Fee income is signifi-
cant only if there is a lot of secondary trading, not
just primary lending and borrowing transactions.

1Source: DeFiLlama.com (data analytics platform), as of Feb
26, 2025.

However, today’s products offer very short matu-
rity durations (3-month, 6-month, and 1-year).
This is not that inviting to traders due to lack
of leverage, hence low secondary trading volume.
Trading with speculation is the main reason as
to why in traditional finance the bond market is
many times larger than the lending market. Specu-
lating traders like long-duration bonds because of
the increased leverage for their bets. For example,
a bond of 10-year maturity offers a leverage more
than 10 times that of the 1-year due to compound
effect.

Low capital efficiency. Existing fixed-rate
AMM designs are either too simplistic, focusing
more on automation and less on economic effect,
or too engineering-driven, using ad hoc formula-
tions without economic justification. In the Yield
AMM, the mathematical formulas to ensure con-
tinuous liquidity for every possible trade are not
well designed, leading to excessive liquidity provi-
sioned for cases of extreme interest rates. These
cases rarely happen, causing much LP capital
to be underutilized. Better, we should concen-
trate liquidity distribution on realistic price/rate
ranges. The Notional AMM aims to achieve this,
but its pricing profits the LPs too greedily, which
incurs bad rates for the service users (borrower-
s/lenders/traders), especially when the maturity
duration is longer. This is an extreme approach
because, economically speaking, no rational user
would come to Notional due to high costs. There-
fore, it is explainable why all products devel-
oped using these protocols or copying their AMM
design keep maturity duration short. This way,
borrowing and lending positions can be settled
quickly without long-term risks for the LPs (in the
case of Yield) and the trading cost does not look
substantial to the traders (in the case of Notional).

Fragmented liquidity. Existing fixed-rate
AMMs can only work with one maturity date in
a liquidity pool. To offer multiple maturity dates,
they must create separate pools to dedicate to
each. As such, the LP liquidity is fragmented into
smaller pools. This causes rates to be volatile and
expensive due to limited liquidity per pool, which
is undesirable to the user. Also, the liquidity in
unpopular pools is underutilized, which is undesir-
able to the LPs. Worse, these LPs would leave for
those pools more popular. We could think about
optimizing a rebalancing strategy for the LPs to
automatically allocate their liquidity over multiple
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pools, but this is a non-trivial task, not to mention
the extra computational costs and transaction/-
gas fees to monitor and adjust the pools. Also
due to gas fee, having separate pools makes cross-
maturity trading expensive because the trader
would have to exit one pool to join another pool
to swap maturities.

1.2 Our contributions
Fixed-rate AMMs need deep liquidity (we need
LPs) and large trading volume (we need bor-
rowers/lenders/traders). We should not make the
LPs happy simply by charging the users more.
It is ideal to have a Nash equilibrium pleasing
all sides maximally. Our ambition is not to find
such an equilibrium; this can be a non-tractable
problem computationally. Instead, we aim to do
better than today’s solutions in the most impor-
tant aspects. As pointed out, existing fixed-rate
AMM protocols are not attractive at all. We pro-
pose BondMM, a novel fixed-rate AMM protocol
with major advances.

First, BondMM offers desirable properties that
reflect the financial strength of a lending institu-
tion: 1) better price impact to attract borrowers
and lenders, 2) better capital efficiency to attract
LPs, and 3) better equity stability toward short-
term liquidity coverage and long-term solvency.
About the third property, a high equity means
better ability to fulfill immediate transactions and
resolve obligated debts in the long term. How-
ever, too high an equity means too much profit for
the LPs at the cost of the users, which we should
avoid. Because the business model of zero-spread
fixed-rate AMMs is driven by transaction fees, we
should keep LP equity as stable and close to the
initial contributed capital as possible.

Second, BondMM offers desirable features
unseen in the literature and practice: issuance and
trading of loans having flexibly different maturity
dates. The user can request any maturity dura-
tion, arbitrarily long or short term, on-demand.
Importantly, this is made possible using only one
liquidity pool shared by all maturities and all LPs,
hence avoiding the fragmented liquidity problem.
Thanks to the shared pool, traders can easily swap
loans from one maturity date to another. This
is executed as one single transaction, thus saving
gas and transaction fees. Longer loan duration,

meaning higher investment leverage, and the con-
venience of cross-maturity convertibility should
attract the traders. Instead of splitting liquid-
ity into separate pools for different maturities,
putting all liquidity in one shared pool should
improve LP capital efficiency.

In terms of construction, BondMM is a
constant-function AMM with path-independence
property, which is desirable for avoiding money-
pumping attacks where one can strategize a series
of transactions to pump and dump to exhaust
pool liquidity. It is formulated, whose correctness
provable, using elegant closed-form mathematical
expressions, hence efficient for blockchain imple-
mentation. As to contribution to the literature,
compared to typical AMMs for cryptocurrency
exchange, fixed-rate AMMs are much more dif-
ficult to design due to the inter-dependency of
interest rate, loan price, and, especially, time fac-
tor. The literature lacks scientific developments.
Our work enhances the currently-thin scientific lit-
erature on fixed-rate AMMs and can serve as a
verifiable scientific benchmark.

The properties and performance of BondMM
are validated with our theoretical and experimen-
tal analyses using both real-world and synthetic
datasets simulating different real-world scenarios.
The results show that BondMM substantially out-
performs Notional AMM and Yield AMM, espe-
cially when the maturity duration is longer. For
example, when the duration is 10 years, in terms
of capital efficiency, BondMM can be 2 times bet-
ter than Notional and 50 times better than Yield.
When there are multiple maturity dates, BondMM
by using the single shared pool generates more rev-
enue for the LPs than the individual pools each
dedicated to a maturity date. For example, with 2
maturity dates, year 1 and year 2, BondMM can
increase revenue by 10%+ after 2 years.

The remainder of the paper is organized as
follows. Related work is discussed in Section 2.
Background on fixed-rate AMM is presented in
Section 3. BondMM is introduced and described
in detail in Section 4. The evaluation results are
analyzed in Section 5. We point out potential lim-
itations and related issues about the realization
of BondMM in Section 6. The paper concludes in
Section 7.
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2 Related Work
The concept of AMM started two decades ago
in prediction markets, inspired by Hanson’s loga-
rithmic scoring rules (LMSR) [16, 17] as the first
AMM algorithm, followed by numerous develop-
ments [16, 18–23]. Their motivation is to address
the lack of liquidity and trading volume in thin
order books. Unfortunately, AMM solutions for
prediction markets, which would run on servers,
are too complex to deploy on the blockchain. For
on-chain trading, one must keep AMM simple to
meet blockchain constraints regarding resources
and smart contract programming.

Blockchain-based Trading AMM. Ban-
cor [24] was the first DEX to implement an AMM,
called Bonding Curve [25], for buying and selling
a single token. Bonding Curve is a mathemati-
cal function of the token supply to compute the
token price in such a way to satisfy the supply-
demand principle and ensure infinite liquidity.
AMM for two-token swaps was first discussed by
Vitalik Butarin in [13] and subsequently imple-
mented in Uniswap v2 (today’s most dominant
DEX). This AMM is constant-product: x1x2 = C,
where x1, x2 are the token amounts in the liq-
uidity pool and C is a constant. A family of
constant-function AMM (CFMM) variants have
since followed; for example, constant-sum AMM
used in Curve [26], weighted constant-product
AMM used in Balancer [27], mixing of constant-
sum and constant-product used in Curve v2 [28],
and other sophisticated constant functions such
as constant-power-root AMM [29] and constant-
circle/ellipse-function AMM [30].

To improve LP capital efficiency, several AMM
models have come with the feature of liquidity
concentration. This feature was first introduced
in Uniswap v3 [31] where LPs can specify a price
range to apply their liquidity. Other liquidity-
concentrated AMMs followed, including Trader
Joe [32], Curve v2 [28], and OBMM [14]. Among
key academic contributions recently, Goyal et al.
[33] and Millionis et al. [34] each proposed a the-
oretical framework for finding the capital-optimal
pricing function for CFMM if a belief about future
prices is known. More discussions on LP liquidity
strategy are presented in the work of He et al. [35],
who introduced the notion of opportunity cost and
proposed an optimal AMM design to maximize the
LP’s utility considering these costs.

AMM designs based on CFMM emphasize
mathematical correctness and simplicity. Their
pricing rule is ad hoc, mostly technological, and
without precedent in traditional finance. LP price
demands cannot be well approximated by any
function. Recently, Park [36] points out some
conceptual flaws of today’s AMMs from the per-
spective of economics, which makes them more
vulnerable to front-running exploitation risks than
traditional finance. Milionis et al. [37] present
a general two-asset exchange framework unify-
ing CFMMs and limit-order books (LOB). Unlike
CFMM, LOB can represent any LP price demand
using limit orders. The sacrifice in LOB, how-
ever, is the large state size of the order book.
The contribution of their work is an analysis and
quantification of this tradeoff between the two
exchange models.

Blockchain-based Fixed-Rate AMM.
Almost all AMM developments, including both
commercial and academic designs, are for swap-
ping of crypto assets. AMMs for lending purposes,
in particular fixed-rate financing, are rare. To the
best of our knowledge, the only fixed-rate AMM
protocols worth mentioning are Yield Protocol
[6] and Notional Finance [7], which inspired a
following of various fixed-income DeFi commer-
cial products such as Pendle [8], Element [10],
or Swivel [3], and BarnBridge [2]. We will com-
pare to them directly in the next section. In the
academic literature, we are aware of no research
contributions to fixed-rate AMM design. Our
work in this paper is the first academic research
effort in this direction. Note that, despite great
traction on asset-trading AMMs, it is not trivial
to apply them directly on fixed-rate AMMs.

3 Preliminaries
We are interested in loans of fixed rate having a
finite maturity. Someone borrowing b = $100 at
interest rate r = 5% yearly for T = 10 years has
to pay back a total of a = b · (1 + r)T = $162,
which consists of the principal amount b and inter-
est amount a − b = $62. Depending on products,
these amounts can be collected by the lender in
smaller payments periodically scheduled or as a
lump sum at maturity time. The latter applies
to zero-coupon bonds where the interest total is
prepaid in advance at the beginning and the prin-
cipal total is one single future payment. Each bond
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has a “face value" equal to the principal amount,
which is materialized only at bond expiration.
Until then, bonds can be traded at floating price
driven by supply and demand. The interest prepay
has the same effect as pricing the bond at a dis-
count from the face value. Whoever holds a bond
at maturity will be paid its face-value amount.

Applying to the above example, the loan can
be implemented as a 10-year bond with face value
of $100 and, without interest, its price would be
$100. If the $62 interest is prepaid to the lender
(bond buyer) at purchase time, it is equivalent to
a $62 discount, resulting in an effective price of
$100 − $62 = $38. When this bond matures 10
years later, its holder will receive $100 paid by
the borrower. During the bond’s life, it can be
resold at will. Most bond volume comes from trad-
ing activities as traders love to speculate on bond
interests due to macroeconomic dynamics. Intu-
itively, the resale price should be below the $100
face value to attract buyers and increase if less
time remains to maturity.

In what follows, for the sake of theoretical for-
mulation, we assume the zero-coupon bond model
to represent fix-rate loans. For implementation
in practice, this model can easily be adapted to
enable other repayment methods, for example,
distributing yields over the time.

3.1 Fixed-Rate AMM
Consider bonds that mature at some time T in
the future. Bonds are implemented in the form
of a fungible token. Let us call it “bond token",
or simply “bond". Money value is in the form of
some numeraire “cash", say DAI. Without loss of
generality, let the bond face value be 1 DAI.

At any time instant, a fixed-rate AMM is
associated with the tuple (x, y, r, p) where x, y
are the respective amounts of bond and cash in
the liquidity pool, and r is the reference inter-
est rate (annualized). The reference rate is what
the participants sees instantaneously as represen-
tative of the AMM market. In practice, a spread
between the lending rate and borrowing rate can
be introduced, but for the the sake of theoreti-
cal presentation, assume no rate spread and so r
is the marginal interest rate for both lending and
borrowing. This corresponds to a marginal bond
price p. In theory, bond rate and price have the

following relationship,

p = e−tr ⇔ r =
1

t
ln

1

p
(1)

where t is time to maturity. The actual bond price
in a trade depends on the order size, i.e., the num-
ber of bonds traded in the order. Typically, r, p are
computed from the pool reserves (x, y). Different
AMM designs have different formulas for them.

Transactions. There are four types of actions
from the user: bond minting (borrowing), bond
burning (borrower exit), bond buying (lending),
and bond selling (lender exit). Each action results
in a change of state:

x
y
r
p

→

xnew = x+ ∆x
ynew = y + ∆y

rnew
pnew


Borrowing (∆x > 0, ∆y < 0) is the action of

bond minting. To borrow, one must deposit a col-
lateral according to some collateral-to-loan ratio,
for example 150% for volatile collateral. The loan
amount, |∆y| DAI, is instantly transferred from
the pool to the borrower. At the same time, a cor-
responding number of ∆x bonds are minted into
the liquidity pool, readily available for buyers.

Lending (∆x < 0, ∆y > 0) is the action of
bond buying. One who buys |∆x| bonds effectively
becomes a lender and has to pay a corresponding
price ∆y DAI to the pool. This buyer, by holding
the bonds, will receive from the pool a lump sum
of |∆x| DAI at maturity time.

Exiting a borrower position (∆x < 0, ∆y > 0)
is the action of bond burning. A borrower can pay-
off a loan, fully or partially, early. To do so, the
borrower sends ∆y DAI (the amount wanted to
payoff) to the pool which in turn burns a corre-
sponding |∆x| bonds. The pro-rata collateral is
returned to the borrower.

Exiting a lender position (∆x > 0, ∆y < 0)
is the action of bond selling. A lender may not
wait until maturity time to redeem the bond. At
any time, he or she can sell bonds to the pool to
get early money. Selling ∆x bonds will get back a
corresponding |∆y| DAI.

Calculation. Given an order (∆x, ∆y) input
as an amount in either ∆x or ∆y, the formula
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to calculate the other amount is according to the
specific rate-price model of the AMM.

3.2 Existing Models
There are wo main models: the Constant-Function
model [6] and the Notional Finance model [7].

3.2.1 Constant-Function Model

Intuitively, one can borrow the idea from constant-
function AMM (CFMM) [12, 13, 38] which is the
de facto standard for decentralized cryptocurrency
exchange. Using the constant-function model, the
bond price is formulated to satisfy a constant-
function invariant,

F (x+ ∆x, y + ∆y) = F (x, y) = C (constant).

The interest rate is then derived from this
price, r = 1

t ln (1/p). Function F should respect
the supply-demand law such that the rate
should increase with more borrowing demand and
decrease with more lending demand. Let φ = x

y
denote the bond-to-cash ratio in the liquidity pool.

Constant-Product: F (x, y) = xwy1−w = C,
constant w ∈ (0, 1). For cryptocurrency-trading
DEXes, this model is used in Uniswap AMM [39]
by setting w = 1

2 . In general case, w ∈ (0, 1), it is
the Balancer AMM model [40]. Existing fixed-rate
protocols adopting this model include Pendle V1
[8] and Apwine (now Spectra) [41]. The reference
bond price is

p =
−dy
dx

=
w

1− w
y

x
=

w

1− w
φ−1. (2)

The reference interest rate is thus

r =
1

t
ln

1

p
=

1

t
ln

1− w
w

+
1

t
lnφ. (3)

A drawback of this model is that the price is
not affected by time to maturity. It remains con-
stant if the pool does not change (no transaction
occurs). This does not make sense because the
bond price should increase and approach the face
value as we get closer to maturity. Else, buyers
would wait till near maturity time to place a buy
order to get an immediate profit. This results in
terrible capital efficiency for the LPs because their
capital sits idle for a long time.

Constant-Power-Sum: F (x, y) = x1−t/T +
y1−t/T = C, where t is time to maturity. This is
the AMM model used in Yield Protocol [6]. It has
the following reference bond price

p =
−dy
dx

=

(
y

x

)t/T
= φ−t/T (4)

and interest rate

r =
1

t
ln (1/p) =

1

T
ln
x

y
=

1

T
ln(φ). (5)

This model resolves the drawback of the
constant-product model in that the bond price
does depend on time to maturity. Also, the price
curve gradually flattens toward maturity (t→ 0).
However, when there is less bond than cash in the
pool, i.e., φ < 1, the AMM formula results in a
bond price exceeding the face value and, equiva-
lently, a negative interest rate. No lender would
then join. It is thus a waste to reserve much LP
capital to cover this unrealistic case.

3.2.2 Notional Finance Model

Similar to Uniswap V3 [31] concentrating liquidity
on a realistic price interval, Notional Finance [7],
followed by Pendle V2 [42], use a fixed-rate AMM
that concentrates liquidity around an anchor rate.
Its rate function is an extension of the constant-
power-sum rate,

r = κ · ln(φ) + r∗, (6)

where r∗ is the anchor rate and constant κ is a
coefficient to tune the liquidity concentration. A
lower κ means higher concentration, thus more
flattening price curve. In the non-scaling case
where κ = 1/T and r∗ = 0, Eq. (6) is precisely the
rate formula of Yield Protocol.

Notional AMM expresses rate r as a simple
interest: p(1 + rt) = 1. So, the reference price is

p = (1 + rt)−1 =

(
1 + tκ · ln(φ) + tr∗

)−1

. (7)

However, instead of relying on the mathematics
of a constant-function invariant, Notional has a
crafted formula to price a trade order. To compute
∆y given ∆x, let φ = x+∆x

y−∆x . The average price for
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the order is set to

p =

(
1 + tκ · ln(φ) + tr∗

)−1

, (8)

resulting in ∆y = −p∆x.
A side effect of this pricing design is that

the trade price p is always more expensive then
post-trade AMM reference price (the new refer-
ence price p updated after the trade). Especially,
this results in an expensive trade price for bonds
of long maturity, thus unattractive to traders.
Also, Notional’s pricing curve is no longer path-
independent. Ideally, every AMM should be path-
independent [13]. Another drawback of Notional’s
trade price formula is the difficulty of deriving ∆x
if the order is input in terms of ∆y. There requires
solving a non-trivial equation having no closed-
form solution. This could explain why, as of now,
Notional does not allow orders to input ∆y. As
later shown in our evaluation, by being greedy on
the LP side, Notional would benefit the LPs in
the long term but, due to expensive price impact,
it suffers from liquidity and solvency risks in the
early phase of a bond’s life.

4 Solution: BondMM Protocol
We propose a new fixe-rate AMM protocol, named
BondMM. Our approach is driven by the follow-
ing reasons. In existing models, the AMM state is
(x, y) and the interest rate is a time-independent
function of the bond-to-cash ratio in the pool
expressed in the count x of bond tokens, r =
R(φ), φ = x

y . So if the state does not change over
the time, this representation means that the sup-
ply and demand, i.e., number of bonds (asset) vs.
cash, does not change. Per supply-demand law, the
bond price should also stay the same. This contra-
dicts the fact that when no transaction occurs the
bond price p = e−rt automatically increases as we
get closer to maturity t→ 0.

Another reason against this state definition is
its unsuitability for the case having in the same
liquidity pool bonds of different maturity dates.
Because a bond of maturity date Ti is not fungible
with a bond of maturity date Tj 6= Ti, which have
different pricing, we would need to define more
than one type of bond token. As such, the count
x is not a good representation of the total bond

supply in the pool. From the perspective of eco-
nomics, a better choice should be the total cash
value of these heterogeneous bonds.

AMM State. We thus propose to represent
the AMM state as (X, y) where X is a nominal
quantity in cash (DAI) to represent the present
cash-value of bonds (of possibly different maturity
dates) in the pool. This value is initialized accord-
ing to the cash deposit and initial rate at pool
creation and updated per transaction according to
our pricing mechanic (presented later). The ref-
erence rate is a time-independent function of the
bond-to-cash ratio expressed in X, not x:

r = R(ψ), ψ =
X

y
. (9)

State (X, y) is changed only if triggered upon a
transaction. Therefore, rate r remains constant as
long as no transaction occurs, which is a desirable
feature for avoiding arbitrage.

BondMM supports multiple maturity dates in
the same pool. Any arbitrary short or long value
for maturity date Ti can be requested by the
order. At the same time, there can simultaneously
exist bonds that have different Ti’s. An order with
maturity date Ti is executed as if it were fed into
a fixed-rate AMM having a single maturity Ti,
whose pool has xi = X/pi bonds and y DAI, where

pi = e−r(Ti−τ) (10)

is the reference price of the Ti-bond at current
time τ . So when no transaction occurs, X does
not change over time but the count of bonds in
the supply xi = X/pi will automatically decrease.
This is consistent with the increase of price pi over
time, thus obeying the supply-demand law. Below
is a summary:

At current time τ, maturity date Ti :

state (X, y)

↓
reference rate r = R(X/y)

↓

Ti-bond:


rate ri = r
price pi = e−r(Ti−τ)

count xi = Xer(Ti−τ)

The details for our AMM are as follows.

7



4.1 Reference Rate Function
At any time, the AMM has one reference rate
regardless of maturity date. However, the actual
price to execute an order varies depending on the
requested maturity date. As a result, the effective
rate applied to the transacted bonds differs per
maturity date. Specifically, we formulate the ref-
erence rate as the following logarithmic function
of the bond-to-cash ratio:

r = R(ψ) = κ · ln(ψ) + r∗ = κ · ln
(
X

y

)
+ r∗.

(11)

Here, constant r∗ ∈ (0, 1) is the anchor rate, which
should be chosen to reflect the long-term market
mean, and constant κ ∈ (0, 1) is the coefficient
to tune the concentration of liquidity on the price
curve. Note that our rate function is similar to
Notional Finance in the use of the log form, but
the crucial difference is that we use the bond-
value proportion ψ = X

y instead of bond-count
proportion φ = x

y . Another major difference is
in how we design price functions. We will present
this later, where we will see that the mathemat-
ics behind BondMM enables computation with
elegant closed-form expressions.

4.2 Bond Tokens
Bonds are categorized into groups, each corre-
sponding to a maturity date. Bonds of maturity
date Ti, i.e., the Ti-bonds, are implemented on
the blockchain as tokens that are fungible per
Ti. The simplest way is to implement them as
ERC-20 tokens. However, this way would lead
to creation of many separate ERC-20 tokens for
different maturity dates. Alternatively, which is
more efficient, we can implement all tokens with
different maturity dates together by defining a sin-
gle ERC-721 non-fungible token (NFT). Whereas
ERC-20 can represent only one type of fungible
tokens, an ERC-721 NFT can represent multiple
types of fungible tokens, corresponding to different
maturity dates in our case.

Over time, bond tokens are minted or burnt
upon incoming transactions. In the case of bond
buying, the protocol will mint bond tokens to
transfer to the buyer. In the case of bond selling,
the protocol will burn the bonds received from the
seller.

4.3 Liquidity Pool Creation
Suppose that we want to set up the AMM with
initial cash y = y0 DAI. At the beginning we
should attract borrowers and so the initial rate
r = r0 should be set low enough to compete with
the public market. The anchor rate r∗ should be
chosen to represent a belief about the rate in an
equilibrium state. For example, if the market rate
is 3% now but is expected to average around 5%
in the future, then we could set r0 = 2.5% and
r∗ = 5%. Given these choices, we calculate the
initial X = X0 according to Eq. (11):

X0 = y0e
(r0−r∗)/κ.

Note that the pool consists of cash only. Bond
tokens stay outside the pool, in the hand of the
lenders (bond holders).

4.4 Virtual State
For ease of explanation, assume for now that all
bonds have the same maturity date T . Let p be
the reference price for this maturity. Our intuition
is that, because the bond supply is represented by
their cash value X, we can imagine having x =
X/p bonds in the pool. Therefore, in our design,
the pricing at AMM state (X, y) is equivalent to
that of a two-asset pool having x bonds and y DAI
such that the following equations hold true at any
time-to-maturity t,

X = xp

p = e−rt

r = κ ln X
y + r∗

(12)

We refer to (x, y) as the virtual state of the AMM.
Note that the virtual state is maturity-specific. In
general, the AMM at state (X, y) will have a vir-
tual state (xi, y) corresponding to each different
maturity date Ti. For now, since we assume only
one maturity date, there is only one virtual state.

Solving the above equation system, Eqs. (12),
gets us the following relationships relating the
state (X, y), virtual state (x, y), reference rate r,
and reference price p.
Proposition 1. Let t be time-to-maturity. Then,

• The reference rate r and reference price p can
be expressed in terms of virtual state (x, y) as
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follows:

r =
1

1 + κt

(
κ ln

x

y
+ r∗

)
(13)

p =

[(
x

y

)κ
er

∗
]−t/(1+κt)

(14)

• The bond count x in virtual state (x, y) can
be expressed in terms state (X, y) as follows:

x = X1+κt

(
er

∗

yκ

)t
. (15)

Proof. The formula for the reference rate is

r = R(ψ) = κ · ln(ψ) + r∗ = κ · ln
(
X

y

)
+ r∗

= κ · ln
(
xe−rt

y

)
+ r∗ = κ

(
ln
x

y
− rt

)
+ r∗

⇒ r =
1

1 + κt

(
κ ln

x

y
+ r∗

)
.

Then, it is easy to see the reference price as

p = e−tr = exp

[
−t

1 + κt

(
κ ln

x

y
+ r∗

)]
=

[(
x

y

)κ
er

∗
] −t

1+κt

.

Next, using Eq. (14), we have

X = xp

= x

[(
x

y

)κ
er

∗
]−t/(1+κt)

= x1/(1+κt)

(
er

∗

yκ

)−t/(1+κt)

⇒ x =

[
X

(
er

∗

yκ

)t/(1+κt)]1+κt

= X1+κt

(
er

∗

yκ

)t
.

We obtain the following important result show-
ing that given the AMM configuration at any
earlier time, we can compute the current virtual
state (x, y) from the current reference rate r. This
result applies to any generic rate function.

Proposition 2. Assume a generic rate function
r = R(X/y). Suppose that at some earlier point in
time, for example at initialization, the AMM was
at state (X1, y1) with reference rate r1. Let t be the
current time-to-maturity, when the reference rate
is r. Then the virtual state (x, y) is related to r as
follows:

x = x1
1 +R−1(r1)

R−1(r1)

R−1(r)

1 +R−1(r)
exp

∫ r

r1

tdr

1 +R−1(r)

(16)

y = x1
1 +R−1(r1)

R−1(r1)

1

1 +R−1(r)
exp

∫ r

r1

tdr

1 +R−1(r)

(17)

where x1 = X1/p1 = X1e
r1T .

Proof. We have

r = R

(
X

y

)
⇒ y =

X

R−1(r)
=

xe−rt

R−1(r)
. (18)

The reference price is the instantaneous price at
time-to-maturity t, hence

−dy
dx

= p = e−rt.

Thus we solve the following ODE system to find
x and y, y = xe−rt

R−1(r)
dy

dx
= −e−rt

with initial condition (x1, y1, r1).
Specifically, we have

−e−rtdx = dy =
∂y

∂x
dx+

∂y

∂r
dr,

leading to [∂y
∂x

+ e−rt
]
dx+

∂y

∂r
dr = 0. (19)

Let U(r) , 1
R−1(r) . From Eq. (18), we have

∂y

∂x
= e−rtU(r) (20)

∂y

∂r
= xe−rt

[
U ′(r)− tU(r)

]
. (21)

9



Plugging these into Eq. (19),[
e−rtU(r) + e−rt

]
dx+ xe−rt

[
U ′(r)− tU(r)

]
dr = 0

⇔ dx

x
+
U ′(r)− tU(r)

1 + U(r)
dr = 0.

This ODE is separable, having the solution
below

x =
x1(1 + U(r1))

1 + U(r)
exp

[
t(r − r1)− t

∫ r

r1

dr

1 + U(r)

]
(replacing U , we obtain:)

=
x1(1 + 1

R−1(r1) )

1 + 1
R−1(r)

exp
[
t(r − r1)− t

∫ r

r1

dr

1 + 1
R−1(r)

]
= x1

1 +R−1(r1)

R−1(r1)

R−1(r)

1 +R−1(r)
exp

∫ r

r1

tdr

1 +R−1(r)
.

Then,

y = xe−rtU(r) = xe−rt
1

R−1(r)

= x1
1 +R−1(r1)

R−1(r1)

1

1 +R−1(r)
exp

∫ r

r1

tdr

1 +R−1(r)
.

As a corollary, we have the result below show-
ing nice closed-forms for computing the virtual
state (x, y) from reference rate r when R is our
logarithmic rate function.
Corollary 3. Let t be the current time-to-
maturity, when the reference rate is r. Then the
virtual state (x, y) is related to r as follows:

x = X0e
r0 ·

[
eκ

−1(r−r0) · e
κ−1(r0−r∗) + 1

eκ−1(r−r∗) + 1

]tκ+1

(22)

y = y0 ·

[
eκ

−1(r0−r∗) + 1

eκ−1(r−r∗) + 1

]tκ+1

. (23)

Proof. The proof is obvious by applying Propo-
sition 2 setting (X1, y1, r1) = (X0, y0, r0) and
R(ψ) = κ lnψ+ r∗ and doing some simple deriva-
tions.

4.5 Constant-Function Invariant
We have an important result below showing that
the AMM virtual state has a constant-function
invariant.
Proposition 4. At any time-to-maturity t, the
virtual state (x, y) satisfies the following constant-
function invariant

Kxα + yα = C (24)

where C is constant specific to t, i.e., constant
over all transactions happening at this time, and

α ,
1

1 + tκ
, K , e−tr

∗α (25)

The pool inventory must satisfy this equality before
and after any order that is executed at time-to-
maturity t.

Proof. Because r = κ lnψ + r∗, we have ψ =
eκ

−1(r−r∗) and so

y

x
=

y

Xert
= ψ−1e−rt = e−κ

−1(r−r∗)−rt

⇒ r =
r∗ + κ ln x

y

1 + tκ

⇒ r − r∗

κ
=

r∗

κ + ln x
y

1 + tκ
− r∗

κ

=
r∗

κ

(
1

1 + tκ
− 1

)
+

ln x
y

1 + tκ

=
−tr∗ + ln x

y

1 + tκ
. (26)

Now, let

C , y
1

1+tκ

0

[
eκ

−1(r0−r∗) + 1
]

where y0 and r0 are the cash reserve and rate at
the pool initialization. We have

Ctκ+1 = y0 ·
(
eκ

−1(r0−r∗) + 1
)tκ+1

= y
(
eκ

−1(r−r∗) + 1
)tκ+1

(from Eq. (23))

= y

(
e

−tr∗
1+tκ

(
x

y

) 1
1+tκ

+ 1

)tκ+1

(from Eq. (26))

⇒ C = y
1

1+tκ

[
K

(
x

y

) 1
1+tκ

+ 1

]
= Kxα + yα.
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As a corollary, the state (X, y) also has a
constant-function invariant.
Corollary 5. At any time-to-maturity t, the state
(X, y) satisfies the following constant-function
invariant

yα
(
X

y
+ 1

)
= C (27)

where C and α are constants specific to t for-
mulated in Proposition 4; they are constant over
all transactions happening at this time. The
pool inventory must satisfy this equality before
and after any order that is executed at time-to-
maturity t.

Proof. We have

r = κ ln(X/y) + r∗ ⇒ ert =

(
X

y

)κt
er

∗t

and so

C = Kxα + yα = K(Xert)α + yα

= K(X

(
X

y

)κt
er

∗t)α + yα

= K(X1/αer
∗ty−κt)α + yα

= Xy−κtα + yα = yα
(
X

y
+ 1

)
.

As a constant-function AMM whose reference
price depends only on the AMM state, our AMM
satisfies the path-independent property. It thus
makes no difference whether to execute a single
large order or to split it into a sequence of smaller
orders. Path independence is considered an axiom
of any AMM [20]. An AMM without this property
is vulnerable to attacks where one could make free
gain from the AMM.

4.6 Order Execution
Now we are ready to present how to execute an
order (∆x,∆y) having any maturity date Ti. This
maturity can be chosen arbitrarily, anew or among
the existing maturity dates. Let τ be the current

time when the AMM is at state (X, y) with refer-
ence rate r. The corresponding virtual state (x, y)
for maturity Ti will have

x = xi =
X

pi
=

X

e−r(Ti−τ)
= Xer(Ti−τ). (28)

We show below how to calculate ∆y from ∆x.
The other direction, computing ∆x from ∆y, can
similarly be derived.

Order pricing. Thanks to the constant-
function invariant in Eq. (24), we have

K(x+ ∆x)α + (y + ∆y)α = C = Kxα + yα,

where

t = Ti − τ, α =
1

1 + tκ
, K = e−tr

∗α.

We then express ∆y in terms of ∆x,

∆y =

[
C −K(x+ ∆x)α

]1/α

− y

=

(
Kxα + yα −K(x+ ∆x)α

)1/α

− y. (29)

We can now calculate the price of an order given
the state.
Proposition 6. The average price for executing
an order of size ∆x at time-to-maturity t can
be expressed in terms of current state (X, y) as
follows:

p =
y

∆x

[
1−

(
X

y
+ 1−

((
X

y

) 1
α

+
K

1
α∆x

y

)α) 1
α
]

(30)

where α,K are defined in Proposition 4.

Proof. From (15) we have,

K
1
αx = K

1
αX1+κt

(
er

∗

yκ

)t
= X

1
α y−κt. (31)

Eq. (29) then becomes

∆y =

(
Kxα + yα −K(x+ ∆x)α

) 1
α

− y

11



=

(
Xy−κtα + yα − (X1/αy−κt + e−r

∗t∆x)α
) 1
α

− y

= y

(
X

y
+ 1−

((
X

y

) 1
α

+ e−r
∗t∆x

y

)α) 1
α

− y.

Putting this in p = −∆y
∆x , we get the formula

needed to prove.

In the case that ∆x > 0 (bond selling), the
AMM will burn these ∆x Ti-bonds and transfer
|∆y| DAI to the seller. In the otherwise case, ∆x <
0 (bond buying), the AMM will receive ∆y DAI
and mint |∆x| Ti-bonds to send to the buyer. Note
that, because of this pricing, the effective rate
applied to the transacted bonds is r = − 1

t ln p.
State update. After the transaction, the

AMM changes state from (X, y) to (Xnew, ynew =
y+∆y). Applying the constant-function invariant
in Corollary 5, we have

yα
(
X

y
+ 1

)
= (ynew)α

(
Xnew

ynew
+ 1

)
= (y + ∆y)α

(
Xnew

y + ∆y
+ 1

)
⇒ Xnew = (y + ∆y)

[(
y

y + ∆y

)α(
X

y
+ 1

)
− 1

]
.

(32)

The new bond-to-cash ratio is

ψnew =
Xnew

ynew
=

(
y

y + ∆y

)α(
X

y
+ 1

)
− 1

(33)

=

(
y

y + ∆y

)α(
ψ + 1

)
− 1. (34)

The new reference rate is

rnew = κ lnψnew + r∗

= κ ln

[(
y

y + ∆y

)α(
ψ + 1

)
− 1

]
+ r∗.

4.7 Cross-Maturity Swap
Because multiple maturity dates can coexist in the
liquidity pool, the user can easily convert bonds
from one maturity date T1 to another maturity
date T2 6= T1. A practical reason for doing this is
to swap interest rates. Our AMM processes this

swap as a sequence of two instantaneously consec-
utive sub-transactions: 1) sell T1-bonds to get ∆y
DAI and then 2) immediately spend this ∆y DAI
to buy T2-bonds.Xy

r

 ∆x1,∆y1,T1−−−−−−−−→
p1

X1

y1

r1

 ∆x2,∆y2,T2−−−−−−−−→
p2

 X2

y2 = y
r2

 .
Here, ∆y1 = −∆y, ∆y2 = ∆y. Note that ∆y > 0,
∆x1 > 0 (sell bond), ∆x2 < 0 (buy bond). |∆x1|
is the number of T1-bonds to be converted and
|∆x2| is the number of T2-bonds to receive back.
p1 and p2 are the corresponding trade prices.

Applying Eq. (30) on the first sub-transaction,
we have ∆y1 = yA− y where

A =
X

y
+ 1−

((
X

y

) 1
α1

+
e−r

∗t1∆x1

y

)α1

and so

y1 = y + ∆y1 = y(A1/α1 − 1). (35)

Similarly, applying Eq. (30) on the second sub-
transaction, we have ∆y2 = y1B − y1 where

B =
X1

y1
+ 1−

((
X1

y1

) 1
α2

+
e−r

∗t2∆x2

y1

)α2

and so

y2 = y1 + ∆y2 = y1(B1/α2 − 1). (36)

Because y = y2, combining Eq. (35) and Eq. (36),
we have the equality

A
−α2
α1 = B

=
X1

y1
+ 1−

[(
X1

y1

) 1
α2

+
e−r

∗t2∆x2

y1

]α2

.

(37)

To find an expression for X1

y1
, applying the

constant-function invariant to the first sub-
transaction, we have

yα1

(
1 +

X

y

)
= yα1

1

(
1 +

X1

y1

)
(38)

⇒ X1

y1
+ 1 =

(
y

y1

)α1
(

1 +
X

y

)
(39)
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⇒ X1

y1
=

(
y

y1

)α1
(

1 +
X

y

)
− 1 (40)

= A−1

(
1 +

X

y︸ ︷︷ ︸
D

)
− 1 (from Eq. (35))

(41)

= A−1D − 1. (42)

Plugging this expression of X1

y1
in Eq. (37), we have

A
−α2
α1 = A−1D −

[
(A−1D − 1)

1
α2 +

e−r
∗t2∆x2

yA
1
α1

]α2

.

We can easily solve this equation to get the
amount ∆x2 of T2-bonds expressed in terms of
the AMM state (X, y) and the amount ∆x1 of T1-
bonds. Hence, the following result regarding the
pricing for cross-maturity bond conversion.
Proposition 7. Suppose that the AMM is at state
(X, y) when the user wants to trade in ∆x1 T1-
bonds to get T2-bonds. Let τ be the current time.
Then, the corresponding number of T2-bonds to
return is

∆x2 = er
∗t2yA

1
α1
− 1
α2

×
[(
D −A1−α2

α1

) 1
α2

−
(
D −A

) 1
α2
]
(43)

where

t1 = T1 − τ, t2 = T2 − τ, D =
X

y
+ 1,

α1 =
1

1 + κt1
, α2 =

1

1 + κt2
,

A =
X

y
+ 1−

[(
X

y

)1/α1

+
e−r

∗t1∆x1

y

]α1

.

Rate impact. How does a cross-maturity
bond swap impact the rate? Applying the
constant-function invariant to the two sub-
transactions of the swap, we have the following
equalities

yα1

(
1 +

X

y

)
= yα1

1

(
1 +

X1

y1

)
(44)

yα2
1

(
1 +

X1

y1

)
= yα2

2

(
1 +

X2

y2

)
(45)

leading to

yα2−α1
1 yα1

(
1 +

X

y

)
= yα2

2

(
1 +

X2

y2

)
(46)

⇒ yα2−α1
1

(
1 +

X

y

)
= yα2−α1

(
1 +

X2

y

)
(47)

(because y2 = y).

We thus obtain the following equivalences:

r2 < r ⇔ X2 < X (48)

⇔
(
y1

y

)α2−α1

< 1 (49)

⇔ α2 < α1, because y1 > y (50)
⇔ T1 < T2. (51)

Thus the impact of bond conversion is that rate r
will decrease if converting long-to-short bonds and
increase if converting short-to-long bonds. This
makes sense according to the principle of sup-
ply and demand. If lenders keep converting for
shorter loans in hopes of making quick return, the
rate will be lower, which protects the solvency
capacity of the AMM. On the other hand, if they
keep converting for longer term, the rate will rise,
thus encouraging more short-term lending, which
reduces the time window of the AMM liability.

Note that before the conversion, the cash value
of the T1-bonds is ∆y1 if sold to the AMM. After
the conversion, the cash value of the T2-bonds if
sold to the AMM is also ∆y2 = ∆y1 which is the
exact cash amount to spend to buy the T2-bond
earlier in the swap. This is thanks to the path
independence of our AMM. Thus, no trader can
gain free cash by cross-maturity conversion.

4.8 Financial Stability
Thanks to constant-function invariance and path
independence properties, the liquidity pool always
has sufficient cash to fulfill orders that sell bonds
to the pool or that redeem bonds at maturity.
However, this may not be guaranteed if the LPs
withdraw a lot of liquidity leading to cash short-
age. In addition, if the AMM allows for much more
lending than borrowing, the LP profit would be
negative. Therefore, for practical implementation,
when the LPs withdraw liquidity or a new lend-
ing position being created, i.e., bond buying, we
should allow this action only if the AMM is able
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to maintain its equity above a certain threshold ρ,
for example ρ = 90% of the initial equity to cap
the loss, if any, to 10% max.

Let bi and li be the number of active Ti-bonds
issued by borrowers and that currently held by
lenders, respectively. If no new transaction comes,
the total cash in the pool at any time τ is

E(τ) = y +
∑
Ti≤τ

(bi − li) (52)

because the pool will have, for each expired matu-
rity date Ti ≤ τ , received bi (DAI) from the
borrowers and paid li (DAI) to the lenders. We
call this quantity E(τ) the net equity at time τ .

Consider a bond-buying order (∆x,∆y) that
arrives now for some maturity date T . If we
executed this order it would reduce the equity
regarding those maturity dates that are T or later.
Hence, we will execute this order only if

min
Ti≥T

E(Ti) + ∆y − |∆x| ≥ ρy0. (53)

4.9 LP Addition and Withdrawal
An LP can contribute liquidity anytime by adding
a cash amount to the pool. Let this amount be
∆y > 0. As a result, the AMM moves state from
(X, y) to (Xnew, ynew = y + ∆y). It is required
that the reference rate be unchanged. This is
equivalent to keeping the same bond-to-cash ratio.
That is,

ψnew =
Xnew

ynew
=

Xnew

y + ∆y
= ψ =

X

y
.

Hence,

Xnew =
X(y + ∆y)

y
.

Now think of the AMM as a company whose
shareholders are the LPs. When all maturity dates
expire, the long-term LP equity is

E = E(max{Ti}) = y +
∑
Ti

(bi − li).

After the new LP is added, the new equity is E +
∆y. The new LP will own a fraction s = ∆y

E+∆y
of the pool. The other LPs will have their share
diluted accordingly.

When withdrawing liquidity, that LP can with-
draw a fraction s1 ≤ s of the pool at the most.

If the state is (X, y), the cash amount withdrawn
will be s1y. The new state will be

Xnew = X(1− s1), ynew = y(1− s1)

to keep the reference rate and bond-to-cash ratio
unchanged. The other LPs will have their share
diluted accordingly.

Regarding the fraction s1, removing ys1 (DAI)
from the pool now would reduce the equity regard-
ing all the active maturity dates. Thus, we require

min
Ti

E(Ti)− ys1 ≥ ρy0. (54)

This LP then can withdraw a share fraction at
most

s1 ≤ min

{
s,

minTi E(Ti)− ρy0

y

}
.

5 Numerical Results
We conducted an evaluation study with both
real-world and synthetic datasets to analyze and
validate key properties of BondMM2. There are
two cases for evaluation:

• Same maturity date: All bonds have the
same maturity date. We compare BondMM
to Yield and Notional, the two main exist-
ing fixed-rate AMM models, with respect to
four important aspects: interest rate, price
impact, equity, and capital efficiency. Yield
was the first mover, whereas Notional is the
AMM model for leading fixed-rate commer-
cial products today. Two maturity dates are
evaluated: 1) all bonds mature after 1 year
since the pool creation, and 2) all bonds
mature after 10 years since the pool creation.

• Multiple maturity dates: Different maturity
dates co-exist. Because Yield and Notional
are not applicable here, we investigate
BondMM only. We consider three practi-
cal products based on BondMM: 1) Single-
maturity pool : All bonds expire after 2 years
since the pool creation; 2) Periodic-maturity
pool : All bonds expire at the current year’s
end. Bonds transacted in year 1 expire at the

2All datasets, plots, and simulation source codes are avail-
able for download at https://www.cs.umb.edu/~duc/research/
bondmm/
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(a) AAVE (365 tx, daily frequency) (b) CIR (500K+ tx, minute frequency) (c) VASICEK (5M+ tx, minute fre-
quency)

Fig. 1 Market rate datasets used in the experiments: (a) Real-world ETH stable rates from AAVE protocol over one year
of daily frequency; (b) Synthetic rates generated by the CIR model over 1 year of minute frequency; and (c) Synthetic rates
generated by the VASICEK model over 10 years of minute frequency.

end of year 1. Bonds transacted in year 2
expire at the end of year 2; 3) Mixed-maturity
pool : At anytime, we can have bonds that
expire at the end of the current year n or
bonds that expire at the end of the next year
n+ 1, where n = 1, 2, 3, ....

There are four transaction activities: borrow-
ing, lending, closing a borrowing position, and
closing a lending position. These are modeled in
our simulation as transactions of bond buying and
bond selling. Moreover, we randomize the types of
transaction with equal probability. Precisely, a sell
order is treated as either a new borrowing position
or a lending closing position with equal probabil-
ity 1/2. Similarly, a buy order is treated as either a
new lending position or a borrowing closing posi-
tion with equal probability 1/2. We assume no LP
change during the simulation run.

5.1 Single Maturity: BondMM vs.
Yield vs. Notional

In this comparison, each AMM protocol would
start with the same initial cash y0 = 1 DAI and
same initial rate r0 and perform under the same
input sequence of orders. The value of r0 is given
by the input dataset used in each simulation run.
In BondMM and Notional, the anchor rate is set
to r∗ = r0 and the concentration coefficient is set
to κ = 0.02 (it is often observed in traditional
exchanges that the price usually moves within 2%
of the current price upon a transaction.)

Datasets. We evaluated with one real-
world dataset from the AAVE and two synthetic
datasets.

• Real-world (AAVE): We collected a time
series of borrowing stable rates from the ETH

lending pool on AAVE Protocol with daily
frequency over one year from Dec 1st, 2022
to Nov 30, 2023. This data set represents a
market scenario in which the market rates
are trending in one direction towards more
lending over the time. Figure 1(a) plots the
AAVE interest rates. The initial rate r0 is
about 6.6%.

• Synthetic (CIR and VASICEK): To evalu-
ate with higher-frequency and larger data,
we generated two synthetic datasets using
the Cox–Ingersoll–Ross (CIR) [43] and
VASICEK model [44] with realistic statis-
tics such as max, min, average, volatility,
etc. These are the two most popular models
in financial mathematics to generate interest
rates over time. The CIR dataset has 525,600
transactions every minute over 1 year, repre-
senting a market with a wider rate variation.
The VASICEK dataset has 5,256,000 transac-
tions every minute over 10 years, representing
a normal market scenario where interest rates
are mean-reversing up and down normally.
Figures 1(b, c) plot our synthetic CIR and
VASICEK market rates, respectively. The
initial rate r0 is 10% in the CIR dataset and
5% in the VASICEK dataset.

For comparing the protocols under the same
sequence of orders, we generate a realistic order
input using the above market rate data. Specif-
ically, given a time series of market rates (rt),
from the AAVE, CIR, or VASICEK dataset, we
reconstruct a corresponding time series of orders
(∆xt) such that executing these orders on an inde-
pendent interest rate protocol, which we call the
“Linear Protocol", would result in these market
rates (rt). We then feed these same orders (∆xt)

15



to BondMM, Yield, and Notional to compare.
The Linear Protocol is described by the following
equation, rt = rmin + (rmax − rmin) ln xt

yt
, where

parameters rmin, rmax are chosen symmetrically
around initial rate r0.

5.1.1 Interest Rate

We plot the interest rates over the time of the pro-
tocols as a result of processing the input orders;
see Figure 2 for different settings: AAVE dataset
with 1-year maturity, CIR dataset with 1-year
maturity, and VASICEK dataset with 10-year
maturity. In all scenarios, it is obvious that the
interest rate curve of Yield is the most volatile,
which oftentimes reaches negative rates. In con-
trast, Notional and BondMM are much more
stable and have similar rate volatility. Especially,
extreme volatility is observed for Yield in the case
of 1-year maturity for both the AAVE dataset
(Figure 2(a)), where the rate can go negative
reaching -150%, and the CIR dataset (Figure 2(b))
where the rate can reach −100%. These rates are
absolutely surreal. Even for the VASICEK dataset
which represents a stable market, Yield rates still
fluctuate widely and can go below zero; see Figure
2(c).

We can explain this though. The high rate
volatility of Yield is due to the fact that the con-
centration coefficient κ in the rate formula of Yield
is equal to 1/T , which is much worse than κ = 0.02
set in the other protocols. Indeed, for maturity of
T = 10 years, Yield has κ = 1/10 = 0.1, five times
worse than BondMM and Notional. For maturity
of T = 1 year, it is κ = 1/1 = 1.0, or 50 times
worse. When the order size is the same to the three
protocols, the one with the worst concentration
coefficient κ will force the interest rate to fluctu-
ate the most. It is not desirable to have a lending
protocol with extremely volatile rates, and, in this
aspect, Yield is not practical. Both BondMM and
Notional offer stable rates because they can choose
an arbitrarily small value for κ. In contrast, Yield
does not have this flexibility.

5.1.2 Price Impact

Traders do not like price slippage when execut-
ing a large order. Worse slippage means higher
trading cost. To compare the price impact of the
three protocols, we computed the trade price of

each order as a percentage slippage from the cur-
rent price. Applying to the different datasets and
different maturities, Figure 3 shows the price-
impact histogram, plotting the number of orders
that experience a given price slippage. As seen,
Yield is extremely expensive. Its histogram is
almost flat over all price impact values, imply-
ing a very high degree of price slippage. Notional
is not that extreme, but more expensive than
BondMM, especially with longer maturity. Let
us look at the 95%-quantile worst-case scenario.
With 1-year maturity, Notional has a price impact
about 1.5 times higher than BondMM; 0.17% vs.
0.12% for AAVE dataset (Figure 3(a)) and 0.04%
vs. 0.027% for CIR (Figure 3(b)) . The gap is wider
for the 10-year maturity, as seen in Figure 3(c),
where Notional (0.34%) is more than twice costlier
than BondMM (0.16%) and Yield (0.89%) is 5+
times costlier. This evaluation obviously shows
that BondMM pricing is the most attractive for
traders.

5.1.3 Equity

If the equity loss is too much, no rational LPs
would want to provide liquidity to the protocol.
On the opposite side, if the equity gain is too
much, no traders would use the protocol because
it causes loss for them via implicit costs such
as price impact. Therefore, a fair bond protocol
needs equity to be as close to the initial equity as
possible. In other words, the equity PnL should
approach zero as closely as possible, except when
the net bond position is one-directional (much
more lending volume than borrowing and the
other way around). Another important criterion
is the stability of the equity PnL: the more stable
it is, the better LPs are protected against market
uncertainty.

Figure 4(a) (for the AAVE dataset with 1-year
maturity), Figure 4(b) (for the CIR dataset with
1-year maturity), and Figure 4(c) (for VASICEK
dataset with 10-year maturity) show the LP equity
of each protocol over the time. In all three sce-
narios, BondMM is the absolute winner because
its equity is not only the closest to initial equity
but also is the most stable. For the short maturity
(1-year), BondMM and Notional have compara-
ble equity. This is understandable because the
bond maturity is too short for these two proto-
cols to substantially differentiate from each other.
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(a) AAVE: 1-year maturity (b) CIR: 1-year maturity (c) VASICEK: 10-year maturity

Fig. 2 Interest rate of each protocol as a result of processing input orders over the time. In plots (a) and (b), the Notional
and BondMM curves are highly similar, hence seen as the same.

(a) AAVE: 1-year maturity (b) CIR: 1-year maturity (c) VASICEK: 10-year maturity

Fig. 3 Price impact measured as a percentage slippage from current price when pricing an order. The y-axis is the proportion
of orders having a given slippage. In plots (a) and (b), the Yield impact is very small, hence seen close to the y = 0% line.

However, Yield’s equity curve is extremely bad,
particularly during the early phase of the protocol.
In the AAVE scenario, Yield’s equity can decrease
below zero, which is unacceptable. In the CIR sce-
nario, the LPs can lose as much as 60% of the
initial equity. We see that this equity drop hap-
pens when the rate also goes negative, seeing a
lot of bond buying (lending). As such, the pool
is obligated to owe the lender large amounts. In
contrast, BondMM and Notional still maintains
stable equity close to the initial. The results here
point out a critical weakness of Yield: it would
potentially collapse in a lending-heavy market.

In the more stable market with the VASICEK
dataset (Figure 4(c)), where the rates are mean-
reversed, Yield is able to stabilize its equity. In
this case, the more interesting observation is about
Notional. Due to its greedy trade pricing, as the
market is stable with balanced net bond positions,
Notional accumulates a lot more cash from trading
compared to the other protocols, explaining why
its equity grows higher noticeably. This is not good
though. Notional quickly doubles equity after two
years, too greedy and unrealistic; no traders would
come to Notional. As aforementioned, we want an

equity that is stable and as close to the initial
equity as possible. We see that BondMM satisfies
both conditions. Yield is still unstable during early
time, when it can lose 30% of equity; see Figure 5
for a zoom-in plot comparing BondMM and Yield.

5.1.4 Capital Efficiency

While equity is a factor to represent fairness
between the LP and the traders, capital efficiency
affects LP exclusively. It is always desirable to
maximize it. To compare capital efficiency of the
three protocols, we assume that they reach an
equilibrium state having the same cash reserve in
the pool and the the same rate as market rate, and
then compute how much bond volume can be ful-
filled by each protocol to change the rate by the
same amount. The larger this volume, the more
efficient the LP capital is utilized. In other words,
we have a better liquidity depth. Specifically, we
set the market rate at 5% and the results are
shown in Figure 6 for two cases of maturity, T = 1
year and T = 10 years. Yield is obviously the least
capital efficient. BondMM and Notional have sim-
ilar capital efficiency with 1-year maturity. With
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(a) AAVE: 1-year maturity (b) CIR: 1-year maturity (c) VASICEK: 10-year maturity

Fig. 4 LP equity over the time. In plot (a), the Notional and BondMM curves are highly similar, hence seen as the same.

Fig. 5 LP equity over the time:
BondMM versus Yield for the VASICEK
dataset with 10-year maturity.

Fig. 6 Capital efficiency: The y-axis is the bond volume, relative with the
bond quantity in the pool, that can be fulfilled to reach a given rate. Here,
(left) 1-year maturity; and (right) 10-year maturity.

the longer 10-year maturity, BondMM is notice-
ably more efficient. For example, to move the
current rate from 5% to 4%, BondMM can accom-
modate a trade volume 0.47 (in bond unit), where
Notional and Yield can only do 0.28 and 0.08. Put
another way, BondMM is almost twice more capi-
tal efficient than Notional and 50 times more than
Yield. This study confirms our hypothesis that
our rate formulation results in a better liquidity
concentration around realistic rate ranges (in this
evaluation, the 5% market rate), especially when
the maturity duration increases.

5.2 Multiple Maturities: Shared
Pool vs. Separate Pools

Now we evaluate the case allowing different
maturity dates to co-exist. Because Yield and
Notional are not designed for this case, we consider
BondMM only and compare three product set-
tings (described at the beginning of Section 5): the
single-maturity pool, the periodic-maturity pool,
and the mixed-maturity pool. Our hypothesis is
that the mixed-maturity pool would profit the LPs
the most.

These three pools start at the same time
and compete with each other. Rationally, if their
rates differ, the user will tend to the pool with

the best rate, thus moving the rate of this pool
closer to the other pools. Therefore, to simulate
this equilibrium-approaching behavior, we assume
that bond orders will go into each pool such that
the reference rate is the same across all three
pools. Then we will find out which pool brings
the best revenue for the LPs. LP revenue comes
from transaction fee. Our evaluation assumes a
realistic fee structure such that the fee for 0.5, 1, 2-
years-to-maturity bonds is 0.1%, 0.2%, 0.4% extra
charge to the transaction rate, respectively, and
this fee decreases toward zero as time approaches
maturity (details of the fee are expressed in our
simulation source code).

Datasets. We apply the Vasicek model to
simulate a time series of rates over time. To see
the difference between the pools more clearly, we
consider two imbalanced market scenarios leading
to creation of two datasets:

• The VASICEK/DOWN dataset: The trend is
more lending demand than borrowing. The
rate starts at r0 = 5% and can go up and
down, but it tends to decrease to an aver-
age of 4%. Thus we set r∗ = 4%. As a
result, we obtain a series of 1,051,000 rate
values at every minute over 2 years. Figure
7(a)(leftmost) plots these rates.

18



• The VASICEK/UP: The trend is more borrow-
ing demand than lending. The rate starts at
r0 = 5% and can go up and down, but it tends
to increase to an average of 6%. Thus we set
r∗ = 6%. As a result, we obtain a series of
1,051,000 rate values at every minute over 2
years. Figure 7(b)(leftmost) plots these rates.

5.2.1 LP Revenue

In the rate-down market scenario, which is simu-
lated by using the VASICEK/DOWN dataset, the
revenue of each pool accumulated over time is
plotted in Figure 7(a)(middle). It is observed that
in the first year, all the pools perform almost iden-
tically. However, starting in the second year, the
mixed-maturity pool starts to earn more fee com-
pared to the other pools. At the end of year 2, it
has a 28% revenue margin, compared to 25% for
the periodic-maturity pool and 23% for the single-
maturity pool. In the rate-up market scenario
(VASICEK/UP dataset), the mixed-maturity pool
also makes the largest revenue, 35% after 2 years,
compared to 30% for both periodic-maturity and
single-maturity pools. Between the latter two
pools, the single-maturity pool is slightly better.
Combining both scenarios, it is convincing to con-
clude that the mixed-maturity pool brings the
most money to the LPs.

5.2.2 Cash in the Pool

Figure 7(a)(rightmost) and Figure
7(b)(rightmost) plot the pool’s cash amount over
time for the two market scenarios, respectively. It
is consistently observed that the mixed-maturity
pool has the most cash reserve. Note that the cash
reserve should increase if there is more lending
(cash into the pool) and decrease if there is more
borrowing (cash out of the pool). Interestingly,
the mixed-maturity pool tends to have increasing
cash reserve over time in both scenarios, even
when the rate is uptrend (i.e., the general market
is lender-favorable). Perhaps, it is because the
pool allows transactions with bonds of different
maturity dates in the same pool. This flexibility,
plus the capability to fulfill the largest transac-
tion volume (resulting in the highest revenue),
makes the mixed-maturity pool a better choice
for the LPs than the single-maturity pool and
periodic-maturity pool.

6 Discussions
At the very core, BondMM is like a typical trad-
ing AMM in that it is based on constant-function
bonding curves. These constant functions on one
hand ensure unbounded liquidity for every pos-
sible trade but on the other hand may lead
to unnecessary liquidity provisioned for cases of
extreme prices. This is inefficient in capital use for
those LPs that place liquidity in those extreme
ranges (rarely happening). Although in the pre-
vious sections we have shown BondMM more
capital-efficient than existing fixed-rate AMMs
(Yield and Notional), this efficiency could be fur-
ther improved. Currently, a limitation of BondMM
is that it does not allow LPs to specify prefer-
ences on what bond price or interest-rate range
to concentrate their liquidity. In our future work,
we will pursue this direction. We will learn from
existing developments on optimal AMM liquid-
ity customization strategy to maximize LP payoff,
which we already discussed in Section 2, and
explore ways to make similar LP capital efficiency
improvements on BondMM.

Another issue we have not addressed in the
paper is how to structure the transaction fees. In
a fixed-rate AMM, the LPs have to pay interests
to the lenders when lending activities dominate
borrowing activities. In the current version of
BondMM, we set a stop-loss threshold at 10% to
cap the LP net loss, if any, at 10%. The limita-
tion is that this threshold is manual set, which
does not take into account the fee structure. Ide-
ally, we should increase this threshold to allow for
more lenders to join but and at the same time,
to be financially solvent, increase the fee charg-
ing lenders (which is reasonable due to increasing
demands from the lenders). Fee mechanism design
is an important problem for our future work.

The third issue of setting up the parameters
for BondMM such that they represent a specific
market. There are three key parameters: liquidity
concentration coefficient κ, initial interest rate r0,
and anchor interest rate r∗. The current version
of BondMM is limited in that these parameters
must be set manually depending on the market
at the time of AMM pool creation. Ideally, these
parameters should follow the progressing real-time
state of the market. As we discussed above, we will
investigate ways to adjust κ automatically to sat-
isfy LP concentration preferences over the time.
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(a) VASICEK/DOWN dataset, representing a market scenario where rate is trending down, i.e., more lending than borrowing

(b) VASICEK/UP dataset, representing a market scenario where rate is trending up, i.e., more borrowing than lending

Fig. 7 Separate pools (single-maturity, periodic-maturity) vs. Shared pool (mixed-maturity): In both market scenarios,
the multi-maturity pool has the largest revenue and cash reserve.

Regarding initial rate r0, we only need to set it at
the beginning and so choosing a rate that is com-
petitive with the current market rate is sufficient.
However, the choice for the anchor rate r∗ needs
further thinking into the market in the future.
One solution is to allow changing this rate via the
smart contract when necessary and approved by
the owners and user community of the protocol.

Regarding scalability, the performance of
BondMM if having high-frequency transactions
depends on the processing capability of the
underlying blockchain network. Fortunately, this
capability is increasingly improved with faster
blockchain networks being developed at both layer
1 and layer 2. The mathematics of BondMM is
simple enough not to raise any scalability bottle-
neck by itself.

Last but not least, although our paper is
focused on the computing aspects of building a
fixed-rate AMM, we would like to emphasize the
importance of regulatory and governance matters.
As BondMM is fully automated and decentralized
without any entry point for centralized manage-
ment, if future regulations require the user to KYC

or submit certain documents, we would need a ser-
vice layer on top of BondMM to process these doc-
uments to satisfy the regulation. Also, the smart
contracts that implement BondMM must be rig-
orously audited to ensure zero programming risks
for real-world implementation. All these are com-
mon for every DeFi protocol, not just BondMM.
We leave these issues, as well as other related oper-
ational risks and governance matters, beyond the
scope of our paper and invite the reader to [45]
for experts’ opinions and recommendations, some
specific to lending service.

7 Conclusions
We have proposed BondMM, a new AMM proto-
col for fix-rate lending and trading. It is better
than today’s fixed-rate AMMs in terms of price
impact (more attractive to users), capital effi-
ciency (more attractive to LPs), and equity stabil-
ity (better balance between trading costs to users
and equity for LPs to avoid liquidity and solvency
risks). In addition, an innovative feature unseen
in the literature and practice of DeFi is that
BondMM allows co-existence of different maturity
dates in the same liquidity pool. This avoids the
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LP liquidity fragmentation which is incurred if we
use separate pools for different maturity dates.
The user can go into BondMM and choose any
arbitrary maturity date to transact with bonds.
This is desirable in terms of user experience as
well as investment leverage power. In the future
work, we will investigate the directions to over-
come the potential limitations and improve the
performance of BondMM as just discussed in the
previous section.
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