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Nondeterministic Pushdown Automata

@ Pushdown automata provide abstract models of computation. They
play the same role for the class of context-free languages that finite
automata play for regular languages: the class of languages accepted
by pushdown automata is precisely the class £, of context-free
languages.

@ Unlike finite automata, deterministic pushdown automata are weaker
than non-deterministic ones; i.e., they accept only languages
belonging to a strict subclass of L.
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Nondeterministic Pushdown Automata

o Just like a finite automaton, a pushdown automaton (pda) has a
finite set of states and a one-way, read-only input tape, divided into
cells each of which contains a symbol of an alphabet A, referred to as
the input alphabet.

@ The pushdown model adds a pushdown store, that can be
conceptualized as a tape that has a beginning but is infinitely long.
It, too, is divided into cells, and each cell that is in use contains a
symbol from an alphabet Z, referred to as the pushdown alphabet.
The pushdown store is thought of as being oriented vertically, with
the used portion at the top.

@ The automaton can read and write only the top-most cell, referred to
as the top of the pushdown store.
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Nondeterministic Pushdown Automata

As in the case of nondeterministic finite automata, a pda accepts a word if
there is a sequence of choices that allows the suitably initialized pda to
consume the word and end in a state that is an element of a specified set
of accepting states.

The set of words accepted by a pda is referred to as the language accepted
by that pda. We shall show an exact correspondence between the class of
languages accepted by pdas and the class of context-free languages.
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Nondeterministic Pushdown Automata

Components of a Pushdown Automaton

Control z pushdown
device store
qg€Q
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Nondeterministic Pushdown Automata

Let Pr(M) be the set of all finite subsets of a set M.

Definition

A pushdown automaton (pda) is a 7-tuple
M= (A,Z,Q,6,qo, 20, F),
where A is the input alphabet, Z is the alphabet of the pushdown store,
0:ZxQx(AU{A}) — Pr(Z* x Q)

is the transition function, qg is the initial state, zg is the start symbol, and
F is the set of final states. We assume that QNA=QNZ = 0.

We refer to the pairs (¢', w) € §(z, q, a) as the transitions of the triple
(z,q,a).

The transitions of a triple (z, g, A) (where nothing is read from the input
tape) are referred to as (z, q)-null transitions.
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The Working of a PDA

When scanning the input symbol a in the state g and reading the symbol
z from the top of the pushdown store, the automaton selects a pair
(w,q') € Z* x Q from the set §(z, g, a); after that:

@ the state changes to g’ and the top symbol of the pushdown store is
replaced by the word w;

o If w = A, this amounts to popping the top symbol out of the top cell;
if [w| > 1, the replacement of z by w causes the symbols located
below the top cell to be pushed downwards by |w| — 1 cells in order to
accommodate the symbols of the word w.
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Nondeterministic Pushdown Automata

Example

If the state of the pda is g, the content of the pushdown store is w’'z,
where z is the symbol at the top, and the pda chooses the pair
(zjy - 2,1, q") from 6(z, g, a), then:

o the new content of the pushdown store will be w'zj; - - -z, ;

@ and the new state will be ¢’;

@ the symbol at the top of the stack will then be z; ..

A pda is a nondeterministic device, because at any given moment a pda
may chose one among several transitions (z, q’) for its next step.
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Nondeterministic Pushdown Automata

Example

Consider the pushdown automaton

M= ({a’ b}7 {207 71, 22, 23}, {q07 ai, q2}a 57 qo, 20, {CI2}),

where ¢ is defined by the table

Top | State | Input Transition Function

z q a )(z,q,a)

Z0 | qo A {(zz20), a1}

2| @ AN @), (212021, 91), (222022, 91) }

z1 | @ a {(\q1)}

2| @ b {(A a1}

z3 | q A {(z3, 92)}
For triples (z, g, a) that do not appear in this table we assume that
4(z,q,a) = 0.
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(Example cont'd)

M begins by writing z3z9 onto the stack. Thus, z3 is placed at the bottom
of the stack. After reading through the entire input, the pda will have to
find z3 at the top of the stack in order to go into state g, which is the

Control

device
a1

20

Z3

only accepting state.| ‘ ‘ ‘ ‘ ‘ ‘

pushdown

store
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Nondeterministic Pushdown Automata

When zj is at the top of the stack, the pda guesses whether the next
symbol is a or b. If it guesses a, it pushes z;z9z; onto the stack.

Control

device
q1

21

20

Z1

z3

pushdown

store
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Nondeterministic Pushdown Automata

If it guesses b, it pushes zpzgz» onto the stack.

Control

device
q1

22

20

22

z3

pushdown

store
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Nondeterministic Pushdown Automata

It then verifies its guess by examining the next symbol. If it made the
“right guess”, then it has left a trace of what that symbol was on the
stack. For example, if it guessed that the next symbol is a and z; is at the
top of the stack, the next configuration will pop z;:

pushdown

Control K

store

device
q1

z1

Z3

HEEN

If it made the “wrong guess”, it cannot proceed.
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(Example cont'd)

@ Over time, this records the symbols read from the input with the
most recent nearest the top. In other words, reading the stack from
top to bottom would allow one to reconstruct the input word in
reverse order.

@ This process continues until the pda guesses that it has reached the
mid-point of the input word. At that time, it simply pops the zy off
the stack.

@ Now it reads through the remaining portion of the input, checking
that what is there is the reverse of what was encountered in the first
half, as only that input will match the trace left in the stack; i.e., if
the word x was read from the input tape before the pda guessed it
had reached the middle, only x will allow it to pop each symbol off
the stack as the pda processes the remaining input word. When it
exhausts the input, z3 should be at the top of the stack, allowing the
pda to accept the word.
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Nondeterministic Pushdown Automata

@ There are many places where the pda must make guesses, but if it is
possible to make a sequence of guesses that allows the pda to read
through the word on its input tape and end up in an accepting state,
then the pda accepts the word.

@ Only if no possible sequence of guesses permits the pda to accept the
word does it reject the word. In this case, the language accepted by
the pda is {xx® | x € {a, b}*}.
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Nondeterministic Pushdown Automata

Definition

Let M = (A, Z, Q,0, qo, 20, F) be a pda. The set J(M) of instantaneous
descriptions of M is the set Z* x @ x A*.

A pda M is described by (w, g, u) € J(M) if M is in the state g, u is the
portion of input that is still to be read, and w is the content of the
pushdown store, with the rightmost symbol of w at the top of the
pushdown store.

Any instantaneous description of the form (zp, qo, v) is an initial
instantaneous description of M. a
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Nondeterministic Pushdown Automata

Definition

Let M = (A, Z, Q, 4, qo, 20, F) be a pda. The binary relation l— on the
set J(M) is given by (w’'z, q, au) Jl;[ (w'w, p,u) if (w,p) € 5(2 q,a), for
zeZ qeQ,and ace AU{\}.

When M is obvious from context we may simply write - for 3'\_4 )

n
The nth power of 3'\_4 is denoted, as usual, by J\l:[ for n € N; also, the

+
transitive closure of Jb[ is denoted by ch and the reflexive and transitive

*
closure of the same relation is denoted by Jl\—{ .
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Nondeterministic Pushdown Automata

A pda may have instantaneous descriptions (w, g, u) such that there are no
instantaneous descriptions (w1, g1, u1) such that (w, q, u) JI;[ (w1, q1, u1).

We refer to (w, g, u) as a blocking instantaneous description.
For instance, such instantaneous descriptions occur when the pushdown
store is empty.
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Nondeterministic Pushdown Automata

Definition
A computation in a pda M is a sequence (cp,...,Cp) of instantaneous
descriptions of M such that ¢; 3\'7[ Ciy1 for0<i<n—1

We will denote the above computation by cg 3'\_4 3\'7[ Cn.

20/33



Nondeterministic Pushdown Automata

Example

Let M be the pda introduced previously. We have

(Zg, qo, abbbba) [ (2320, qi, abbbba) [ (23212021, qi, abbbba)

F (z3z120, g1, bbbba) F (2321222022, g1, bbbba) & (23212229, g1, bbba)
[ (232122222022, qi, bbba) H (2321222220, a1, bba)

F (23212225, q1, bba) - (232122, G1, ba)

F(z3z1,q1,a) (23, q1, \) F (23, g2, A).

Therefore, we can write (zy, qo, abbbba) Jb[ (z3, g2, N).
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(Example cont'd)

@ When M reaches the state g1 and z is at the top of the pushdown
store, there are three possible moves, namely (A, q1), (z12021, g1), or
(222022, q1). None of these involves reading an input symbol.

o If M makes the “wrong guess” when the instantaneous description
(23212020, 1, bbba) is reached and makes use of the pair (z120z1, q1)
instead of (22202, g1), the next instantaneous description will be
(232122212021, qi, bbba).

@ A symbol z; cannot be popped out of the pushdown store unless M
reads a from the input. Since only one symbol a remains in the input,
at most one z; can be popped off, and thus it would be impossible to
get z3 at the top of the pushdown store. This would prevent M from
reaching the final state g».
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Nondeterministic Pushdown Automata

Theorem
Let M= (A, Z,Q,0,qo, 20, F) be a pda.

Q If(ziy- -z, ,, P t)F (X, P, \), then we can write t as a product of n
words t = t,_1 - - tg such that

(Zl'n,1 s PO, tn—l) li ()‘a P1, )‘)
(ZI.,,,27 Pl; tn—2) 'i ()\7 p27 )\)

(Zio7pn—17 tO) li (Aapna)‘)a

where p = po, p1,...,Pn = P’ is a sequence of states in Q.
Q (w,q,x)F(W,q',\) forsome q,¢' € Q, w,w' € Z*, and x € A* if
and only if (w,q,xy) (W', q,y) for every y € A*.

Q If(w,q,xy)F(W,q,y), then (wiw, q,xy) F(wiw', q’,y) for each
wy € Z¥.
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Proof of first part

The argument for the first part of the theorem is by induction on the
length n of the initial content of the pushdown store w =z, --- z; .,
where n > 1. The base case, n = 1 is immediate.

Suppose that the statement holds for [w| < n—1, and let w =z, --- z;,_,
be a word of length n. The symbol z; | at the top of the pushdown store
must eventually be erased. If t,_1 is the prefix of input word t that causes
the erasure of z;_,, then we can write t = t,_1t’, where

(zl'nfp Po, tn—l) li ()\, P1, )\)
(zip -+ Zip o P1, ') B (AP, A)

for some state p; € Q.
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(Proof cont'd)

The inductive hypothesis implies that t’ can be written as a product of
n—1words t/ = t,_5...ty such that

(Zin_27 p1, tn—2) = ()\7 p2, )‘)

(Zl'oapn*th) 'i ()\7pfh)\)7

where p1, p2,...,pn_1 = p’ is a sequence of states of M. Combining this
fact with the previous observation gives the desired conclusion.
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Nondeterministic Pushdown Automata

As in the case of nondeterministic finite automata, pdas accept languages
by reading through their input words, making guesses as necessary along
the way, and ending in a final, accepting state. This is formalized in the
next definition.

Definition
The language accepted by the pda M = (A, Z, Q, 4, qo, 20, F) is the

language

L(OV) = {x € A* | (20,90,%) F (w,g,\) for some g€ Fand we Z*}

2T *

The pda M, M’ are said to be equivalent if L(M) = L(W').
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Nondeterministic Pushdown Automata

Example

The language accepted by M, the pda previously introduced, is
L(M) = {xxR | x € {a, b}*}.
We begin by showing that for every x € {a, b}* we have xx® € L(M). To

this end, we prove that (zo, g1, xx<) J\l_/t (A, g1,A). The argument is by
induction on the length of x.

For |x| = 0, we have xx® = X and (20, q1,\) F (A, g1, A) in view of the

B

fact that (g1, A\) € (=0, g1, A).

27/33



(Example cont'd)

Suppose that our claim holds for words of length n, and let y € A* be a
word of length n 4 1. We can write either y = au, or y = bv for some

u,v € A* with |u| = |v| = n, depending on the first symbol of y. In the
first case we can write:

(20, 91, yy®) = (20, q1, auua)

F (212021, 1, auuRa)  (since (z12021, q1) € 6(20, g1, \))
F (2120, g1, uuRa) (since (A, q1) € 0(z1, g1, a))

F (z1,q1,a) (by the inductive hypothesis)
Foo(\ g1, N) (since (A, q1) € 0(z1, g1, a)).

The case y = bv can be treated similarly.
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(Example cont'd)

Since (2320, q1) € 0(20, go, \) we have

(207 q07XXR) (o (23207 ql)XXR)a

for every x € {a, b}*.
Therefore, by the previous claim, we obtain the computation:

(207q07XXR) + (Z3ZOa Q1aXXR)
P (237 a1, )‘)
+ (237 qz, )‘)7

so xxR € L(M) because gy is a final state of M.
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(Example cont'd)

Conversely, suppose that t € L(IM). We have

(ZOa do, t) 'i(W, qz, )\)a

for some w € Z*. The definition of M implies that this computation must
be written as

(20, qo, t) F (2320, q1, t) F (W, g2, A),

since this is the single means of switching from the state g into the state
g1, which, in turn, is the unique state of M that precedes the final state go.
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Nondeterministic Pushdown Automata

To reach the final state g, the pda must have the symbol z3 at the top of
the pushdown store. Thus, the instantaneous description that precedes
(w, g2, A) in the previous computation necessarily has the form (z3, g1, ).
This implies that w = z3, so we have

(207 qo0, t) F (23207 qi1, t) 'i (237 qi1, A) F (237 q2, A)
In turn, this means that we have the computation
(20, g1, t) F (X, g1, N),

during which M remains in the state g;. We prove by induction on k = |¢]
that t = xxR for some x € {a, b}*.
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(Example cont'd)

If k=0, then t = \, so t = AR, In this case, M chooses the pair
(A, g1) € 9(20, 91, ), and we have

(ZO> a1, t) - ()‘a qi, t);

thus, the statement holds.

Suppose that the statement holds for words t of length less than k, and let
t € A* be a word of length k. If M chooses the pair
(z12021,q1) € 0(20, g1, \), then

(207 qi1, t) = (leozlu aqi1, t) Ii()V qi1, >\)
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(Example cont'd)

By the first part of a previous Theorem, t = t'ut”, where

(Zl7q17 t/) 'i ()‘7 q17)‘)7
(20,q1,u) F (A q1, ),
(217 aqi, t//) 'i ()‘7 qi, )\)

Note that if z; is at the top of the pushdown store, then the single way to
eliminate this symbol is to have t' = a; similarly, t” = a. By the inductive
hypothesis, u = zzR, so t = azzRa = az(az)®. A similar argument can be
made when M chooses the pair (222022, q1) € 0(20,91,A). Thus,

L(M) = {xxR | x € {a, b}*}.
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