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Kleene's Theorem

Theorem

The language L()M) accepted by a dfa M can be constructed starting from

finite languages by using union, product, and x (also known as Kleene
closure).
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Proof

Let M = (A, {qo,.-.,qn-1},0, go, F) be a dfa that has n states.

Define the language R,-jf to consist of those words x € A* that take M
from state g; to state g; without passing through any state g, with / > k.
R,-'J‘. comprises those words x € A* such that 6*(g;, x) = gj, and for every
proper prefix u of x, the automaton is in an intermediate state

5*(qi7 U) S {qu ceey Qk—l}-
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Kleene's Theorem

Proof cont'd

R,-(J)- is the finite language

Rg:{ {acA|d(gi,a) =g} if i # J,
v {MulacAld(g,a)=q} ifi=]

Note that no intermediate states are allowed (k = 0).
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Proof cont'd

To reach g; starting from q;, allowing only qo, ..., gk—1 as intermediate
states presents two choices:
@ either the automaton avoids qx_1 entirely (which corresponds to a
. pk—1
word in R:™), or
@ the automaton goes from g; to the first use of gx_1 (along a string in
R,-/,:ll); it then may revisit gx_1 zero or more times (each time along
a string in R,f:ilkfl), and finally, it goes from the last use of qx_1 to
g; (along a string in R,f:llj).
This implies
k _ pk—1 k—1( pk—1 * pk—1
Rij - Rij U Rikfl(kalkfl) kalj‘ (1)

This can be regarded as a recursive definition of the set R,f
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Kleene's Theorem

In formula
Kk pk—1 k—1 /7 pk—1 * pk—1
R,-j = R,-J- URy 1 (R 1k1) Rk—lj’

the following intermediate states are permitted:

° R,-j? :qo.....qk—1 between g; and gj;

° Rl.j‘.*l : Qo - .-, qk—2 between g; and gj;

° Rl.’;(__ll : qo, ..., ko between g; and gx_1

° R,i‘:ll k—1:90,---,qk—2 from g,_1 back to g,_1;
° R,f:llj g0, ---.qk—2 from g,_1 to q;.
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Proof cont'd

If the set of final states is F = {qj,,--.,qi,_,}, then the language
accepted by M is

LM) = Ry, U---URgy; .,

since every state is allowed as an intermediate state. Thus, L(M) can be
indeed constructed starting from the finite languages Rg, using union,
product and Kleene closure.
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An Example

Consider the dfa;

We have:
Ri = R} U Riy(RG)*Ry;

(K
é RiURl(R )*RL.
R; U RS (R3,)* R%..
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Kleene's Theorem

We have:
Ri = R} U Ry (R3%)*R
ﬁ i ol ol 1’
% RﬁUR G le,
U R%(R3,)" R221
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Example (cont'd)

Rgo = {\}, Rgl =4 R82 =b
R?o =0 RI?I = {A, b} R?z =4
R3 = a ROy, =10 R3, = {A, b}.
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Kleene's Theorem

R U Roo(R6o)” Roo-
A,
ROy U R (R30)* Roy
a7
R0> U RGo(RGo)* R
b,
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Kleene's Theorem

Rly = R U RG(RG)*Reos
— @7

Rl = R URN(RG) RS,
= {)‘7 b}

Ry = R U RY(R3)*RGs,
= a7
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Kleene's Theorem

Ry = R3 U R3(R3)*Roo,
= 37

Ry = R UR3(R3)*Roys
= aa,

R, = R URY(RG) RY:
— [\, b,ab).

Note that we used the fact that §* = {\}.
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Kleene's Theorem

Rl = RooU R (R Rip,
= @7

RG = Ro1URG(RL)*RYy,
= aUa{\ b}t = ab",

R = RiURG(RL) R,

= bUa{\ b}*a=bUab™a,
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Kleene's Theorem

Rio U RE (RE)* R,
0,

Rl URL (R RY,
b*,

Rl U RL (R R,
b*a,
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Kleene's Theorem

R3o U Ry (Ri1)*Rip,
a’

R U Ry (Riy)Riv,
aaU aab® = aab*,
R3, U Ry (Ri1)"Riz,
{\, b, ab} U aab*a,
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Kleene's Theorem

Finally,

R = R&URR(R%) R
= (bUab*a){\, b,ab} Uaab*a)*.
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Kleene's Theorem

Theorem

Kleene’s Theorem The class R of regular languages is the least class of
languages that contains the class of finite languages and is closed with
respect to union, product and Kleene closure.

Proof.

Closure properties previously discussed imply that the class R contains the
class of finite languages and is closed with respect to union, product, and
Kleene closure, respectively. O

v
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Kleene's Theorem

Proof cont'd

Let R’ be an arbitrary class of languages that contains the class of finite
languages and is closed with respect to union, product and Kleene closure.
If L € R, the previous theorem implies that L € R/, so R C R’.
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The Pumping Lemma

The main focus of this section is a powerful tool for proving that certain
languages are not regular. Although traditionally named the Pumping
Lemma, we state it as a theorem to reflect its importance.

Theorem

If L is a regular language, then there exists a number ng € P such that if
x € L and |x| > ng, then x can be written as x = uvw such that v # X,
luv| < ng, and uv"w € L for every n € N.
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Proof

Since L is a regular language there exists a deterministic finite automaton
M= (A, Q,0d,qo, F) such that L = L()M). Choose ny = |Q|, and let

X =ag...ar_1 be a word of length ¢, where £ > ng.

Consider the sequence of states (qo, g1, - - -, q¢), where g; = d(gi—1, ai—1)
for 1 < i < £. This sequence is of length £ + 1 > ng, so at least two of
these states must coincide. Pick k to be the position of the first repeated
state and let g; be its first occurrence.
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The Pumping Lemma

Proof cont'd

Let u = agay---aj—1, v=aj --ak—1, and w = ax ---ay—1. Then,

qj = 0*(qo, u) = 6*(qo, uv) = qk. Consequently, 6*(qj, v) = qx = q;.
Since 0*(qk, w) = q¢ € F, we have §*(qj,w) =q; € F, so

0*(qo,uw) = qy € F, and uw € L.

By a simple induction, we can prove that §*(qj, v") = g; for all n € N, so
0*(qo, uv"w) = 6*(qj, v'w) = 6*(qj, w) = q¢ € F. Hence, uv"w € L for
allneN

By the selection of k, 0 < j < k < ng, which implies |v| = k —j > 0, that
is v # A, and also that |uv| < np.
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The Pumping Lemma

We refer to a number ng whose existence is established by the Pumping
Lemma as a pumping threshold for the language L.
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Decidable Problems

One of most interesting areas of study of twentieth century mathematics is
the area of “decidability”. In this section, we approach decidability
informally. Specifically, we say that a question is decidable when there is
an effective procedure that always accurately answers the question, either
yes or no. The notion of “effective procedure” may be made explicit using
computer programs with unlimited resources or other computing models.
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The Pumping Lemma

Example

If Ais an alphabet, L C A* is a regular language, and x € A* is a word,
then it is decidable whether x € L. Indeed, in order to decide this problem
it suffices to write the word x on the input tape of a dfa M that accepts L
and determine if the state g of M is a final state. If this is the case, x € L;
otherwise x ¢ L.

.
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The Pumping Lemma

Theorem
It is decidable whether a regular language is empty.

Proof.

Let L be a regular language, and let ng be a pumping threshold for L. We
claim that if L # (), then there is a word z in L such that |z| < ng. Clearly,
if such a word exists in L, then L # (). Suppose that L # (). Then, let x be
a word in L having minimal length. If |x| > ng, then, by the Pumping
Lemma, we can write x = uvw with |v| > 0 and uv"w € L for every

n € N. Taking n = 0, we obtain that uw € L. The inequality |uw| < |x],
contradicts the minimality of x. Therefore, L must contain a word shorter
than ng.

The previous argument shows that in order to decide whether a regular
language L is empty it is sufficient to test whether any word x € A* with
|x| < ng belongs to L. This implies the decidability result. O

v
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The Pumping Lemma

Theorem
It is decidable whether a regular language is infinite.

Proof.

Let L be a regular language. We prove that L is infinite if and only if it
contains a word x such that ny < |x| < 2ng, where ng a pumping threshold
for L.

Suppose that the language L is infinite. Then, there exists a word y € L
such that |y| > 2ng. Suppose that y is one of the shortest such words. By
the Pumping Lemma we can write y = uvw with v # A, |v| < ng and
uvw € L for every n € N. Therefore, taking n = 0, we obtain

y' = uw € L. Note that no < |y’| = |y| — |v| < |y|. Since y was supposed
to be a shortest word in L such that |y| > 2ny we obtain ng < |y’| < 2np.
Conversely, if L contains a word y with ny < |y| < 2ng it is obvious, by the
Pumping Lemma, that L is infinite. Therefore, in order to determine if L is
infinite it is sufficient to examine the finite set

Le={xe€ L | nop<|x| <2ngp}. Lisinfinite if and only if L # (. O

v
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Applications of Pumping Lemma

Example

The language L = {a™b™ | m € N} is not regular.

To justify this claim, suppose that L is regular, and let ng be a pumping
threshold for L. Choose m € N such that m > ng. Then, x = a™b™ can
be factored as x = uvw such that 1 < |uv| < ng and uv"w € L for every
n € N. This implies that every symbol of v is equal to a, since uv is a
prefix of a™. So, u = a¥, v = af, and w = a"b™, where k + ¢+ h = m,
and ¢ > 1. By “pumping’ v we obtain uv?w = aka?‘a"b™ = amttpm € L,
which contradicts the definition of L. )
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Applications of Pumping Lemma

Example

The language L = {aP | p is prime } is not regular.

Suppose that L were regular and that ng is a pumping threshold for L. If
x € L and |x| > ng, then x can be written as x = uvw such that v # A,
|uv| < ng, and uv"w € L for every n € N. Let k = |v| > 1. We have

p = h+ k such that h + nk is prime for every value of n € N. If h =0 this
is a clear contradiction. If h =1 choose, for example, n = 6k + 5. This
would imply h+ nk =1+ (6k + 5)k = (3k 4+ 1)(2k + 1), which is not
prime. Otherwise, if h > 1, choose n = h. This implies a"*k) € L, which
contradicts the definition of L since h(1 + k) is never a prime.
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Applications of Pumping Lemma

Example

The language L = {aPb? | p,q € N and p < g} is not regular.

Suppose that L were regular, and let ng be a pumping threshold for L.
Choose p > ng. Then, if x = aPb9 € L with p < g, x can be factored as
x = uvw with |uv| < ng such that uv"w € L for every n € N. By the
choice for p, the words v and v consist only of as, so we can write u = ak
v=aland w=a"b9, where k + ¢+ h= p, and ¢ > 1. Thus,

uvw = aktrtthpa — gp+(n=1)pa ¢ | for every n € N. By choosing n
such that p+ (n—1)¢ > g, that is n > 92 4 1 we obtain a word that
violates the definition of L, which requires every word to contain more bs
than as.
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Applications of Pumping Lemma

Example

Consider the language L = {aPb%9aP | p,q € N,q > 1}.

We claim that L is not regular. Suppose that L were regular and let

x = aPb?9aP € L such that p > ng, where ng is a pumping threshold for L.
Consider the factorization x = uvw whose existence follows from the
Pumping Lemma, where |uv| < ng, such that uv"w € L for every n € N.
Both u and v consist of a symbols, so any kind of pumping of v alters the
balance between the p a symbols located at the beginning of the word and
the last p a symbols. Therefore, L is not regular.
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Applications of Pumping Lemma

The nonregularity of
L= {292 | p,qen,q> 1},
implies that the language K = {xx® | x € {a, b}*} is not regular. Indeed,

note that K N {a}*{b}T{a}* = L, so the regularity of K would imply the
regularity of L.
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Applications of Pumping Lemma

Example
The language L = {aPb9aPb? | p,q € P} is not regular. This can be easily
shown using an argument similar to the one used previously. Hence, since

Do [ xefa by n{a by {a} (b} =L

we can conclude that the language {xx | x € {a, b}*} is not regular.
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