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Linear Spaces

5.1 Introduction

Linear spaces are among the most important and widely used mathematical
structures. Linear spaces consist of elements called vectors and are associated
with a field (in most cases, the real field R or the complex field C). The
elements of this field are referred to as scalars. Two fundamental operations:
vector addition and multiplication with scalars are defined such that certain
axioms given are satisfied.

Linear spaces were introduced in their modern form by the Italian math-
ematician G. Peano in the second part of the 19*" century; precursor ideas
can be traced to more than two centuries before in connection with analytic
geometry problems.

Definition 5.1. Let L be a nonempty set and let F = (F,{0,+,—,-,}) be a
field whose carrier is a set F. An F-linear space is a triple (L, +,-) such that
(L,{0,+,-1}) is an Abelian group and - : F x L — L is an operation such
that the following conditions are satisfied

Mo (bo)=(a-0)z
(i)l -xz=a,
(iif)a-(x+y)=a-z+a-y, and
(iv) (a+b)-z=a-z+b-x

for every a,b € F and x,y € L.

If F is the field of real numbers (the field of complex numbers), then we
will refer to any F-linear space as a real linear space (complex linear space).

The commutative binary operation of L is denoted by the same symbol
“+” as the corresponding operation of the field F'. The multiplication by a
scalar, - : F' x L — L is also referred to as an external operation since its
two arguments belong to two different sets, F' and L. Again, this operation
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is denoted by the same symbol used for denoting the multiplication on F; if
there is no risk of confusion, we shall write ax instead of a - x.

The elements of the set L will be denoted using bold letters x,y, z, etc.
The members of the field will be denoted by small letters from the beginning
of the alphabet.

The additive element 0 is a special element called the zero element; every
F-linear space must contain at least this element.

Ezxample 5.2. The set R™ of n-tuples of real numbers is a real linear space
under the definitions
1+ Y1 a-T
X+y= and a-x =

Tn + Yn Q- Tp
of the operations + and -, where

e Y1
x=|: andy =
LTn Yn

In this linear space, the zero of the Abelian group is the n-tuple

0
0= | :
0
Similarly, the set C™ of n-tuples of complex numbers is a complex linear space

under the same formal definitions of vector sum and scalar multiplication as
R", where a € C in this case.

Ezample 5.3. The set of infinite sequences of complex numbers Seq_ (C) can
be organized as a linear space by defining the addition of two sequences

x = (zo,21,...) and y = (Yo, y1,-.-)

as x +y = (xo + Yo, 21 + ¥1,-..), and the multiplication by cx as ¢x =
(cxo,cx1,...) for c € C.

Ezample 5.4. The set of complex-valued functions defined on a set S is a
complex linear space. The addition of functions is given by (f + g)(s) =
f(s) + g(s), and the multiplication of a function with a complex number is
defined by (af)(s) = af(s) for s € S and a € C.

Ezxzample 5.5. Let C be the set of real-valued continuous functions defined on
R,
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C={f:R— R | fis continuous}.

Define f + g by (f + g)(z) = f(z) + g(z) and (a - f)(z) = a- f(z) for z € R.
The triple (C, +,-) is a real linear space.

Definition 5.6. Let L be an F-linear space. A linear combination of K (where
K C L) is a member of L of the form cix1 + -+ cpxy,, where c1,...,c, € F.

A subset K = {@x1,...,x,} of L is linearly independent if cyxy + --- +
cn®y, = 0 implies ¢y = -+ = ¢, = 0. If K is not linearly independent, we refer
to K as a linearly dependent set.

If x # 0, then the set {x} is linearly independent. Of course, the set {0}
is not linearly independent because 10 = 0. If K is a linearly independent
subset of a linear space, then any subset of K is linearly independent.

Ezample 5.7. Let

0
e, — 1
0
be a vector that has a unique nonzero component equal to 1 in place i, where
1< i< n. Theset E={e1,...,e,} is linearly independent. Indeed, suppose
that cie; + - -+ + cpe, = 0. This is equivalent to
C1 0
Cn 0
that is, with ¢y =--- = ¢, = 0. Thus, F is linearly independent.

Theorem 5.8. Let L be an F-linear space. A subset K of L is linearly inde-
pendent if and only if for every x € L there exists a linear combination of K,
x =), c;z; such that the coefficients ¢; are uniquely determined.

Proof. Suppose that x = ¢1x1 + -+ + ¢pxp, = ¢ix1 + -+ + ¢, X, and there
exists ¢ such that ¢; # ¢}. This implies Y., (¢; — ¢})x; = 0, which contradicts
the linear independence of K.

Definition 5.9. A subset S of a linear space (L,+,-) spans the space L (or
S generates the linear space) if every x € L is a linear combination of S.

A basis of the linear space (L,+,-) is a linearly independent subset that
spans the linear space.

In view of Theorem 5.8, a set B is a basis if every x € L can be written
uniquely as a linear combination of elements of B.
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Definition 5.10. A subspace of a F-linear space (L, +,-) is a nonempty sub-
set U of L such that x,y € U implies x+y € U and a-x € U for every
ac k.

If U is a subspace of an F-linear space, then U can be regarded as an
F-linear space and various notions introduced for linear spaces are applicable
to U.

The set {0} is a subspace of any F-linear space (L, +,-) included in every
subspace of L.

Ezxample 5.11. We saw in Example 5.5 that the set of real-valued continuous
functions C defined on R is a real linear space.

The set of even real-valued continuous functions defined on R given by
E={{feC | f(z) = f(—x)} is a subspace of C. Indeed, note that for
f,g9 € E we have

(f +9)(=2) = f(=2) + 9(=2) = f(z) + g(x) = (f + 9)(=)

and (af)(—z) = af(—x) = af(z) = (af)(x), so f,g € E implies f +g € E
and af € E. Similarly, it is possible to show that the set of odd real-valued
continuous functions defined on R D = {f € C | f(—z) = —f(x)} is a
subspace of C.

Ezample 5.12. In Example 5.2 we saw that R™ can be regarded as an R-linear
space, while C" is a C-linear space. Even though R"™ C C", R™ is not a
subspace of C" because for a € C and x € R™ we do not have ax € R".

If {K; | i € I} is a nonempty collection of subspaces of a linear space,
then N{K; | i € I} is also a linear subspace. Thus, the family of subspaces
of a linear space is a closure system. If U is a subset of a linear space (L, +, -)
and K is the corresponding closure operator for the closure system of linear
spaces, then we say that U is spanning the subspace K(U) of L. The subspace
K(U) is said to be spanned by U. We denote this subspace by (U).

Theorem 5.13. Let L = (L,+,-) be an F-linear space. The following state-
ments are equivalent:
(i) The finite set K = {@x1,...,x,} is spanning the linear space (L,+,-) and
K is minimal with this property.
(ii) K is a finite basis for (L,+,").
(iil) The finite set K is linearly independent, and K is mazimal with this prop-
erty.

Proof. (i) implies (ii): We need to prove that K is linearly independent. Sup-
pose that this is not the case. Then, there exist c¢1,...,¢, € F such that
c1X1 + -+ + cnX, = 0 and at least one of ¢y, ..., c,, Say ¢;, is nonzero. Then,
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X; = f%xl — i—’;xn, and this implies that K — {x;} also spans the linear
space, thus contradicting the minimality of K.

(i) implies (i): Let K be a finite basis. Suppose that K’ is a proper subset
of K that spans L. Then, if z € K — K’, 2’ is a linear combination of elements
of K’, which contradicts the fact that K is a basis.

We leave to the reader the proof of the equivalence between (ii) and (iii).

Corollary 5.14. Every linear space that is spanned by a finite subset has a
finite basis. Further, if B is a finite basis for an F-linear space (L,+,-), then
each finite subset U of L such that [U| = |B| + 1 is linearly dependent.

Proof. This statement follows directly from Theorem 5.13.

Corollary 5.15. If B and B’ are two finite bases for a linear space (L, +, "),
then |B| = |B’|.

Proof. If B is a finite basis, then |B] is the maximum number of linearly
independent elements in L. Thus, |B’| < |B]. Reversing the roles of B and
B’, we obtain |B| < |B’|, so |B| = |B’|.

Thus, the number of elements of a finite basis of L is a characteristic of L
and does not depend on any particular basis.

Definition 5.16. A linear space (L,+,-) is n-dimensional if there exists a
basis of L such that |B| = n. The number n is the dimension of L and is
denoted by dim(L).

Theorem 5.17. Let L be a finite-dimensional F'-linear space and let U =
{u1,...,u} be a linearly independent subset of L. There exists an extension
of U that is a basis of L.

Proof. If (U) = L, then U is a basis of L. If this is not the case, let wy €
L — (U). The set U U {w;} is linearly independent and we have the strict
inclusion (U) C (U U {w}). The subspace (U U {w}) is (k + 1)-dimensional.
This argument can be repeated no more than n — k times, where n = dim(L).
Thus, U U {w1,...,W,_x} is a basis for L that extends U.

Definition 5.18. Let L be an F-linear space and let U,V be subspaces of L.
The sum of the subspaces U and V is the set U +V defined by

U+V={ut+v|uelUandveV}.

It is easy to verify that U + V is also a subspace of L.

Theorem 5.19. Let U,V be two subspaces of the finite-dimensional F'-linear
space L. We have dim(U + V) + dim(U N V) = dim(U) + dim(V).
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Proof. Suppose that {wi,...,wy} is a basis for UNV, where k = dim(UNV).

This basis can be extended to a basis {w1,..., Wg, Ugs1,...,up} for U and to
a basis {w1,..., Wk, Vky1,...,9q} for V.
Define B = {W1,..., Wk, Uk+1,- - -, Up, Vk41, - - - , Vg }. It is clear that (B) =

U + V. Suppose that there exist ci,...,cp1q—k such that
W1 + o+ CWE + Clp1Ukt1 + -0+ Cplp + Cpp1Vkt1 + -+ + Cprg—kq = 0.
The last equality implies

W1 + -+ kW + Crp1Ukr1 + - F CpUp = —Cpi1Vk41 — - — Cprg—kUqg-

Therefore, cywi + - - - + cx Wk + Ci-1Uk+1 + - - - + cpup belongs to U NV, which
implies ¢x41 = -+ = ¢, = 0. Since

CIW1 + -+ g W + Cpp1Ukg1 + -0+ Cprg—rUg = 0,

and {Wi,..., Wy, Ukt1,...,0q} is a basis for V, it follows that ¢; = --- = ¢ =
Cpr1 = "+ = Cptq—k =0.

This allows to conclude that dim(U 4+ V') = p+ ¢ — k and this implies the
equality of the theorem.

5.2 Linear Mappings

Linear mappings between linear spaces are functions that are compatible with
the algebraic operations of linear spaces.

Definition 5.20. Let L and K be two F-linear spaces. A linear mapping is a
function h : L — K such that h(axz+ by) = ah(x) + bh(y) for every a,b € F
and x,y € L.

An affine mapping is a function f : L — K such that there exists a linear
mapping h: L — K and b € K such that f(x) = h(x) + b for x € L.

Linear mappings are also referred to as homomorphisms, as morphisms,
or linear operators and it is the latter term that we usually use. The set of
morphisms between two F-linear spaces L and K is denoted by Hom(L, K).
The set of affine mappings between two F-linear spaces L and K is denoted
by Aff(L, K).

A linear mapping h : L — K is a morphism between the Abelian additive
groups of the linear spaces; therefore, h(0;) = O and h(—x) = —h(x) for
xe L.

Theorem 5.21. Let L and K be two F-linear spaces having 0r, and O as
their zero elements, respectively. A morphism h € Hom(L, K) is injective if
and only if h(x) = Ok implies x = 0.
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Proof. Let h be a morphism such that h(x) = Ox implies x = 0. If h(x) =
h(y), by the linearity of h we have h(x —y) = Ok, which implies x —y = 0,
that is, x = y. Thus, h is injective.

Conversely, suppose that h is injective. If x # Oy, then h(x) # h(05) =
0. Thus, h(x) = Ok implies x = Op,.

An endomorphism of an F-linear space L is a morphism h : L — L.
The set of endomorphisms of L is denoted by Endo(L). Often, we refer to
endomorphisms of L as linear operators on L.

The term linear form is reserved for linear mappings between an F-linear
space and the field F' itself, where F is considered as an F-linear space.

Ezample 5.22. For a € R define the mapping h, : R® — R" by h,(x) = ax
for x € R™. It is easy to verify that h, is a linear operator on R™. This mapping
is known as a homotety on R".

If a = 1, then h; is given by h;(x) = x for x € R"; this is the identity
morphism of R", which is usually denoted by 1gn.

For a = 0 we obtain the zero morphism of R" given by ho(x) = 0 for
x € R".

Exzample 5.23. The translation generated by z € R" is the mapping t, : R” —
R"™ defined by t,(x) = x + z is a bijection but not a morphism unless z = 0.
Its inverse is t_,.

Definition 5.24. Let U and V be two subsets of R". We define the subset
U+V of R" as

U+V={ut+v|uelUandveV}.
For a € R, the set aU 1is
aU={au | ueU}.

If L,K are two linear spaces, then the set Hom(L, K) is never empty
because the zero morphism hg : L — K given by hg(x) = 0, for x € K is
always an element of Hom(L, K).

Definition 5.25. Let L and K be two F-linear spaces. If f,g € Hom(L, K),
the sum f + g is defined by (f + g)(x) = f(x) + g(x) for x € L.

The sum of two linear mappings is also a linear mapping because

(f + g)(ax + by) = flax + by) + g(ax + by)
=af(x)+bf(y) +ag(x) + bg(y)
= f(ax + by) + g(ax + by),

for all a,b € F and x,y € L.
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Theorem 5.26. Let M, P,Q be three F-linear spaces. The following proper-
ties of compositions of linear mappings hold:

(i) If f € Hom(M, P) and g € Hom(P,Q), then gf € Hom(M, Q).

(i) If f € Hom(M, P) and go,g1 € Hom(P,Q), then

f(g0+91) = fgo+ far.
(iii) If fo, f1 € Hom(M, P) and g € Hom(P,Q), then

(fo+ f1)g = fog + frg.

Proof. We prove only the second part of the theorem and leave the proofs of
the remaining parts to the reader.

Let x € M. Then, f(go + g1)(x) = f((90 + 91)(%)) = f(g0(x) + 91(x)) =
f(go(x)) + f(91(x)) for x € M, which yields the desired equality.

We leave to the reader to verify that for any F-linear spaces M and P
the algebra (Hom(M, P),{ho,+,—}) is an Abelian group that has the zero
morphism hg as its zero-ary operations and the addition of linear mappings
as its binary operation; the opposite of a linear mapping h is the mapping
—h.

Moreover, (Endo(M), {ho, 1as,+, —,-}) is a unitary ring, where the multi-
plication is defined as the composition of linear mappings.

If M and P are F-linear spaces, Hom(M, P) is itself an linear space, where
the multiplication of a morphism h by a scalar ¢ is the morphism ch defined
by (ch)(x) = ¢- h(x). Indeed, the mapping ch is linear because

(ch)(ax + by) = c(ah(x) + bh(y)) = cah(x) + cbh(y))
— ach(x) + beh(y)) = a(ch)(x) + b(ch)(y)).

for every a,b,c € F and x,y € M.

Definition 5.27. Let h be an endomorphism of a linear space M. The m'™
iteration of h (for m € N) is defined as

(i) B = 15

(ii) k™t (z) = h(h™(x)) for m € N.

For every m > 1, b is an endomorphism of M; this can be shown by a
straightforward proof by induction on m.

Theorem 5.28. Let L, M be two F'-linear spaces and let h : L — M be a
morphism. Then, the sets

Ker(h) = {xz € L | h(x) = Oum},
Img(h) ={ye M | y= h(x) for some xz€ L}

are subspaces of L and M, respectively.
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Proof. Let u,v € Ker(h). Since h(u) = h(v) = 0 it follows that
h(au+ bv) = ah(u) + bh(v) = 0y,

for a,b € F, so au+bv € Ker(h). This shows that Ker(h) is indeed a subspace
of L.

Let now s,t € Img(h). There exist x,y € L such that s = h(x) and t =
h(y). Therefore, as+bt = ah(x)+bh(y) = h(ax+by), hence as+bt € Img(h).
This implies that Img(h) is a subspace of M.

Definition 5.29. Let L be a F-linear space and let M, ..., M, be p linear
subspaces of L. L is the direct sum of M, ..., M, if for every x of L there
exists a unique sequence (Y, .. .,yp) such that y; € M; for 1 < i < p and
=1y, + - +Yy, Thisis denoted by L = My B M &8 --- B M,.

Observe that if L = M, B M, H---H M,, then the function h; : L — M;
given by h;(x) = y; is well-defined due to the uniqueness of the sequence
(Y15---5Yyp) for 1 <i < p.

It is easy to verify that each h; is a linear mapping. Indeed, if a,b € F and
u,v € L can be uniquely written asu =y, +---+y, and v =2z + - -+ + 2,
where y;,z; € M; for 1 <i < p, then au+bv = (ay; +bx1)+- -+ (ay, +bzp).
Since each M; is a subspace, ay; + bz; € M; for 1 <7 < p and the uniqueness
of the decomposition implies that h;(au + bv) = ah;(u) + bh;(v).

Each morphism h; is idempotent, that is, h;(h;(x)) = h;(x) for x € L.
Indeed, h;(x) € M and applying the uniqueness of the decomposition to h;(x)
we obtain h;(h;(x)) = hi(x).

Theorem 5.30. Let L be a linear space that is the direct sum L = M H M-,H
---BM,y. Then M; N M; = {0} for every i,j such thati# j and 1 <i,j <p.

Proof. Suppose that t # 0 belongs to M; N M for some i, j such that ¢ # j
and 1 <,j <p. Let x =y, +---+y, be the unique decomposition ofx € L
as a sum of vectors from the subspaces M;. Since t # 0 and t € M; N M;, we
would have the distinct decompositions

x=y;+-+Wtt)+- -+, —t)+ - +y,
x=y;+t-+ =6+ -+ +t)+ 4y,
contradicting the uniqueness of the decomposition of x.
Theorem 5.31. Let L be a linear space. If By,..., By, be bases in the sub-

spaces My, ..., My, then L =M, BBM,B---BM, if and only if B = Ule is
a basis for L.

Proof. Suppose that L = My H My 8 ---H M,. Each x € L can be uniquely
written as a sum x =y; + -+ +y,, wherey, € M; for 1 < < p. It is clear
that B spans L, so we need to show only that B is linearly independent.
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Let B; = {y,...,y},} for 1 <i < p. Suppose that

p ki

> =

i=1 j=1

Since 0 can be regarded as a sum of p copies of itself (where each copy is in
M; for 1 < i < p, we have 2521 czy; =0, so cé =0 for 1 < j < k; and for
1 < i < p. Thus, B is linearly independent and, therefore, it is a basis.

We leave to the reader the proof of the reverse implication.

If U,V are subspaces of L such that L = U BV, then U,V are said to be
complementary subspaces of L.

Theorem 5.32. Let h : L — L be an idempotent endomorphism of the F-
linear space L. Then, L = Ker(h) B Img(h).

Proof. If t € Ker(h) NImg(h), we have h(t) = 0 and ¢ = h(z) for some z € L.
Thus, t = h(z) = h(h(z)) = h(t) = 0, which implies Ker(h) NImg(h) = {0}.

Since h(x) = h(h(x)) for every x € L, it follows that h(x — h(x)) = 0, so
y = x — h(x) € Ker(h). This allows us to write x = y + z, where z = h(x) €
Img(h), which shows that every element x of L can be written as a sum of an
element in Ker(h) and an element in Img(h).

Suppose now that x = ¥ 4+ z, where y € Ker(h) and z € Img(h). Since
y—y =2z—1z =0, it follows that the expression of t as a sum of two vectors
in Ker(h) and Img(h) is unique, so L = Ker(h) B Img(h).

Theorem 5.33. Let U and V' be two subspaces of an F-linear space L. If
L =URBYV, then there exists an idempotent endomorphism h of L such that
U = Ker(h) and V = Img(h).

Proof. Let x be a vector in L and let x = u + v be the decomposition of x,
where u € U and v € V. Define the mapping h : L — L as h(x) = v. The
uniqueness of the decomposition of h implies that h is well-defined.

Note that a vector u € U has the decomposition u = u + 0, so h(u) = 0.
Thus, U = Ker(h). Since h(h(x)) = h(v) = h(u+ v) = h(x), it follows that h
is idempotent.

If w € W, its decomposition is w = 0 + w, so h(w) = w. Therefore,
W = Img(h).

5.3 Matrices

Definition 5.34. Let F' be a field. A matrix on F is a function

A:A{l,....m}x{l,...,n} — F.
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The pair (m,n) is the format of the matriz A.
IfA:{1,....,m} x{1l,...,n} — F is a matriz on F, we say that A is an
(m x n)-matriz on F. The set of all such matrices will be denoted by F™*™.

A matrix A € F™*"™ can be written as

A1) A(L,2) ... A(1,n)
A1) A(2,2) ... A2.n)
A(m, 1) A(m, 2) ... A(m,n)

Alternatively, a matrix A € F™*" can be regarded as consisting of m rows,
where each row is a sequence of the form

(A4, 1), A(i,2), ..., A(i,n)),
for 1 < i < n, or as a collection of n columns of the form

A1, 7)
A(2,7)

A(m, 7)
where 1 <57 < m.

Ezample 5.35. Let F' = {0,1}. The matrix
101
011)’

The element A(i, j) of the matrix A will be denoted by a;; or by A;; and
the matrix itself will be writen as A = (a;;).

is a (3 x 2)-matrix on the set F'.

Definition 5.36. A square matrix on F is an (n X n)-matriz on F for some
n>1.

Let A € F™*"™. The main diagonal of the matrix A is the sequence
(@11, .., 0nn). The set {a;; | 1 <4,j <nandi—j=k} consists of elements
located on the k*® diagonal above the main diagonal, while {a;; | 7 —i = k}
consists of elements located on the k' diagonal blow the main diagonal for
1<k<n—-1.

A square matrix A € F"*" is diagonal if ¢ # j implies a;; = 0 for 1 <
i,j < n. A diagonal matrix A € F™*" having the diagonal elements d1, ..., d,
is be denoted as A = diag(dy,...,dy).

A matrix A € F™*™ is upper triangular (lower triangular) if ¢ > j implies
a;; =0 (j > 4 implies a;; = 0).
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Example 5.37. The matrices A, B € F*** defined by

a11 a12 13 A14 b1 0 0 O

| 0 ag2a23as | barbaa 0 O
A= 0 0 aszass and B = b31 b3z b3z 0
0 0 0 au ba1 ba2 bz aua

are upper triangular and lower triangular, respectively.

Definition 5.38. Let A = (a;;) € R™*" be a matriz on the set of real num-
bers. Its transpose is the matric A’ € R"™™™ defined by (A')i; = aj; for
1<i<nandl1 <j<m.

If A’ = A, we say that A is a symmetric matrix.

A matriz A is skew-symmetric if A’ = —A.

It is easy to verify that (A") = A.
A similar notion exists for complex matrices.

Definition 5.39. Let A = (a;;) € C™*". Its Hermitian conjugate is the ma-
triz A" € C"*"™ defined by (A");j =az; for 1<i<nand1<j<m.

If A" = A, we say that A is a Hermitian matrix.

A is skew-Hermitian if A" = —A.

Ezample 5.40. The transpose of the matrix

(1 0 2 2%3
A<0_13>€R

is the matrix
10

A'=10-1] e R®*2
2 3

The Hermitian conjugate of the matrix

(1400 223\ _ ous
L< 2 1-i i )EC

is the matrix
1—-7 2
L = 0 1+i|eC®2
2430 —1i

A complex matrix having real entries is symmetric if and only if it is
Hermitian.

Dissimilarities defined on finite sets can be represented by matrices. If
S = {z1,...,2,} is a finite set and d : S x § — Ry¢ is a dissimilarity,
let My € (R0)™*™ be the matrix defined by M;; = d(x;,z;) for 1 < 4,j <
n. Clearly, all main diagonal elements of M, are 0 and the matrix M is
symmetric.
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Ezample 5.41. Let S be the set {x1,x2,x3,x4}. The discrete metric on S is
represented by the 4 x 4-matrix

0111
1011
1101
1110

My =

If 21, x2, x3 € R are three real numbers the matrix that represents the distance
e(x;,x;) = |z; — z;| measured on the real line is

0 |I1—$2| |I1—I3|
Me = |I1 — x2| 0 |I2 — Igl
|I1—$3| |I2—$3| 0

Definition 5.42. The (n x n)-unit matrix on the field F = (F,{0,4, —,}) is
the square matriz I,, € F™*™ given by

100---0
010---0

I,— 0010/,
000--- 1

whose entries located outside its main diagonal are Os.
The (m x m)-zero matrix is the (m x n)-matriz Oy, ,, € F™"*" given by

000-- 0
0000
O = [000---0

000---0
Definition 5.43. Let A, B € F™*" be two matrices that have the same for-
mat. The sum of the matrices A and B is the matrix A+ B having the same
format and defined by
(A + B)ij =a;; + bij
forl1<i<mand1l<j<n.

Ezample 5.44. The sum of the matrices A, B € R?*3 given by
1-2 3 -123
A= (o 2 —1) and B = < 1 42)

A+B<006).

is the matrix

161
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It is easy to verify that the matrix sum is an associative and commutative
operation on F™*"™: that is,

A+ (B+C)=(A+B)+C,
A+ B=B+A,

for all A, B,C € F™*",
The zero matrix Oy, , acts as an additive unit on the set F*™; that is,

A+Omp=0m,+A

for every A € S™*",

The additive inverse, or the opposite of a matrix A € F™*", is the matrix
—Agiven by (—A);; = —A;forl<i<mand 1< j<n

Ezample 5.45. The opposite of A € R**3, given by

1-2 3
A‘(o 2 1)

-12 -3
A<o —2 1>'

It is immediate that A + (—A) = Oa 3.

is the matrix

The set of matrices F™*™ is an F-linear space. Furthermore, it is easy to
see that the sets of symmetric matrices and skew-symmetric matrices are sub-
spaces of the linear space of square matrices R™*™ and the sets of Hermitian
and skew-Hermitian matrices are subspaces of C™*".

Definition 5.46. Let A € F™*"™ and B € F™*P be two matrices. The product
of the matrices A, B is the matrix C € F"™*P defined by c;; = Z?Zl a;jbjk,
where 1 <1 < m and 1 < k < p. The product of the matrices A, B will be
denoted by AB.

The matrix product is a partial operation because in order to multiply two
matrices A and B, they must have the formats m x n and n X p, respectively.
In other words, the number of columns of the first matrix must equal the
number of rows of the second matrix.

Theorem 5.47. Matrix multiplication is associative.
Proof. Let A € F"™*"™ B¢ F"*P and C € FP*" be three matrices. We prove

that (AB)C = A(BC).
By applying the definition of the matrix product, we have
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p P n
((AB)C)ie = > (AB)ikCre = > | Y AijBjk | Cre
k=1 k=1 \j=1
n P n
=Y Ay Y BiCre =) Ay(BC)j = (A(BO))u
=1 k=1 i=1

for1 <i<mand1 << r, which shows that matrix multiplication is indeed
associative.

Theorem 5.48. If A € F"™*" then I,,A = Al, = A.

Proof. The statement follows immediately from the definition of a matrix
product.

Note that if A € F**", then I,A = AL, = A, so I, is a unit relative to
matrix multiplication considered as an operation on the set of square matrices
ann.

The product of matrices is not commutative. Indeed, consider the matrices
A, B € R?*? defined by

01 -11
A—(23) andB—(1 0).

10 22
AB—(12) andBA—(Ol)7
so AB # BA.

For A € C™™" the power A", where n € N is defined inductively by
A% = [, and A"t = A™ A. It is immediate that A' = A. This allows us to
define the matrix f(A), where f is a polynomial with complex coefficients,
flx) =a™2"™ +ap_12" 1 + -+ ag, as

‘We have

f(A) =a"A" +a, A"+ Fagl,.

The product of two lower (upper) triangular matrices lower (upper) trian-
gular matrix. Therefore, any power of a lower (upper) triangular matrix is a
triangular matrix.

Theorem 5.49. If T € C™*™ is an upper (a lower) triangular matriz and f
is a polynomial, then f(T) is an upper (a lower) triangular matriz. Further-
more, if the diagonal elements of T are t11,t22,...,tmm, then the diagonal
elements of f(T) are f(t11), f(t22),- .., f(tmm), respectively.

Proof. Since every power T* of T is an upper (a lower) triangular matrix, and
the sum of upper (lower) triangular matrices is upper (lower) triangular, if
follows that f(7T') is an upper triangular (a lower triangular) matrix.
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An easy argument by induction on k (left to the reader) shows that if the
diagonal elements of T" are t11,t29, .. ., tmm, then the diagonal elements of T
are th,t5, ... tF . The second part of the theorem follows immediately.

Definition 5.50. Let A = (a;;) € C"*" be a square matriz. The trace of A
is the number trace(A) given by

trace(A) = a11 + az2 + -+ + Gnn.

Theorem 5.51. Let A and B be two square matrices in C"*™. We have:
(i) trace(aA) = a trace(A);

(ii) trace(A + B) = trace(A) + trace(B), and

(iii) trace(AB) = trace(BA).

Proof. The first two parts are direct consequences of the definition of the
trace. For the last part we can write:

n

tmce(AB) = Z(AB)“ = zn: zn:aijbji.
i=1 j=1

i=1

Exchanging the subscripts ¢ and j and, then the order of the summations, we

have
n

n n n n n n
Z Zaijbji = Z Z ajibij = Z Zbijaji = Z(BA)m
i=1 j=1

j=1i=1 i=1 j=1 i=1

which proves the desired equality.

Let A, B, C be three matrices in C"*". We have
trace(ABC) = trace((AB)C) = trace(C(AB)) = trace(CAB),
and
trace(ABC) = trace(A(BC)) = trace((BC)A) = trace(BCA).

However, it is important to notice that the third part of Theorem 5.51 cannot
be extended to arbitary permutations of a product of matrices. Consider, for
example the matrices

10 11 11
A—(ll),B—(lo),aHdC—(()l).

12 21
ABC = (2 3) and ACB = (3 1),

so trace(ABC) = 4 and trace(ACB) = 3.

We have
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Definition 5.52. A matriz A € C™*" is non-negative if all its entries a;;
are real numbers and a;; = 0 for 1 <i<m and 1 < j < n. This is denoted
by A > Opy -

A is positive if all its entries are real numbers, and a;; >0 for 1 <i<m
and 1 < j < n. This is denoted by A > Op, .

IfB,C e R™" wewrite B> C (B>C)if B—C > Oy, (B—C > Oy,
respectively).

The sets of non-negative (non-positive, positive, negative) m x n-matrices
is denoted by RZ™ (RZ;™, RY;™, RZ™, respectively).

FErample 5.53. The diagonal matrix I,, is non-negative but not positive.
Definition 5.54. A matriz A € S™*" is nilpotent if there is m € N such
that A™ = Oy, . The nilpotency of A is the number nilp(A) = min{m € N |
A™ = Oppnt-

In other words, if A € S™*™ is a nilpotent matrix, we have nilp(4) = m if and
only if A™ = O,,,, but A™™1 £ O,, 5.

Ezample 5.55. Let a and b be two positive numbers in R. The matrix A € R**3
given by

0a0
A=1(000d
000
is nilpotent because
00 ab 000
A*=1000 | and A= (000
000 000

Thus, nilp(A) = 3.
Definition 5.56. A matriz A € S™*" is idempotent if A% = A.

Ezample 5.57. The matrix

0.5 1
A= (0.25 0.5)

is idempotent, as the reader can easily verify.

Let A € F™*™ be a matrix and suppose that m = m; + --- + m, and
n =mny + -+ ng, where F is the real or the complex field. A partitioning of
A is a collection of matrices Apy € F™r*™ such that Ay is the contiguous
submatrix



210 5 Linear Spaces

4 ml+...+mh_1—|—1,...,m1+"'+mh—1+mh
n—+---4+npg_1+1,....n1+--+ng ’

forl<h<pand1l<k<gqg
If {Apr | 1< h<pand1<k<q}isa partitioning of A, A is written as

A A - Alq

Agy Agp - A2q
A= . . .

Apl Ap2 qu

The matrices Apy are referred to as the blocks of the partitioning. All blocks
located in a column must have the number of columns; all blocks located in
a row must have the same number of rows.

Ezxample 5.58. The matrix A € F5%6 given by

a11 @12 @13 A14 A15 A16
21 22 23 A24 A25 A26
A = | a31 a3z a3z as4 a3s ase
G41 Q42 @43 A44 Q45 A46
a51 A52 A53 A54 A55 A56

can be partitioned as

a11 @12 A13(A14|A15 A16
21 22 A23|A24|A25 A26
a31 (32 A33|A34|G35 A36
G41 Q42 G43|A44|045 A46
a51 A52 453|054 |055 A56

Thus, if we introduce the matrices

a1l ai2 a13 G14 a5 aie
A= |ag1 a2 a |, A1z =[ax |, Az = {asas|,
a31 a32 as3 34 ass ase
a41 A42 43 a45 Q45 Q46
Ao = , Ao = , Aoz = ;
as1 as2 as3 as55 55 56

the matrix A can be written as

. A Aig Ags
Aoy Aoy Aoz )

Definition 5.59. A matriz is A € C"*" is normal if A"A = AA" and is
unitary if A"A = AA" = I,,. Every unitary matriz is normal.
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Theorem 5.60. A matriz A € C"*" is normal and upper triangular (or lower
triangular) if and only if A is a diagonal matriz.

Proof. Suppose that A is both normal and upper triangular. The normality
of A implies (A"A),, = (AA"),, for 1 < p < n. We show, by induction on p
that all non-diagonal elements of A are 0.

For the base step p = 1 we have ajja11 = Z?zl a1ja;1 = a11611 +
2?22 aljdﬂ. Since aj1a11 = aj1a1] = |a11|2, it follows that 22;2 aljdjl =
> i—gla1j|> = 0,50 ai; = 0 for 2 < j < n, which implies that all non-diagonal
elements of the first line of A are 0.

For the inductive step suppose that all non-diagonal elements of the first
p — 1 rows are 0. Then

n n
" B _ _
(A"A)pp = E Qiplip = E :awaw = GppQUpp,
i=1 i—p

by the inductive hypothesis and the fact that A is upper diagonal. Therefore,

n n
GppQpp = E apjQpj = Appapp + E ApjQpjs
Jj=p Jj=p+1
. . . n = n 2 . . .
which implies >0, apjap; = > . lap;[? = 0. This, in turn, yields

Ap pt1 =+ = app =0

The argument is similar for the lower diagonal case.

Clearly, any diagonal matrix is normal and both upper triangular and
lower triangular.

Let A € C™*™ be a matrix. The matriz of the absolute values of A is the
matrix abs(A) € R™*"™ defined by

(abs(A4))ij = |as]

for 1 <i<mand 1< j<n. In particular, if x € C", we have (abs(x)); =

Theorem 5.61. Let A € C™*™ and B € C"*P be two matrices. We have
abs(AB) < abs(A)abs(B).
Proof. Since (AB);;, = 2?21 a;i;bjk, it follows that

n n

(ABYl = | > aisbye| < D lasgbiel = Y lais| byl
j=1 j=1 j=1

for 1 <i<mand 1<k < p. This amounts to abs(AB) < abs(A)abs(B).

Theorem 5.62. For A € C"*" we have abs(A¥) < (abs(A))* for every k € N.
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Proof. The proof is by induction on k. The base case, k = 0, is immediate.
Suppose that the inequality holds for k. We have

abs(A**1) = abs(AF A)
< abs(A*)abs(A)
(by Theorem 5.61)
< (abs(A))*abs(A)
(by the inductive hypothesis)
= (abs(4))"*,

which completes the induction case.

Partitioning matrices is useful because matrix operations can be performed
on block submatrices in a manner similar to scalar operations as we show next.

Theorem 5.63. Let A € F™*" and B € F™*P be two matrices. Suppose that
the matrices A, B are partitioned as

A - A By -+ By
A=1 ... and B=| © ... [,
Ap -+ Ak Byi -+ B

where Ay € F™Mr*"s By € F"*Pt for 1 <r<h,1<s<kandl<t</L.
Then, the product C = AB can be partitioned as

011 Cu
c=1|: .. 1,
Chi -+ Ch

where Chy = Zle AuBip, 1<u< h,and 1 <v <L

Proof. Note that m; +--- 4+ my, = m and p; + -+ + p¢ = p. For a pair (i, )
such that 1 <7 < m and 1 < j < n let u be the least number such that
1 <mi—+ -+ my and let v be the least number such that j < pi1 +--- + p,.
The definition of 4 and v implies m; + -4+ My 1 +1 <t <my+ -+ my
and p1 + -+ py—1+1 < j < p1L+---+py. This implies that the ¢;; element
of the product is located in the submatrix C,,, = Zle Ay By, of C. By the
definition of the matrix product we have

n
Cij = ) aighy;
g=1
ni+nz ni+-+ns

= Zangyy + Z Aigbgj + - Z Qigbgj

g=ni1+1 g=ni+--+ng_1+1
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Observe that the vectors (a1, ..., Gin, ) and (b1;,...,bn,;)" represent the line
number ¢ — (mj+- - -+my_1+1) and the column number j—(p1+- - +py—1+1)
of the matrix A,; and By,, etc. Similarly,

(ai,m+...+nk71+1, e ,ai7n1+...+n3)

and
(bn1+---+nk,1+17j7 ey bnl+...+n57j)l
represent the line number ¢ — (my + - -+ +my—1 + 1) and the column number

j—(p1+--+pv—1 +1) of the matrix A, and By,, which shows that ¢;; is
computed correctly as an element of the block C,,.

Next, we explore the relationship between linear mappings and matrices.
Let h € Hom(C™,C") be a linear transformation between the linear spaces
C™ and C", let R = {r1,...,r:m} be a basis in C™, and let S = {s1,...,8,}
be a basis in C".

Since h(r;) € C" we can write:

h(I’j) = @181 + a2;S2 + -+ + GnjSn-

Definition 5.64. The matrix A, € C"*™ associated to the linear mapping
h:C™ — C" is the matriz that has

as its ™ column for 1 < j < m.

Let v € C™ be a vector such that v = vir; + - - -+ v,,ry,. Then, the image
of v under h is

M-

m
h(v) =h Zvjrj vih(r;)
i=1 i=1
ai; >y 41505
il az; iy a2;Y;
= Z Vj . = . )
= : o
Qnj > j=1 njv;

which is easily seen to equal Apv.

As we saw above, the matrix Ay attached to h : C™ — C" depends on
the bases chosen for the linear spaces C"™ and C".

Let A,? and A;? be the matrices associated to h that correspond to the
bases R and S, respectively. We have A® = (h(r1) -+ h(r,)) and A5 =
(h(s1) -+ h(spn)). The Equalities (5.3) can be written succinctly as
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Al = pAY, (5.1)
where P is the matrix
P11 - Pin
P=1: S E
Pn1l - Pnn

whose entries have been introduced in Equalities (5.2).
Let h : C" — C" be an endomorphism of C" and let R = {ry,...,r,}

and S = {s1,...,8,} be two bases of C". The vectors s; can be expressed as
linear combinations of the vectors ry,...,r,:
S; = Pi1T1 + *** + DinTn, (5.2)

for 1 <4 < n, which implies
h(SZ) = pi1h(1‘1) + -+ pmh(rn). (53)

for1<i<n.
Matrix multiplication corresponds to the composition of linear mappings,
as we show next.

Theorem 5.65. Let h € Hom(C™,C") and g € Hom(C",CP). Then,
Ay = Ay Ay

Proof. If py,...,p,, is a basis for C™, then A (p;) = gh(p;) = g(h(p;)) =
g(Anp;) = Ag(An(p;)) for every i, where 1 < ¢ < n. This proves that Ay, =
AgAp,.

Thus, if h is an idempotent endomorphism of a linear space the matrix Ay,
is idempotent.

Starting from a matrix A € C*"*™ we can define a linear operator asso-
ciated to A, hy : C" — C" as ha(x) = Ax for x € C". If py,...,P,, IS &
basis for C™, then ha(p,) is the i column of the matrix A.

It is immediate that Ay, = A and ha, = h.

Attributes of a matrix A are transferred to the linear operator h4. For
example, if A is Hermitian we say that h,4 is Hermitian.

The association of matrices in C"*™ with linear operators, described in
Definition 5.64, suggests the association of certain subspaces of the linear
spaces C" and C™ to A.

Definition 5.66. Let A € C"*™ be a matriz. The range of A is the subspace
Img(h4) of C". The null space of A is the subspace Ker(ha).

The range of A and the null space of A are denoted by Ran(A) and
NullSp(A), respectively.
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Clearly, Ca,, = Ran(A). The null space of A € C™*" consists of those
x € C" such that Ax = 0.

Let {py,...,DP,,} be a basis of C™. Since Ran(A4) = Img(h) it follows that
this subspace is generated by the set {ha(p;y),...,ha(p,,)}, that is, by the
columns of the matrix A. For this reason the subspace Ran(A) is also known
as the column subspace of A.

Several important facts concerning idempotent endomorphisms that were
previously presented can now be formulated in terms of matrices. For example,
Theorem 5.32 applied to C™ states that if A is an idempotent matrix, then
C™ = NullSp(A) #H Ran(A). Conversely, by Theorem 5.33 if U and W are two
subspaces of C" such that C" = U B W, then there exists an idempotent
matrix A € C"*" such that U = NullSp(A4) and W = Ran(A4).

Let A € C™*™ be a square matrix. Suppose that there exist two matrices
U and V such that AU = I,, and VA = I,,. This implies

V=VI,=V(AU) = (VAU =1,U = U.
Thus, if AU =V A = I,,, the two matrices involved, U and V', must be equal.

Definition 5.67. A matriz A € C™™*" is invertible if there exists a matriz
B e C™" such that AB = BA = 1I,,.

Suppose that C is another matrix such that AC' = CA = I,,. By the
associativity of the matrix product we have C = CI,, = C(AB) = (CA)B =
I, B = B. Therefore, if A is invertible there is exactly one matrix B such that
AB = BA = I,,. We denote the matrix B by A~! and we refer to it as the
inverse of the matriz A.

Note that A € C"*™ is a unitary matrix if and only if A= = A"

Theorem 5.68. If A, B € C"™" are two invertible matrices, then the product
AB is invertible and (AB)™! = B71A~L.

Proof. Applying the definition of the inverse of a matrix we obtain
(AB)Y(B'A™YY=ABB HA ' = AlLA ' =AA =1,
which implies (AB)~! = B~1A~L.

Theorem 5.69. If A € C"*" is invertible, then A" is invertible and (A")~! =
(A=H)".

Proof. Since AA™! = I,,, we have (A~')"A" = [,,, which shows that (A~1)"
is the inverse of A" and (A")~! = (A~1)",

a1l ai2
A =
a21 a22

Ezample 5.70. Let
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be a matrix in R?*2. We seek to determine conditions under which A is in-

vertible. Suppose that
X — T11 T12
T21 T22

is a matrix in R**? such that AX = I». This matrix equality amounts to four
scalar equalities:

a11711 + a12721 = 1, a11212 + a12w22 = 0,
a21%11 + a22%21 = 1, a21x12 + a22x22 = 0,

which, under certain conditions, can be solved with respect to x11, 12, 21, T22.

By multiplying the first equality by as2 and the third by —a12 and adding
the resulting equalities we obtain (ajjase — a12a21)x11 = —age. Thus, if
ai1a2e — ajgaz; # 0, we have z1; = fm. The same condition,
ai1a9e — ajag91 # 0, suffices to allow us to obtain the value of the remaining
components of X, as the reader can easily verify. Thus, A is an invertible

matrix if and only if a11a20 — a12a21 # 0.

Definition 5.71. A stochastic matrix is a matriz A € R™™" such that a;j > 0
for1<i,57<n andZ?zlaij =1 for every i, 1 <i < n.

A doubly stochastic matrix is a matriv A € R™™"™ such that both A and
A’ are stochastic.

The rows of a stochastic matrix can be regarded as discrete probability dis-
tributions.

Ezample 5.72. The matrix A € R**3 defined by

A=

O W=
W= O
WO 0| =

is a stochastic matrix.

Example 5.73. Let

be a permutation of the set {1,...,n}, where ar = ¢(k) for 1 < k < n.
The matrix of this permutation is the square matrix Py = (pi;) €
{0,1}™*"™ where

0 otherwise,

o {1 if j = ¢(i), 5.4

for 1 <i,j5 < n.
Note that the matrix of the permutation 1; ., is the matrix I,.
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Also, if ¢, 1 are two permutations of the set {1,...,n}, then Py = PyPy.
Indeed, since (PyPy)ij = > p_q(Ps)ik(Py)rj, observe that only the term
(Pg)ir(Py)r; in which k = ¢(i) and j = (k) is different from 0. Thus,
(PsPy)i; # 0 if and only if j = 1(¢(4)), which means that Pyg = Py Py.

Thus, if ¢ and ¢~! are two inverse permutations in PERM,, we have
PyP,-1 = I, so Py is invertible and P(;1 = Py-1.

For instance, if ¢ € PERM} is

1234
¢'<3142)’

0010
1000
0001
0100

then

Py =

Its inverse is
0100

0001
1000
0010

P;h:Rﬁlz

It is easy to verify that the inverse of a permutation matrix Py coincides
with its transpose (P,)’.

Observe that if A € R"™" having the rows ry,...,r, and P, is a permu-
tation matrix, then PyA is the matrix whose rows are rg(1),Tg2),- -+, p(n)-
Similarly, if the columns of A are cy,..., ¢y, the columns of the matrix APy
are Cy(1y, - - -, Cy(n)- In other words, Py A is obtained from A be permuting its
rows according to the permutation ¢ and APy is obtained from A by permut-
ing the columns according to the same permutation.

Since every column and row of a permutation matrix contains exactly one
1, it follows that each such matrix is also a doubly-stochastic matrix.

Theorem 5.74. Let A € R"*"™ be a lower (upper) triangular matriz such that
ay 0 for 1 < i < n. The matriz A is invertible and its inverse is a lower
(upper) triangular matriz having diagonal elements equal to the reciprocal of
the diagonal elements of A.

Proof. Let A be a lower triangular matrix

ail 0 0O --- 0
a21 A22 0 --- 0

= )
Gpl An2 Ap3 *** Gpn

where a;; # 0 for 1 < ¢ < n. The proof is by induction on n > 1.
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The base case, n = 1 is immediate, since the inverse of the matrix (ai1) is

(=)

Suppose that the statement holds for matrices in R ~1*(=1 Then A

can be written as
B 0,1
0.1
Anl Ap2 * - Gn n—1| Ann

where B € R®"™D*("=1 g 4 Jower triangular matrix. By the inductive hy-
pothesis, this matrix is invertible, its inverse B~! is also lower triangular and
the diagonal elements of B~! are the reciprocal elements of the corresponding
diagonal elements of B. The matrix

-1
(B On_l)
v
Ann
. . _ 1 rp—1 r__
is the inverse of A, where v = ———a’'B™', and &’ = (an1,an2,...,0n n-1), as

the reader can easily verify.
A similar argument can be used for upper triangular matrices.

Theorem 5.75. Let A € R™*" be an invertible matriz. Then, its transpose
A’ is invertible and (A")~! = (A71).

Proof. Observe that A'(A~') = (A='A) = I = I,. Therefore, (4')~1 =
(A1

If A € R™" is invertible we have AA™! = I,,, so trace(A)trace(A~1!) =
trace(I,) = n. This implies
n

trace(A™1) = Trace(A)” (5.5)

Theorem 5.76. Let {r,...,m,} be a basis in C". A matriz A € C"*" is
invertible if and only if the set of vectors {Ary,..., Ar,} is a basis in C".

Proof. Suppose that A is an invertible matrix. Note that Ax; = Ax; implies
X; = Xj, so {Ary,..., Ar,} consists on n distinct vectors. We claim that the
set {Ary,..., Ar, } is linearly independent. Indeed, suppose that ¢; Arq +- - -+
cpAr, = 0, such that not all coefficients ¢; equal 0. Then, by multiplying by
A~ to the left we obtain ¢iry + - - - + ¢,rp, = 0,,, which contradicts the fact
that {ry,...,r,} is a basis. Thus, {Ar;,..., Ar,} is a linearly independent
that consists of n vectors, which means that this set is a basis in C".
Conversely, suppose that for any basis {ry,...,r,} of C", {Ary,..., Ar,}
is a basis in C". Each of the vectors r; can be uniquely expressed as a linear
combination of Arq, ..., Ar,. In particular, for the standard basis {e1, ..., e, },
each of the vectors e; can be uniquely expressed as a linear combination of
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the vectors Ae; = ay,..., Ae, = a,, where ay,...,a, are the columns of the
matrix A. In other words, we have the equalities

e; =bjiai + -+ bipa,

for 1 <7 < n. In a succinct form, these equalities can be written as I,, = BA,
where B is the matrix of the coefficient b;;, which shows that A is an invertible
matrix.

Theorem 5.77. Let uy,...,u, and wi,...,w, be two bases of C". There
exists an invertible matriz P € C™*" such that

(up -~ up) = (w1 -+ wy)P.

Proof. Since wy,...,w, is a basis of C" each vector u; is a unique linear
combination of the vectors wy,...,w,, that is
P1i
Wi = Ppriwi + -+ ppiWn = (W1 - wy) | 1],
Pni

for 1 < i < n, so the equality of the theorem holds for the matrix P = (p;;).
We have to show that P is an invertible matrix.
Assume that Pt = 0,,. The equality of the theorem implies

t1

tn
which implies t;u; + --- + t,u, = 0,. Since uy,...,u, is a basis we obtain
ty =---=1t, =0, sot =0,, which implies that P is an invertible matrix.

Corollary 5.78. Let z € C" and assume that z € C" can be expressed
relatively to the bases ui,...,u, and wy,...,w, as z = Z?:l x;u; and as
z= Y1 yiw;, respectively. If (uy -+ w,) = (wy --- wy,)P, then

Y T
Pl ] =
Yn In
Proof. We have
T Y
z=(uy ---u,) | | =(wy - wy)P
Ln Yn

The linear independence of wy, ..., w, implies the desired equality.
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5.4 Rank

The subspace Ran(A) of a matrix A is generated by the columuns of this matrix.
An analogous space is rows(A), the linear space spanned by the rows of A.

Definition 5.79. Let A € C™*™ be a matriz. Its column rank is the number
c-rank(A) = dim(Ran(A)).

The row rank of A is the number r-rank(A) equal to the dimension of the row
space of A.

Theorem 5.80. Let A € C"™ " be a matriz. We have r-rank(A) = c-rank(A).

Proof. Let rq,...,r,, be the rows of A and let cq,...,c, be the columns of
the same, so
ry
A= 1 | =(a Cn)
'm

Suppose that r-rank(A) = r. There exists a basis by, ..., b, of the subspace
rows(A) such that every row r; of A can be written as a linear combination:
r; = w; B, where u; = (u;1 -+ ug) for 1 <4 < m and

by

B — : c (C’!‘XTL

b,

Since a;; = r;e;, we can write a;; = r;e; = u;Be;.
Let U € C™*" be the matrix whose rows are uy, ..., U,, and let di,...,d,

be the columns of this matrix. The j* column of A can be written as

aij u; Be;
= : =UBe; = (dy --- d,)Be;
Qmj u,, Be;
b1,
=(dy ---dp) | ¢ | =byydi 4+ bryd,e
byj

This shows that the column space of A is generated by the set {dy,...,d,},
so c-rank(A) < r. The same argument applied to A’ implies that the r =
c-rank(A") < r-rank(A’) = c-rank(A), so c-rank(A) = r, which concludes the
argument.

Definition 5.81. The rank of a matriz A is the number denoted by rank(A)
given by rank(A) = dim(Ran(A)) = dim(Img(ha)).
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In other words, the rank of A is the maximal size of a set of linearly indepen-
dent columns of A. By Theorem 5.80, the rank of A equals the maximal size
of a set of linearly independent rows of A.

Consider the matrices 7.7, Tfﬁj and TT(L:? in R"*" defined by:

4]

T;77 =(e1 - €_1€ €41 -+ €_1€ €11 - - €)
A
24—

T 7 = (e1 - €e_1€ +eje; --- en),

and
T\ = diag(1,1,...,1,a,1,...,1),

where a occupies the i*" diagonal position.

By multiplying a matrix A € C™*™ at the right with any of these matrices,
certain transformations on the set of columns of A take place. Namely, the
matrix AT:“J is obtained from A by permuting the i*" and the j** column.
The matrix AT}%j results by adding the 5" column to the i*? column. Finally,
ATT(L:? is obtained from A by multiplying the i*" column by a, where a # 0.

Similar effects are obtained on the rows of A by multiplying A at the left
with T, (Ti59) and T,

Ezxample 5.82. Let
a11 a12 A13 A14
A = | az1 a2 a3 az
as31 a3z a33 a4

‘We have
100 a1 a12 a13 a4 a1 a12 a13 a4
2653
T57°A= (001 a1 Q22 G23 24 | = | as1 as2 ass ass |,
010 a31 a3z (33 a34 a1 422 (23 (24
and
1000
ail a12 a13 G14 0010 @11 G13 G412 Q14
AT2<—>3 _
4 = | a21 a22 a23 a24 o100l = @21 23 G22 424
a3l a32 433 34 0001 as31 G33 32 G34

For A € C™*" the column space of the matrices AT AT;F]' and ATT(;;)

. . A
is the same as the column space of A and the row space of T A, (T7)' A

and Téfy 1A is the same as the row space of A. Therefore, any of the matrices

AT, AT, AT TT AL (T3 ) AT A

n,i

has the same rank as A.
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Theorem 5.83. If A € C™*" we have
dim(NullSp(A)) + rank(A) = n. (5.6)

Proof. Suppose that dim(NullSp(A4)) = ¢, {v1,...,Vv4} is a basis of NullSp(4),
and that B = {v1,...,Vg, Vgi1,...,Vp} is its extension to a basis B of C™.

If y € Ran(A), then y = Ax for some x € C". Since x is a linear combina-
tion of the basis {vy,...,v,} we can write

Xx=avy+---+ AgVyq + Qg+1Vg+1 + -+ apvnp,
SO

Yy=a1Avi+ -+ agAvg + agr1Avgr + -+ aAvy,
= ag+1AVgr1 + -+ anAvy,.

Therefore, {Avgy1, ..., Av,} spans Ran(A). We claim that this set of vectors
is linearly independent. Suppose this is not the case. Then, there exist n — ¢
numbers dg41, .. .,d, such that

dq+1AVq+1 + 4 dnAVn = 0,

so A(dg+1Vg41 + -+ + dpVvy) = 0, which means that w = dgy1vge1 + -+ +
d, vy, € NullSp(A). Therefore, w is a linear combination of {v1,...,v,}, which
implies the existence of dy,...,d, such that

dq+lvq+1 + -4 dnvn - d1V1 + -+ dqvq-

This contradicts the fact that B is a basis, so the set {Avgqi,...,Avy} is
linearly independent and, therefore, is a basis of Ran(A). This implies that
rank(A) = n — ¢, which is the desired equality.

Ezample 5.84. For the matrix

e

l\D»—ll
—

= Ot =N

we have rank(A) = 2. Indeed, if c1,ca,c3 are its columuns, then it is easy to
see that {c1,ca} is a linearly independent set, and c3 = 2¢; + c2. Thus, the
maximal size of a set of linearly independent columns of A is 2.

Ezample 5.85. Let A € C™™ and B € CP*?. For the matrix C' € C"+P)*(m+a)

defined by
(A Ony
“= (o0 %)
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we have rank(C) = rank(A) + rank(B).

Suppose that rank(C) = £ and let ¢y, ..., cy be a maximal set of linearly
independent columns of C. Without loss of generality we may assume that
the first k columns are among the first m columns of A and the remaining
{ — k columns are among the last ¢ columns of C. The first k£ columns of C'
correspond to k linearly independent columns of A, while the last /—k columns
correspond to £ — k linearly independent columns of B. Thus, rank(C) = k <
rank(A) + rank(B).

Conversely, suppose that rank(A) = s and rank(B) = t and let a;,, ..., a;,
be a maximal set of linearly independent columns of A and let b;,,...,b;, be
a maximal set of linearly independent columns of B. Then, it is easy to see

that the vectors
(ai1> <ais> <0n> <0n>
On ’ ’ On R b_]1 L b],

constitute a linearly independent set of columns of C, so rank(A)+ rank(B) <
rank(C). Thus, rank(C) = rank(A) + rank(B).

Ezample 5.86. Let x and y be two vectors in C" — {0}. The matrix xy" has
rank 1. Indeed, if y" = (y1,¥y2,...,Yn), then xy" = (y1Xx y2Xx -+ ypX), which
implies that the maximum number of linearly independent columns of xy" is

1.

The above discussion also shows that if A € C"*™, then rank(A) <
min{m, n}.

Theorem 5.87. Let A € C™*™ be a matriz. We have rank(A) = rank(A).

Proof. Suppose that A = (ai,...,a,) and that the set {a; ,...,a; } is a set
of linearly independent columns of A. Then, the set {a;,...,a; } is a set of
linearly independent columns of A. This implies rank(A) = rank(A).

Corollary 5.88. We have rank(A) = rank(A") for every matriz A € C™*".
Proof. Since A" = A/, the statement follows immediately.

Definition 5.89. A matriz A € C"*™ is a full-rank matriz if rank(A) =
min{m,n}.

If A€ C™*" is a full-rank matrix and m > n, then the n columns of the
matrix are linearly independent; similarly, if n > m, the m rows of the matrix
are linearly independent.

A matrix that is not a full-rank is said to be degenerate. A degenerate
square matrix is said to be singular. A non-singular matriz A € C**" is a
matrix that is not singular and, therefore has rank(A) = n.
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Theorem 5.90. A matriz A € C™*" is non-singular if and only if it is in-

vertible.

Proof. Suppose that A is non-singular, that is, rank(A) = n. In other words
the set of columns {cy,...,c,} of A is linearly independent, and therefore,
is a basis of C". Then, each of the vectors e; can be expressed as a unique

combination of the columns of A, that is
€; = b1;C1 + baiCa + -+ + bnicy,

for 1 < i < n. These equalities can be written as

bi1 -+ bin
bar -+ ban

(Cl Cn) . : :In
bnl bnn

Consequently, the matrix A is invertible and

bll T bln
A_l b21 © b2n
bnl : bnn

Suppose now that A is invertible and that
dici +---+d,c, = 0.

This is equivalent to
dy

Multiplying both sides by A~! implies

dy
| =0
dn
so dy = --- = d, = 0, which means that the set of columns of A is linearly

independent, so rank(A) = n.

Corollary 5.91. A matriz A € C"*" is non-singular if and only if Az = 0

implies x = 0 for x € C".
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Proof. If A is non-singular then, by Theorem 5.90, A is invertible. Therefore,
Ax = 0 implies A~1(Az) = A~10, so x = 0.

Conversely, suppose that Ax = 0 implies x = 0. If A = (¢; -+ ¢,) and
x = (21,...,2y,)’, the previous implication means that zic; + -+ + 2, =0
implies 1 = --- =2, = 0, so {c1,...,c,} is linearly independent. Therefore,
rank(A) = n, so A is non-singular.

Let A € C™™™ be a matrix. It is easy to see that the square matrix
B = A"A € C™*™ is Hermitian.

Theorem 5.92. Let A € C™*" be a matriz and let B = A"A. The matrices
A and B have the same rank.

Proof. We prove that NullSp(A) = NullSp(B). If Au = 0, then Bu =
A"(Au) = 0, so NullSp(A4) C NullSp(B). If v € NullSp(B), then A"Av = 0,
which implies that v! A" Av = 0. This, in turn can be written as (Av)"(Av) =
0, so, by a previous observation, we have Av = 0, which means that
v € NullSp(A). We conclude that NullSp(A) = NullSp(A"A). The equalities

dim(NullSp(A)) + rank(A) = m,
dim(NullSp(A)) + rank(A"A) = m,

imply that rank(A"A) = m.

Corollary 5.93. Let A € C™*™ be a matriz of full-rank. If m > n, then the
matriz A"A is non-singular; if n < m, then AA" is non-singular.

Proof. Suppose that m > n. Then, rank(A"A) = rank(A) = m because A is a
full-rank matrix. Thus, A"A € C™*™ is non-singular. The argument for the
second part of the corollary is similar.

Example 5.94. Let A= (a; --- a,,) € C"*™. Since AA" = aalf +---+a,,a",
it follows that the rank of the matrix a;al + --- + a,,al}, equals the rank of
the matrix A and, therefore, it cannot exceed m.

Theorem 5.95. (Sylvester’s Rank Theorem) Let A € C™*" and B €
C"*P be two matrices. We have

rank(AB) = rank(B) — dim(NullSp(A) N Ran(B)).

Proof. Both NullSp(A) and Ran(B) are subspaces of C", so NullSp(A)NRan(B)
is a subspace of C". If uy, . .., uy is a basis of the subspace NullSp(A)NRan(B),
then exists a basis uy, ..., ug, Ugt1, -+, u; of the subspace Ran(B).

The set {Auyy1,...,Aw;} is linearly independent. Indeed, suppose that
there exists a linear combination

alAuk+1 + o+ a_pAu; = 0.
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Then, A(arug+1+- - +ai—xw;) = 0,50 agugy1+- - -+a;—pu; € NullSp(A). Since
Ug41,-..,0 € Ran(B), it follows that ajugs1 + - + a—ru; € NullSp(A4) N
Ran(B). Since uy,...,u is a basis of the subspace NullSp(A) N Ran(B), we
have

QO Upy1 + - Fa—pwy = diug + - -+ diug

for some dy,...,d; € C, which implies

A Up41 + -+ o —diug — - - — dpug = 0.
Since ui, ..., Uk, Ugt1, -+, u is a basis of Ran(B), it follows that a; = --- =
aj— =dy =---=d =0, 80 Augy1,...,Au; is indeed linear independent.

Next, we show that Auji1,..., Au; spans the subspace Ran(AB). Since
u; € Ran(B) it is clear that Au; € Ran(AB) for k+1 < j < L. Ifw €
Ran(AB), then w = ABx for some x € CP. Since Bx € Ran(B) we can write
Bx =bjuy + -+ + bgug + bpr1up41 + - - - + byug, which implies

w = ABx = bpy1Augyr + - - - + biAuy,

because Au; = -+ = Auy = 0, as uy,...,u, belong to NullSp(A). Thus,
Auj41, ..., Au; spans the subspace Ran(AB), which allows us to conclude
that this linearly independent set is a basis for this subspace that contains
I —k elements. This allows us to conclude that rank(AB) = dim(Ran(AB)) =
rank(B) — dim(NullSp(A4) N Ran(B)).

Corollary 5.96. Let A € C™*". If R € C™*™ and Q € C"*" are invertible
matrices then

rank(A) = rank(RA) = rank(AQ) = rank(RAQ).

Proof. Note that rank(R) = m and rank(Q) = n. Thus, NullSp(R) = {0,,}
and NullSp(Q) = {0, }. By Sylvester’s Rank Theorem we have

rank(RA) = rank(A) — dim(NullSp(R) N Ran(A))
= rank(A) — dim({0}) = rank(A).

On the other hand, we have

rank(AQ) = rank(Q) — dim(NullSp(A) N Ran(Q))
=n — dim(NullSp(A4)) = rank(A),

because Ran(Q) = C™.
The last equality of the theorem follows from the first two.

Corollary 5.97. Let A € C™*" and B € C"*? be two matrices. We have

dim(NullSp(AB)) = dim(NullSp(B)) + dim(NullSp(A) N Ran(B)).
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Proof. By Equality (5.6) we have:

dim(NullSp(AB)) + rank(AB) = p,
dim(NullSp(B)) + rank(B) = p.

An application of Sylvester’s Rank Theorem implies
dim(NullSp(AB)) = dim(NullSp(B)) + dim(NullSp(A) N Ran(B)).
Corollary 5.98. Let A € C™*" and B € C"*P be two matrices. We have
rank(A) + rank(B) — n < rank(AB) < min{rank(A), rank(B)},
and

im(NullSp(AB))

max{dim(NullSp(A)), dim(NullSp(B))} <
< dim(NullSp(A)) + dim(NullSp(B)).

d

d

Proof. Since dim(NullSp(A) N rank(B)) < dim(NullSp(A4)) = n — rank(A) it

follows that rank(AB) > rank(B) — (n — rank(A)) = rank(A) + rank(B) — n.
For the second inequality, observe that Sylvester’s Rank Theorem im-

plies immediately rank(AB) < rank(B). Also, rank(AB) = rank((AB)') =

rank(B'A’) < rank(A’) = rank(A), so rank(AB) < min{rank(A), rank(B)}.
The second part of the Corollary follows from the first part.

Corollary 5.99. If A ¢ C™" is a full-rank matriz with m > n, then
rank(AB) = rank(B) for any B € C"*P.

Proof. Since m > n, we have rank(A) = n; therefore, the n columns of A are
linearly independent so NullSp(A) = {0}. By Sylvester’s Rank Theorem we
have rank(AB) = rank(B).

Theorem 5.100. (The Full-Rank Factorization Theorem) Let A €
C™ ™ be a matriz with rank(A) = r > 0. There exists B € C™*" and
C € C™*" such that A= BC.

Furthermore, if A= DE, where D € C™*", E € C™*", then both D and
E are full-rank matrices, that is, we have rank(D) = rank(E) = r.

Proof. Let {b1,...,b,} € C™ be a basis for the Ran(4). Define B =
(by --- b,) € C™". The columns of A, aj,...,a, can be written as
a; = c1;b1 + - - - ¢ib, for 1 < i < n, which amounts to

C11 -+ Cip

A:(al "'an):(bl ...bT)

Thus, A = BC, where
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Suppose now that A = DE, where D € C™*", E € C"™*". It is clear that we
have both rank(D) < r and rank(E) < r. On another hand, by Corollary 5.98,
r = rank(A) = rank(DE) < min{rank(D), rank(E)} implies r < rank(D) and
r < rank(E), so rank(D) = rank(E) = r.

Corollary 5.101. Let A € C™*™ be a matriz such that rank(A) =r > 0, and
let A= BC be a full-rank factorization of A.

If the columns of B constitute a basis of the column space of A then C' is
uniquely determined. Furthermore, if the rows of C' constitute a basis of the
row space of A and, then B is uniquely determined.

Proof. This statement is an immediate consequence of the full-rank factoriza-
tion theorem.

Corollary 5.102. If A € C™*" is a matriz with rank(A) = r > 0, then A
can be written as
A=bic, +--+bc,

where {by,...,b.} CC™ and {cy,...,c.} CC" are linearly independent sets.

Proof. The corollary follows from Theorem 5.100 by adopting the set of
columns of B as {by,...,b,} and the transposed rows of C as {c1,...,¢,}.

Theorem 5.103. Let A € C™*"™ be a full-rank matriz. If m > n, then there
exists a matriz D € C™*™ such that DA = I,,. If n > m, then there exists a
matriz E € C™™™ such that AE = I,,.

Proof. Suppose that A = (a; --- a,) € C™*" is a full-rank matrix and
m = n. Then, the n columns of A are linearly independent and we can extend
the set of columns to a basis of C™, {ay,...,a,,d1,...,dn_n} The matrix
T=(a; - a,d; -+ dy—p) is invertible, so there exists
ty
Tt =1 t,
trgtt
tm

such that 71T = I,,,. If we define

D: .
tn
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it is immediate that DA = I,,.
The argument for the second part is similar.

Definition 5.104. Let A € C™*". A left inverse of A is a matriz D € C"*™
such that DA = I,,. A right inverse of A is a matriz E € C™*™ such that
AE=1,,.

Theorem 5.103 can now be restated as follows. Let A € C™*" be a full-
rank matrix. If m > n, then A has a left inverse; if n > m, then A has a right
inverse.

Corollary 5.105. Let A € C™*" be a square matriz. The following state-
ments are equivalent.
(i) A has a left inverse;
(ii) A has a right inverse;
(iii) A has an inverse.

Proof. 1t is clear that (iii) implies both (i) and (ii). Suppose now that A has
a left inverse, so DA = I,,. Then, the columns of A, cq,...,c, are linearly
independent, for if a;c; + ---a,c, = 0, we have a;Dcy + --- + apDc, =
aie; + -+ apc, = 0, which implies a; = --- = a, = 0. Thus, rank(A) = n,
so A has an inverse.

In a similar manner (using the rows of A) we can show that (ii) implies

(ii).

Theorem 5.106. Let A € C™*" be a matriz with rank(A) = r > 0. There
exists a non-singular matriz G € C™*™ and a non-singular matriz H € C™*"

such that o
Ir rn—r
1o, )

m—r,r Om—r,n—r

Proof. By the Full-Rank Factorization Theorem (Theorem 5.100) there are
two full-rank matrices B € C™*" and C € C™*" such that A = BC. Let
{b1,...,b,} be the columns of B and let cj,...,c. be the rows of C. It is
clear that both sets of vectors are linearly independent and, therefore, for the
first set there exist b,11, ..., b, such that {by,...,b,,} is a basis of C™; for
the second set we have the vectors c].;,...,c;, such that {c},...,c,} is a
basis for R". Define G = (by --- ,b,,) and

H = .
c/
Clearly, both G and H are non-singular and
o Ir Or,n—r
A=G ( 0 H.

m—r,r Om—r,n—r
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Lemma 5.107. If A € C™*" is a matriz and £ € C™, y € C" are two vectors
such that @Ay # 0, then rank(Ayx’A) = 1.

Proof. By the associative property of matrix product we have Ayx"A =
A(yx")A, so rank(Ayx"A) < min{rank(yx", rank(A)} = 1, by Corollary 5.98.

We claim that Ayx"A # O,, . Suppose that Ayx"A = O, ,,. This implies
x"Ayx"Ay = 0. If z = x"Ay, the previous equality amounts to 22 = 0,
which yields z = x" Ay = 0. This contradicts the hypothesis of the lemma, so
Ayx"A # Oy, which implies rank(Ayx"A) > 1. This allows us to conclude
that rank(Ayx"A) = 1.

The rank-1 matrix Ayx"A discussed in Lemma 5.107 plays a central role
in the next statement.

Theorem 5.108. (Wedderburn’s Theorem) Let A € C™*" be a matriz.
If £ € C™ and y € C" are two vectors such that 2" Ay # 0 and B is the matriz

1
B=A-——Ayz'A

then rank(B) = rank(A) — 1.

Proof. Observe that if z € NullSp(A), then Az = 0. Therefore, we have

Bz =

—XHAyAyx”AZ =0,

so NullSp(A) C NullSp(B). Conversely, if z € NullSp(B), we have

1
Az — x“AyAyXHAZ =0,
which can be written as
1 x"Az
Az = Ay(x"Az) = Ay.
5= oy y(x"Az) oAy Y

TA
that a basis of NullSp(B) can be obtained by adding y to a basis of NullSp(A4).
Therefore, dim(NullSp(B)) = dim(NullSp(A)) + 1, so rank(B) = rank(A) — 1.

Thus, we obtain A(z — ky) = 0, where k = )’:HA;. Since Ay # 0, this shows

Theorem 5.109. A square matrizc A € C"*" generates an increasing se-
quence of null spaces

{0} = NullSp(A®) C NullSp(A') C --- C NullSp(A*) C -
and a decreasing sequence of subspaces

C" = Ran(A%) D Ran(A') D --- D Ran(A¥) D ...



5.4 Rank 231
Furthermore, there exists a number £ such that
NullSp(A®) € NullSp(A*) C --- C NullSp(A*) = NullSp(A*™!) = - ..

and
Ran(A%) © Ran(A') > -+ D Ran(A") = Ran(A™!) = ...

Proof. The proof of the existence of the increasing sequence of null subspaces
and the decreasing sequence of ranges is immediate. Since NullSp(A4*) C C"
for every k there exists a least number p such that Ran(AP) = Ran(APT1).
Therefore, Ran(APT%) = A’Ran(AP) = A'Ran(APT!) = Ran(APT+1) for every
i € N. Thus, once two consecutive subspaces Ran(A¢) and Ran(A**1) are equal
the sequence of range subspaces stops growing.

By Equality (5.6), we have dim(Ran(A¥)) + dim(NullSp(A*)) = n, so the
sequence of null spaces stabilizes at the same number /.

Definition 5.110. The index of a square matriz A € C™*™ is the number ¢
defined in Theorem 5.109.
We denote the index of a matriv A € C"*™ by index(A).

Observe that if A € C"™" is a non-singular matrix, then index(4) = 0
because in this case C" = Ran(A%) = Ran(A).

Theorem 5.111. Let A € C™*" be a square matriz. The following statements
are equivalent:
(i) Ran(A*) N NullSp(A*) = {0} ;
(ii) C™ = Ran(A*) B NullSp(A¥);
(iii) k > index(A).

Proof. We prove this theorem by showing that (i) and (ii) are equivalent, (i)
implies (iii), and (iii) implies (ii).
Suppose that the first statement holds. The set

T={tcV |t=u+v,ucRan(4"),v € NullSp(4*)}

is a subspace of C" and dim(T) = dim(Ran(4*)) + dim(NullSp(A¥)) = n.
Therefore, T = C", so C" = Ran(A¥) B NullSp(A4*). The second statement
clearly implies the first.

Suppose now that C" = Ran(A¥) 8 NullSp(A*). Then,

Ran(A%) = A*C" = ARan(A*) = Ran(A*t1)

so k > index(A).

Conversely, if k > index(A4) and x € Ran(A4*) N NullSp(A¥), then x = A*y
and A¥x = 0, so A%)y = 0. Thus, y € NullSp(A%?¥) = NullSp(A4*), which
means that x = A¥y = 0. Thus, the first statement holds.
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5.5 Multilinear Forms

The notion of linear mapping can be extended as follows.

Definition 5.112. Let F be a field and let {My,...,M,} be a family of n
F-linear spaces.

An F-multilinear mapping is a mapping f : My x -+ X M,, — M, where
M is an F-linear space that is linear in each of its arguments. In other words,
f satisfies the conditions

k
f(mla" 'amiflazangamwrla" 'amn)
=1

k
- Zajf(flila---71151‘—1751";,551‘-1-17---7%)7
j=1

for every :1:1,3317 € M; and ay,...,a; € F.
If M is the field F itself, then we refer to f as an n-linear form. For the
special case n = 2 we use the terms bilinear mapping or bilinear form.

We introduce next a class of multilinear forms that plays a central role in
this chapter.

Definition 5.113. Let § = (F,{0,1,4+,—,-}) be a field and let M be an F'-
linear space. An F-multilinear form f : M™ — F is skew-symmetric if
x; =a; for 1 <i#j<nimplies f(1,...,%,...,%,...,2,) =0.

The next statement shows that when two arguments of f are interchanged,
then the value of f is multiplied by —1.

Theorem 5.114. Let L be an F-linear space and let f : L™ — F be a skew-
symmetric F-multilinear form. We have

floer, oo @iy @y, ) = —f(@1, ., T, Ty, X)),
forax,...,x, € L.

Proof. Since f is a multilinear form we have:

fxy, XX, X X, X))

= f(X1, Xy Xy X)) F (X, XX, X))
Ff(X1, o Xy Ky X)) F (X1 X X, X))

= f(X1, Xy X, LX) F (XX, X, X))

By the defining property of skew-symmetry we have the equalities
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f(xla 'aXi+Xja ';Xi+xj7' 7Xn):0a
f(xla y Xy cy Xy - 7XTL) = 0)
f(xla » Xj, -y X,y 7XTL) = 0)
which yield
X1, oo Xy, Xy, X)) = —f(X, Xy, Xy, X)),
for x1,...,x, € L.

Corollary 5.115. Let F be a field, L be an F-linear space and let f : L™ —
F be a skew-symmetric F-multilinear form.

If ¢y = x; fori#j, then f(@1,...,@i,..., %), ..., %y) = 0.
Proof. This follows immediately from Theorem 5.114.

Theorem 5.114 has the following useful extension.

Theorem 5.116. Let L be an F-linear space and let f : L™ — F be a skew-
symmetric F-multilinear form.
If ¢ € PERM,, is a permutation given by

J1 Ji JIn
then f(zj,, ..., ) = (=1)™) f(z, ..., ®,) for z,..., 2, € M.
Proof. The argument is by induction on p = inuv(¢). The basis case, p = 0 is
immediate because in this case, ¢ is the identity mapping.
Suppose that the argument holds for permutations that have no more than
p inversions and let ¢ be a permutation that has p+ 1 inversions. Then, as we
saw in the proof of Theorem 3.8, there exists a standard transposition ¢ such

that for the permutation ¢’ defined as ¢ = ¥¢ we have inv(¢') = inv(¢p) — 1.
Suppose that ¢ is the permutation

N R e
“\Jr g2 Je Jesr o dn

and % is the standard transposition that exchanges j; and j,41, so

<Z>'(1 2o 4 L+1--- n)
“\Jijecc Jevr Je o Jn

By the inductive hypothesis,
f(xju s Xy Xy e e ’Xjn) = (_1)z‘nv(¢ )f(Xl, ce 7Xn)

and
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f(xjw'-~asz+1vxjev'-~axjn)
= _f(lev"'7Xjévxje+1a"'7xjn)

= —(—1)1"“’@/)&75()(17 X)) = (D)™ f(xy, LX),

which concludes the argument.

Theorem 5.117. Let F be a field, L be an F-linear space, f: L™ — F be a
skew-symmetric F-multilinear form, and let a € F'.
Ifi#j and @, ...,x, € M", then

flo, . ) = f(@1,..., % +axj,..., Ty).

Proof. Suppose that ¢ < j. Then, by the linearity of f we have

f(x1,. ., % +axj,...,Xyp)
= f(X1,. Xy oK) Faf (X1, Xy, Xy, X))
= f(xX1,. .y Xiy ooy Xn),

by Corollary 5.115.

Theorem 5.118. Let L be an F-linear space and let f : L™ — R be a skew-
symmetric linear form on L. If {x1,..., @, } is a linearly dependent subset of
L, then f(x,...,x,) =0.

Proof. Suppose that {x1,...,%,} is linearly dependent set, that is, one of the
vectors can be expressed as a linear combination of the remaining vectors, say
Xy = a1X1 + -+ ap_1Xp_1. Then,

f(X17" '7XTL—1)X'FL) - f(X17" 5 Xn—1,01X1 + e +an—lxn—1)

n—1
= Zaif(xl, D ¢ ,anl,Xi) = 0,
i=1

by Corollary 5.115.

Theorem 5.119. Let L be an n-dimensional linear space and let {uy, ..., u,}
be a basis of L. There exists a unique, skew-symmetric multilinear form d, :
L™ — R such that d,(uy, ..., u,) = 1.

Proof. Let x1,...,x, be n vectors such that
X; = iU + apug + -0+ Ay

for 1 <7 < n. If d, is a skew symmetric multilinear form, d,, : L™ — R, then
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dp(X1,X2,...,Xp)
n n n
=d, g a1, Wjq, § 255 Wjgs - -y § Anj, Uj,
Jji=1 J2=1 Jn=1

n n n
= E : E : E : a1j, A2j, "'anjndn(ujlaujw'"7ujn)
Ji=1

Ja2=1 Jn=1

We need to retain only the terms of this sum in which the arguments of
dn(Xj,,Xj,, - -, X;, ) are pairwise distinct (because term where j, = j, for
p # q is zero, by Corollary 5.115). In other words, only the terms in which the
list (j1,...,Jn) is a permutation of (1,...,n) have a non-zero contribution to
the sum. By Theorem 5.116, we can write

dn(X1,X2,...,Xp)
= dn(ul, ug, ... ,un) Z (_1)7an(j1,...,jn)a1j1 a2j, * * * Anj, -
jla---vjn
where the sum extends to all n! permutations (ji,...,Jn) of (1,...,n). Since

dp(uy,...,u,) =1, it follows that

— E nv(f1,eedn) 4 . . .
dn(X17X2;-~-aXn)* (71) A, A2j, c c  Ang, -
Jiseesdn
Note that d,, (x1,Xa2,...,Xy) is expressed using the elements of the matrix
A, where
@11 12+ Qin
Ga21 a22 *-- G2n
Gpl Ap2 * -+ Gpn

5.6 Linear Systems
Consider the following set of linear equalities

1121 + ... + Q1nTpn = b1,

211 + ... + apy = ba,

Am1T1 + ...+ Ty = b,

where a;; and b; belong to a field F'. This set constitutes a system of linear
equations and solving it means finding x4, ..., z, that satisfy all equalities.
The system can be written succinctly in a matrix form as Ax = b, where
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a1 ain b1 1

a1 azn bo 9
A= . ,b= , and x =

Am1 **° OGmn bm Tn

In terms of linear transformations, solving this linear system amounts to de-
termining those vectors x such that h4(x) = b.
If the set of solutions of a system Ax = b is not empty we say that the
system is consistent. Note that Ax = b is consistent if and only if b € Ran(A).
Let Ax = b be a linear system in matrix form, where A € C™*". The
matrix (A b) € C™*("*Y is the augmented matriz of the system Ax = b.

Theorem 5.120. Let A € C™*" be a matriz and let b € C"*'. The linear
system Ax = b is consistent if and only if rank(A b) = rank(A).

Proof. If Ax = b is consistent and x is a solution of this system, then
b = zy¢1 + -+ + xpCy,, where cq,...,c, are the columns of A. This implies
rank(A b) = rank(A).

Conversely, if rank(A b) = rank(A), the vector b is a linear combination
of the columns of A, which means that Ax = b is a consistent system.

Definition 5.121. An homogeneous linear system is a linear system of the
form Ax = 0,,, where A e C™*", &z C™' and 0 C™*!.

Clearly, any homogeneous system Ax = 0,, is consistent and has the
solution x = 0,,. This solution is referred to as the t¢rivial solution. The set of
solutions of such a system is NullSp(A4), the null space of the matrix A.

Let u and v be two solutions of the system Ax = b. Then A(u—v) = 0,,, so
z = u—v is a solution of the homogeneous system Ax = 0,,, so z € NullSp(A).
Thus, the set of solutions of Ax = b can be obtained as a translation of the
null space of A by any particular solution of Ax = b. In other words the set
of solution of Ax =bis {x+z | z € NullSp(A4)}.

Thus, for A € C™*", the system Ax = b has a unique solution if and only
if NullSp(A4) = {0, }, that is, according to Equality (5.6), if rank(A4) = n.

Theorem 5.122. Let A € C"*". Then, A is invertible (which is to say that
rank(A) = n) if and only if the system Az = b has a unique solution for every
beC".

Proof. If A is invertible, then x = A~ 'b, so the system Ax = b has a unique
solution.

Conversely, if the system Ax = b has a unique solution for every b €
C", let ¢1,...,c, be the solution of the systems Ax = ep,...,Ax = e,,
respectively. Then, we have

Alcy -+ cp) =In,
which shows that A is invertible and A= = (c1| -+ |cy).
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Corollary 5.123. An homogeneous linear system Ax = 0, where A € C**"
has a non-trivial solution if and only if A is a singular matriz.

Proof. This statement follows from Theorem 5.122.

Thus, by calculating the inverse of A we can solve any linear system of the
form Ax = b.

Definition 5.124. A matrit A € C"*" is diagonally dominant if |a;;| >
S{laie] | 1< k<n and k #1i}.

Theorem 5.125. A diagonally dominant matriz is non-singular.

Proof. Suppose that A € C"*" is a diagonally dominant matrix that is sin-
gular. By Corollary 5.123, the homogeneous system Ax = 0 has a non-trivial
solution x # 0. Let xp be a component of x that has the largest absolute
value. Since x # 0, we have |zg| > 0. We can write

aprwr = — Y {arjw; | 1< <nandj#k},
which implies
|ak| o] = ‘Z{aijj | 1<j<nandj+# k}‘
<D ol ] | 1<j <nandj £k}
<lawl Y {larg| | 1< <nandj# k).
Thus, we obtain

lark] <Y flaws| | 1<j<nandj+#k},

which contradicts the fact that A is diagonally dominant.

5.7 Determinants

Determinants are a class of numerical multilinear functions defined on the set
of square matrices. They play an important role in theoretical considerations
of linear algebra and are useful for symbolic computations. As we shall see,
determinants can be used to solve certain small and well-behaved linear sys-
tem; however, they are of limited use for large or numerically difficult linear
systems. !

! Historically, determinants appeared long before matrices related to solving linear
systems. In modern times, determinants were introduced by Leibniz at the end of
the 17*" century and Cramer formula appeared in 1750. The term “determinant”
was introduced by Gauss in 1801. The term “matrix”, the Latin word for womb,
was introduced in 1848 by James Joseph Sylvester (1814-1897), a British math-
ematician whose name is linked to many fundamental results in linear algebra.
The term was suggested by the role of matrices as generators of determinants.
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Definition 5.126. Let A = (a;;) € C™*" be a square matriz. The determi-
nant of A is the number 3, . (— 1)U dn)ay; agj, -+ - ang, -
The determinant of A is denoted either by det(A) or by:

a1l ai2 -+ Qin
az1 a2 -+ G2n
Gnpl A2 *** Gnn

Example 5.127. We have det(l,) = 1 since (I,);; =1if j =7 and (I,);; =0
otherwise. Thus, there exists only one non-zero term in the sam

det(I,) = Y (=1)™0030) (L)1, (In)ajs -+ (Tn)nj.

Jisedn

which is obtained when j; =i for 1 < i < n, and this unique term is 1.
Ezample 5.128. Let A € R®*3 be the matrix

a11 @12 @13
A = | a21 a2 a3
a31 az2 a33

The number det(A) is the sum of six terms corresponding to the six permu-
tations of the set {1,2, 3}, as shown below.

Permutation ¢|inv(¢)|Term

(1, 2, 3) 0 a11a22033
(3,1,2) 2 (13021032
(2,3,1) 2 (12023031
(2, 17 3) 1 —a12a210a33
(3, 2, 1) 3 —a130a22031
(1, 3, 2) 1 —a11a230a32

Thus, we have

det(A) = ar1a22a33 + a13a21a32 + a12a23a31

= —a120210a33 — 413022031 — A11023032-

The number of terms of a determinant of order n is n!; this number grows
very fast with n. For instance, for n = 10, we have 10! = 3,682,800 terms.
Thus, direct computations of determinants are very expensive.

Theorem 5.129. Let A € C™™" be a matriz. We have det(A’) = det(A).
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Proof. The definition of A’ allows us to write

det(A') _ Z (_1)inv(j1,...,jn)aj11aj22 S Qs

J1see0dn

where the sum extends to all permutations of (1,...,n). Due to the commu-
tativity of numeric multiplication we can rearrange the term a;, 10,2 - - aj,.n
as G1k, G2k, * * * Onk, , Where

12 - n 12 - n
T . and 1 :
o: () maes (")
are inverse permutations. Since both ¢ and ¢ have the same parity, it follows
that

inV(j e — (_qyinu(krekn
(1)Ut a0 agn = (=1)™ 0 ag ao, - ag,,

which implies det(A’) = det(A).
Corollary 5.130. If A € C"*", then det(A") = det(A). Furthermore, if A is
a Hermitian matriz, det(A) is a real number.

Proof. Let A be the matrix obtained from A by replacing each a;; by its
conjugate. Since conjugation of complex numbers permutes with both the

sum and product of complex numbers it follows that det(A4) = det(A4). Thus,

det(A") = det(A)" = det(A) = det(A).
The second part of the corollary follows from the equality det(A) = det(A).

Corollary 5.131. If A € C™*" is a unitary matriz, then |det(A)| = 1.

Proof. Since A is unitary we have A"A = AA" = I,,. By Theorem 5.133,
det(AA") = det(A) det(A") = det(A)det(A) = | det(A)|? = 1. Thus, |det(A)| =
1.

Theorem 5.132. The following properties of det(A) hold for any A € C"*":

(i) det(A) is a linear function of the rows of A (of the columns of A);

(ii) if two rows (columns) are permuted, then det(A) is changing signs;

(iii) if A has two equal rows (columns), then det(A) = 0;

(iv) if a row of of a matriz, multiplied by a constant, is added to another
row, then det(A) remains unchanged; the same holds if instead of rows we
consider columns;

(v) if a row (column) equals 0, then det(A) = 0.

Proof. We begin with the above statements that involve columns of A.
To prove Part (i) let
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ay ai ai
ag—1 ag_1 a1
A=|pBbr+~ck |,B= by and C' = Ck ,
Ap+1 Ak+1 Ak+1
an an an

where b, c; are row vectors and 3,y € R. By the definition of det(A) we have

det(A) = Y (=1)™Urdn)ay; o (Bbyg, +Yekj,) - g,

J1s--5dn
_ U(J1;e-57 . . .
=p E (1) ( n)a’ljl “o by o ang,
jla---vjn
§ NU(J14..-57
_l’_/y (_1) (Jl J")aljl . Ck]k . anjn
J1sr--dn

= fBdet(B) + ydet(C),

which proves that det(-) is linear.

Let now
aj aj
ap aq
A= : and let A =
aq ap
an an

be the matrix obtained by swaping the pt" and the ¢** row of A.
By the definition of determinants,

A — 1)UL dpseodaseodn) o L. .
det(A) = E (-1) edpredasdn) g g Gy, g,
J15esdn

Note that the permutation (j1,...,7p,---,Jq,---,Jn) is obtained by the com-
position of (j1,...,Jqs---»Jp,- - -+ Jn) With the transposition that swaps j, with
Jg- Therefore, det(A) = — det((A)), which proves Part (ii).

If two rows of A are equal, then by swapping these rows we get det(A) =
—det(A), so det(A) = 0, which proves Part (iii).

Part (iv) follows from the first three parts; the last part is a direct conse-
quence of the definition of det(A).

The corresponding statements concerning rows of A follow from Theo-
rem 5.129 because the rows of A are the transposed columns of A’.
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Theorem 5.133. Let A,B € C"*" be two matrices. We have det(AB) =
det(A) det(B).

Proof. Let ay,...,a, and by,...,b, be the rows of the matrices A and B
respectively, where a; = (a;1,. .., ) for 1 <4 < n. Then, the rows ¢y, ..., ¢,
of the matrix C = AB are given by ¢; = a;1b1 + -+ + a;nby, as it can be
easily seen.

If d, : (C")» — C is the skew-symmetric multilinear that defines the
determinant whose existence and uniqueness was shown in Theorem 5.119,
then we have

det(AB) = d,,(c1,...,Ciy. .., Cp)

n n n
E:aulbh,--.,E Qijbji, - E anj, bj,

=1 i=1 in=1
n n n
=Y D> Y ay ety g da(byy by by,
=1 =1 =1

due to the linearity of d,,. Observe now that only the sequences (ji,...,jn)
that represent permutations of the set {1,...,n} contribute to the sum be-
cause d,, is skew-symmetric. Furthermore, if (ji,...,Jjn) represents a permu-
tation ¢, then d,(bj,,...,bj,,...,b; ) = (=1)"™@)d,(by,...,b,). Thus, we

can write

det(AB)

n n n
= E : E : E :a’ljl ..a'iji...anjndn(bjlﬂ'"’bji""7bjn)

1=1 ji=1 ji=1

<.

n n

n
zm}j j
E G- ”)alj gy Gy, | du(b1, ..., by)

J1= J

= det(A) det(B).

—
H

]1=1

Corollary 5.134. Let A € R™*". We have
det(ATi7) = — det(A), det (AT<7) = det(A), det(AT) = a det(A).
det(TE? A) = — det(A), det((Ti7) A) = det(A), det(T %) A) = adet(A).

Proof. Note that det(T:7 = —1, det(T,i‘ij) = 1 and det(Ty(Li-) = a. The
statement follows immediately from Theorem 5.133.

Lemma 5.135. Let B € RTDX(+1) 0
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10 O --- 0

0 a1 a2 -+ ain
B:

0 ant an2 - -+ ann

We have det(B) = det(A), where
aip @iz - Qin
A =

Gpl Ap2 * -+ Gpn

Proof. It B = (b;;), then

1 ifj=1 1 ifi=1
blj = . and b;; = .
0 otherwise, 0 otherwise.

Also, if ¢ > 1 and j > 1, then b;; = a;—1,;—1 for 2 < 4,5 < n + 1. By the
definition of the determinant, each term of the sum that defines det(B) must
include an element of the first row. However, only the first element of this row
is non-zero, so

det(B) = Z (71)1‘7“)(]'1’]'2 """ j7L+1)b1j1 b2j2 . bn+1,j7L+17

(J1:925dn+1)

— nv(l,j2,...,7
= Y (SRt ay g G101

(j2w‘v]'n+1)
where (j2,...,jnt1) iS a permutation of the set {2,...,n+ 1}. Since
Z"Ilv(].,jg, s ajnJrl) = Z"Ilv(jg, s ajnJrl)a

it follows that

— inv(ja,...,J
det(B)= Y (=1)"™Udniayj gag o1 g,
(J25--sdn+1)

Observe now that if (j2,...,jn+1) iS a permutation of the set {2,...,n + 1},
then (k1,...,ky), where k; = ji41 — 1 for 1 < ¢ < n is a permutation of
(1,...,n) that has the same number of inversions as (jo, . . ., jnt+1). Therefore,

det(B) = Z (—1)metkiekn) gy asg, - Gk, = det(A).
(K1)

Lemma 5.136. Let A € R"™" be a matriz partitioned as:
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a11 A1q a1,q+1 Q1n

A= ap1 Gpq | 9p,q+1 Gpn
Ap+1,1 *** Ap41,q|Ap+1,g+1 " * Ap+in

Gn1 Gngq An,q+1 Gnn

and let B € R"TDX0HD) 4o defined by

ail aiq (0| a1,q+1 a1n

Gp1 pg 0] Gp.g+1 Apn

B = o --- 0 |1 0 0
Up+1,1 *** Ap41,q|0|@pti,g4+1 - Aptin

Gnl Gng 0 Gn,q+1 Qpn

Then, det(B) = (—1)P*9det(A).

Proof. By permuting the (p+ 1)t row of B with each of the p rows preceding
it in the matrix B and, then, by permuting the (g 4+ 1)** column with each of
the ¢ columns preceding it we obtain the matrix C given by

1 0 0 0 0 0 0

0 an a1 01,941 a1n
C=10 apn Qpqg  Qp,g+1 Apn

0 Gpt1,1 -+ Qpti,q Optig+l **° Apyin

0 anl Qngq Qp,g+1 Ann

By the third part of Theorem 5.132, each of these row or column permutations
multiplies det(B) by —1, so det(C) = (—1)PT?det(B) By Lemma 5.135 we
have det(C) = det(A), so det(B) = (—1)P*9det(A).

Definition 5.137. Let A € C™*". A minor of order k of A is a determinant

of the form
det (A {?1 ”“D
Ji o Jk

A principal minor of order k of A is a determinant of the form:

det (A |10
i1 - g
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The leading principal minor of order k is the determinant

1--- k
o (a1 1)
For A € C"*", det(A) is the unique principal minor of order n, and that the
principal minors of order 1 of A are just the diagonal entries of A: a11, ..., Gnp.

Theorem 5.138. Let A € C"*". Define the matriz A;j € cn=bx(n=1) 44

. 1-v2—-1¢4+1--- n
AijA[l e j—1541 ...}J’

that is, the matriz obtained from A by removing the i** row and the j* column.
Then, we have

n L det(A) ifi=1/{,
D (1) ay; det(Agy) = 0 ) .
= otherwise,

for every 1,0, 1 <i,0 < n.

Proof. Let x; be the i*" row of A, which can be expressed as

n
X; = E ai;€j,
=1
where eq,...,e, is a basis of R" such that d,(ei,...,e,) = 1.

By the linearity of d,, we have

dn(A) = dp(x1,...,%Xp)

n

= dn(Xl, ey X1, E aijej,xiﬂ, e ,Xn)
j=1
n
= E aijdn(xl, ey Xi—1,€5, X415 - - - ,Xn)
j=1
The determinant d,(x1,...,X;—1,€j,Xit+1,...,Xn) corresponds to a matrix

DUd) obtained from A by replacing the i*® row by the sequence
0,...,0,1,0,...,0),

whose unique non-zero component is on the j* position. Next, by multiplying
the i*" row by —ay; and adding the result to the k' row for 1 < k <i—1
and i +1 < k < n yields a matrix E(3) that coincides with the matrix A
with the following exceptions:
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(i) the elements of row i are 0 with the exception of the ;' element of this
row that equals 1, and

(ii) the elements of column j are 0 with the exception of the element mentioned
above.

Clearly, det(D")) = det(E®"7)). By applying Lemma 5.136 we obtain

det(E@)) = (—1)"7 det(A;5), so

dn(A) =Y agda(BW7) =3 " (=1)"aj; det(Ay),
j=1

J=1

which is the first case of the desired formula.
Suppose now that i # ¢. The same determinant could be computed by
using an expansion on the /*" row:

dn(A) = Z(—l)i+jagj det(Agj).

Then, 377, (—1)""7a;; det(Ay;) is the determinant of a matrix obtained from
A by replacing the £*" row by the i*" row and such a determinant is 0 because
the new matrix has two identical rows. This proves the second case of the

equality of the theorem.

The equality of the theorem is known as the Laplace expansion of det(A)
by row 1.
Since the determinant of a matrix A equals the determinant of A’, det(A)

can be expanded by the j** row as

n

det(A) =Y (=1)"a;; det(Ay;)

i=1

for every 1 < j < n. Thus, we have

—1)Ha,; det(Ag) =
2 (1) ay det(Ay) = 3 i 0

i=1

" {det(A) ifi=¢,

This formula is Laplace expansion of det(A) by column j.

The number cof(a;;) = (—1)"7 det(A;;) is the cofactor of a;; in either
kind of Laplace expansion. Thus, the both types of Laplace expansions can
be succinctly expressed by the equalities

det(A) = Z a;jcofla;j) = Z a;jcof(aij), (5.7)
j=1 i=1

for all i,5 € {1,...,n}.
Cofactors of the form cof(a;;) are known as principal cofactors of A.
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Ezample 5.139. Let a = (a1,...,a,) be a sequence of n real numbers. The
Vandermonde determinant V, is defined by

lay a} - ap™?
—1

lay a3 - a}

Va = .
lay,a? - at!

By subtracting the first line from the remaining lines we have

-1
1 a a2 - a”

1 1 2 2 n—1 __ _n—1

_ _ as —ay a5 —aj - ay " —a

Oay—ay a3 —a? - ay ' —at™! 2 2 1

Va: . . . = :

: : : 2 2 n—1 n—1

_ 1 an—aya? —at---a" t—a

0an—aya?—a? - a’ ! —al n 1 n L

Factoring now a; 1 —a; from the it line of the new determinant for 1 <i < n
yields

las+ayg - Z?;OQ ay 2 al
Va=(az —a1)---(a, —a1) . :
la,+ay - Z?;OQ ar—?"laqt

Consider two successive columns of this determinant:

k=1 k—1—i 4 k k—i 4
Zi:o Qg ay Zi:o Ay a7
cL = and cpyq = :
k=1 k—1—i i k k—i i
Zi:O ay, ai Zi:o ap a7
Observe that
k
as
Cr+1 = | : | +aicg,
ok

n

it follows that my subtracting from each column cg1 be the previous column
multiplied by a; (from right to left) we obtain

1a2...ag‘72
Va= (a2 —a1)--(an —a1)
1an...a272

= (a2 —a1) - (an — a1)Viay, .. a,)-

By applying repeatedly this formula, it follows that V, = Hp>q(ap — Gq),
where 1 < p,q < n.

Theorem 5.133 can be extended to products of rectangular matrices.
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Theorem 5.140. Let A € C™*" and B € C"*™ be two matrices, where
m < n. We have

det(4B) = 3 { det (A [kl 5 ;jjm]) det (B [’fi - 52”])
1<k <hy <o <k <n}.

This equality is known as the Cauchy-Binet formula.

Proof. Let ay,...,a, be the rows of the matrix A and let C' = AB. The first
column of the matrix AB equals ZZFI ay, br,1 Since det(C) is linear we can
write

ak;1 C12 *°° Cin
n Qg2 C22 *° Co2p
det(C) = > biy
ki=1
Akym Cm2 *** Cmn

Similarly, the second row of C' equals ZZFl aj,br,1. A further decomposition
yields the sum

Gky1 ARyl *°° Cln
"oz Ak 2 Aky2 **° Con
det(C) = E E bry1bky2 | . : b
ki1=1ko=1 : : T °
Akym Aky2 **° Cmn

and so on. Eventually, we can write

det(C) = Z Z biy1 - bk

k1=1 km=1

Alky * Qlk,y,

Amk, **° Amk,,

due to the multilinearity of the determinants. Only terms involving distinct
numbers k1,..., ky, can be retained in this sum because any such term with
k, = kq equals 0. Suppose that {ki,...,kmn} = {h1,...,hm}, where by <
«++ < hy, and ¢ is the bijection defined by k; = ¢(h;) for 1 < i < m. Then,

A1k, - A1k, A1py = Glh,,
_ (_1)inv(k1,...,km)
Amk, *°° Amk,, Amhy " Amh,,
which allows us to write

Q1hy; " Q1hp

det(C) = ) Lo DT Dby bggngms
p

N

where ¢ is a permutation of the set {hy,...,h,}. The last equality is equiv-
alent to the Cauchy-Binet formula.



248 5 Linear Spaces
Ezample 5.141. Let A € C**™ and B € C"*? be the matrices
C1 d1

. ai -+ Qpn .
A<bl--- bn) and B =

cn dp

Note that . .
AB — (Zi_1 aici Y i g aidi>
S bic ot bidi )

By applying Binet-Cauchy formula we obtain:

= Z (aibj - ajbi)(cidj - diCj).

1<i<j<n

This equality is known as Lagrange’s Identity.

Let C € C™™™ be a square matrix and let b be a vector in C". Denote by
(C < b) the matrix obtained from C' by replacing the i*" column by b.

Ezample 5.142. Let A € C™ ™ be a matrix. Then, (A < e,) is the (p, ¢)-minor
of A and (—1)Pt7det(A <& e,) is the cofactor of a,,.

Theorem 5.143. Let {g;; : R — R | 1 < 4,5 < n} be a collection of n?
differentiable functions and let G(x) the matriz defined by

g11(x) -+ gin(w)

G(z) = oo
gn1(z) -+ Gnn(T)

for x € R. The derivative of the function det(G(z)) is given by

(det(G(x))" = Z det(G(x) < g;(x)'),

where
91
gi(x)' = | :
Ini
1s the column of the derivatives of the functions positioned in column i of the
matriz G(x), for 1 <i < n.
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Proof. By the definition of determinants we have:
det(G(z)) = Y (=) U090 gy (2)g2s, () -+ gy, (2)
Jis--5dn

Therefore, we can write

det(G(z))" = Z (—1)meldmdn) g (@) gag, () - G, ()

Jlse-nsdn

+ 30 ()OI g (@) gagy () G (1)
Jlse-nsdn

+ 30 (=) g (@) gagy () - G ()
Jlse-nsdn

= Zdet(G(Z) & gi(z)"),

which concludes the argument.

Ezample 5.144. Let A = (a;;) € R**3 and let G(x) = det(A — zI3). We have

(det(G(x))
= det(G(z) & (—e1)) + det(G(z) & (—es) + det(G(z) & (—e3))
-1 a2 a3 a1 —z 0 a3 a1 —x a2 0
=10 ax2—x a3 |+| axn —1 a3 |+| a2 ax—z 0
0 a3z azxz—v az1 0 azgz—=x asi azgz —1

aip —T a2
a1 Q22 — T

a1p —T ais
az1 433 — T

22 —T 423
az2 Q33—

The same technique is applied to compute the second derivative

"o -1 a3 ass —x 0
(det(G(ac)) - 0 aszs — & as2 -1
o -1 ais . aj] — & 0
0 aszs — & asl —1

. -1 ai12 . ai] — & 0
0 agoy — X as1 -1

= 2((111 + ag2 + asz — 31’)

Note that G(0) = det(A4), —G’(0) equals the sum of order 2 principal minors
of A, while G”(0) is twice the sum of order 1 principal minors of A.

This observation can be generalized to square matrices of any size: if A €
R™*" then for the k*® derivative of the function G(x) = det(A—=zI,,) we have

GM(0) = (=1)" k1S, (A),

where Sp(A) is the sum of all order-p principal minors of A (see Exercise 52).
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Ezample 5.145. Let @, (a,b) be the determinant of order n:

alll---1
1610---

Qu(a,b) = 1060---0

(=}

1000---0
We have Q2(a,b) = ab — 1. To compute the value of Q,(a,b) note that, by
expanding this determinant by its last column we have:

1600---0
10b0---0
Qnla,b) = (=1)" {1t i 4+ 0Qu—1(a,b) = —b" 72+ bQu-1(a, b).
1000---b
1000---0

It is easy to verify that Q,(a,b) = b""ta — (n — 1)b" 2 for n > 2.

Theorem 5.146. Let A, B € C™*". Then det(A + B) is equal to the sum of
the determinants of the 2™ matrices obtained by replacing each subset of the
columns of A by the corresponding subset of columns of B.

Proof. Let A = (a; -+ a,) and B = (b; --- by,). Since det(4A + B) =
det(a; + by --+ a, + b,), by the linearity of determinants, we can write

det(a; + by --- a, +by,)
=det(a; a2 +by -+ ,a, +b,) +det(b; ag +by -+ ,a, +by,)
= det(a; a2 ---,a, +b,) +det(a; by ...,a, +by,)

+det(by az ---,a, +b,) +det(by by ... ,a, +by,)

= det(a; a2 --- a,) +det(a; by --- a,) +---+det(by by -+ by).

In principle, determinants can be used for solving linear systems of equa-
tion and we discuss a formula that allows us to do just that. Let A € C**",
b € C™ and consider the linear system Ax = b. The columns of the matrix A
are denoted by ai,...,a,, that is, A = (a; --- a,). Note that

A(I, & x)=A(er ey -+ €_1X€41 - €)
=(ajaz --- a1 bajq -+ ay)
= (A< D). (5.8)

By expanding the determinant
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10--- 21 ---0
01--- 29 ---0
det(I,, < x) = (')(')::j :éi :::(')
00z, --- 1

by its i*® row we obtain det(I, & x) = ;. Thus, computing the determinants
on both sides of Equality (5.8) we have

det(A)x; = det(A Lb),

for 1 < 4 < n. This method for computing the components of the solution of
the system Ax = b is known as Cramer’s formula.

Definition 5.147. Let A € R™" be a square matriz. The adjoint matrix of
A is the matrix
cof(ar1) -+ cof(an1)
adj(A) = o ,
cof(arn) -+ cof{ann)

that is, the transposed matriz of the matriz whose entries are the cofactors of
the elements of A.

Example 5.148. For the matrix

102
A=10-11
1 21
the matrix of cofactors is
-3 1 1
c=1|4-1-2],
2 —1-1
so the adjoint matrix is
-3 4 2
adj(4)=[ 1 -1-1
1 -2 -1

Theorem 5.149. If A € R™™", then A adj(A) = det(A)I,.
Proof. Equalities (5.7) allow us to write:
det(A) ifi=j

0 otherwise.

(Aadj(4)i; =Y am(adi(A)w = D aicoflas) = {
k=1 k=1

Therefore, A adj(A) = det(A)I,.
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This allows us to give an explicit formula for computing the inverse of a
non-singular matrix A as

1
det(A)

ATt = adj(A). (5.9)

By Theorem 5.133, if A is a non-singular matrix, we have det(A) det(A~1) = 1.

Corollary 5.150. If A € R™*" then det(A) # 0 if and only rank(A) = n.

Proof. By Theorem 5.122 rank(A) = n if and only if A is invertible; A is
invertible if and only if det(A) # 0.

Ezample 5.151. For the matrix A € R**? introduced in Example 5.148 we
have det(A) = —1 and

3 —4 -2
adj(A)=[-11 1
-12 1

1
det(A)

ATt =

5.8 Partitioned Matrices and Determinants

Lemma 5.152. Let A € C"*", B € C™*™ be two square matrices and let
D e CmHX(mEn) pe the matriz

AOm,n
o= (%)

where C € C™*". Then, we have det(D) = det(A) det(B).
If the matriz F € CmTmx(m+n)

A E
7= (on.5)

where E € C"*™, then det(F) = det(A) det(B).

Proof. Suppose that D = (d;;). The definition of det(D) implies that

det(D) — Z (_1)z‘nv(j1,...,jn+m)d1j1 .. .dn+m i

jla---7jn7jn+17~~~ajn+m

Each term of this sum involves factors chosen from each row (specified by the
first subscript of d;;). Note that any term

dijy = dnj,dnt1 joyy  Ankm oy
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in which any of the first n subscripts j1, ..., j, is at least equal to n+ 1 equals
0. Therefore, non-zero terms are those in which (j1, ..., j,) is a permutation of
(1,...,n). In such terms (jn+1,--.,Jn+m) iS a permutation of (n+1,...,n+
m). By the definition of the matrix D the product dij, - - - dp;, is actually
aij, - - Gpj,; the product dpni1 5,00 dntm joy. €quals big, - - - bmr,, , where
k1 =Jnt1—7n,..., km = jngm —n and

VI, -y Jns Jntdy - - o s Jnbm) = 00(J1, - oy Jn) + vk, ..o k).

This allows us to write

det(D) = | > ayj, - an;, ( > blkl---bmkm> = det(A) det(B).
kl"'km

JiJn
The proof of the second part of the lemma is similar.

Theorem 5.153. Let A be an block upper (or lower) triangular partitioned
matriz given by
A Arg o0 Aim
O Az -+ Agp
A= . . .

Do
where Ay € RPVP for 1 < i < m. Then,
det(A) = det(A11) det(Aaz) - - - det (Asum)-
If A is a block lower triangular matriz

Ay, O - O
Azr Agp -+ O

Aml Am2 Amm
the same equality holds.

Proof. The argument is by induction on m, where m > 2. The base case,
m = 2 was shown in Lemma 5.152. Suppose that the statement holds for
partitioned upper diagonal matrices having m — 1 diagonal blocks. Note that
if

A Arg - A

O Az -+ Agpy

A= . . :

O O - Apm

we can also regard A as a partitioned matrix
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B C
4= (3 a)
where B is a partitioned upper diagonal matrices having m—1 diagonal blocks.
Then, by the base case and by the inductive hypothesis we have

det(A) = det(B) det(Apmm) = det(Ay) - - - det(Ap,—1) det(Amm)-

Theorem 5.154. Let A € C™*™, D € C"*" be two square matrices and let
E e CtmHm)x(m+n) po the matriz

AB
#=(en)

where B € C™*" and C € C"*™. If the matriz A is invertible, then det(E) =
det(A)det(D — CA~1B).

Proof. If A is invertible, then
I, O\ (AB\ [A B
—CA'I,J\CD) \0D-CA™'B)"’

det(E) = det <A B > .

which implies

0D-CA™'B
Theorem 5.153 implies the desired equality.

Theorem 5.155. Let A, B,C,D € C™*™ be four square matrices such that
AC = CA and let E € C*™*™ be the matriz

AB
e (22).
We have det(E) = det(AD — CB).

Proof. Suppose initially that A is invertible, so det(E) = det(A™!)det(D —
CA~'B) by Theorem 5.154. Then,

det(E) = det(A)det(D — CA™'B) = det(AD — ACA™'B)
= det(AD — CAA™'B) = det(AD — CB).

If A is not invertible, that is, if A is singular consider the continuous
function f : R — R defined by f(z) = det(A + zI) for € R. There exists
0 > 0 such that if z € (0, 9), then f(z) # 0, which means that det(A+xI) # 0,
which implies that A + xI is an invertible matrix. Note that if AC = CA,
then (A4 2I)C = C(A+«I), so the first part of the argument can be applied
to the matrix
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_(A+xI B
B, = ( : D) .
This implies det(E,) = det((A+zI)D — CB) if x € (0,9). If = tends towards
0, by the continuity of f(x) it follows that

det(E) = lirrbdet((A +2I)D — CB) = det(AD — BC),
Tr—
which concludes our argument.

The argument presented in the second part of the proof of Theorem 5.155
is known as a continuity argument.

Theorem 5.156. Let A € C**" be a square matriz. The rank of A equals the
largest size of a non-zero minor of A.

Proof. Let r = rank(A) and let s be the largest size of a non-zero minor of A

that is the determinant of the submatrix S = A [;1 o ;.5
1 g

rows and the columns of A we obtain a matrix B of the same rank as A such

1. . .
that B 1... z = S. Since any permutation of rows or columns preserves

} . By permuting the

the non-nullity of a determinant we have

(o] )0

Thus, the rows of S are linearly independent and, therefore, the first s rows
of B are linearly independent, so s < 7.

Since rank(A) = r, A has r linearly independent rows. By permuting the
rows of A, these rows can be brought in the first » position in a matrix B
which has the same rank r as A. Then, r linearly independent columns of B are
brought on the first r position to result into a matrix C. Let P = C B’ Y :] .
Since P is of rank r it follows that det(P) # 0, so r < s.

5.9 The Kronecker and Hadamard products

Definition 5.157. Let A € C™*"™ and B € CP*? be two matrices. The Kro-
necker product of these matrices is the matriz A ® B € C™P*™ defined by

a1 B ai2B --- a1, B
a1 B apB --- a,B
A® B =

am1B ama2B -+ amnB
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Ezample 5.158. Consider the matrices

a a bll b12 b13
A= (a“ a”) and B = [ bay bas bos
2L T2 b31 b3o bss

Their Kronecker product is

a11b11 a11bi2 a11b13]a12biy a12b12 a12b13
a11b21 a11ba a11b23|aizbay a12b22 a12b23
a11b31 a11b32 a11b33|a12b31 a12b32 a12b33
a21b11 a21b12 as1b13]azebiy azabiz azebis
a21b21 az1ba as1baz|agebar azobae asebos
a21b31 a21b32 as1b33|azebsy azobsz azebss

A®B =

The next theorem contains a few elementary properties of Kronecker’s
product.

Theorem 5.159. For any matrices A, B,C, D we have:
(i)(A®B) =A@ B,

(vil) (A® B)" = A" ® B",

when the usual matrix sum and multiplication are well-defined in each of the
above equalities.

Proof. The proof is straightforward and is left to the reader.

Ezample 5.160. Let x € C" and y € C™. We have

ry nx
XQy=1 : | = : ecmn.

Tny YmX

Theorem 5.161. If A € C**" and B € C"™*™ are two invertible matrices,
then A ® B is invertible and (A®@ B)™' = A~1 @ B~1.

Proof. Since
(AB) (A '@B Y)Y=(AA"'@ BB ) =1,®I,,
the theorem follows by noting that I, ® I, = Lym.

Theorem 5.162. The Kronecker product A® B of two normal (unitary) ma-
trices A, B is a normal (a unitary) matriz.
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Proof. By Theorem 5.159 we can write

(A2 B)(A® B) = B')(A® B)

(A’

= (A A ® B'B)

= (AA' ® BB')

(because both A and B are normal)
= (A® B)(A® B),

which implies that A ® B is normal.

Definition 5.163. Let A € C™*™ and B € C™*" be two square matrices.
Their Kronecker sum is the matriv A ® B € C™™*™" defined by

The Kronecker difference is the matriz A © B € C™™ ™" defined by
AeB=(A®I,) - (I, ®B).

Definition 5.164. Let A, B € C™*". The Hadamard product of A and B is
the matrix A® B € C™*" defined by

ai1tbir  aizbiz -+ ainbin

a21b21  agabag -+ agnbay
AGOB=

amlbml amem2 e amnbmn

The Hadamard quotient A © B is defined only if bj; # 0 for 1 < ¢ < m and
1 <5< n. In this case

ApB=| T e

Theorem 5.165. If A, B,C € C™*" and ¢ € C we have
() AOB=Bo A;

( )AQJm,n: m,nGA:A;

(iif) AO(B+C)=A0B+AGC;

(iv) A® (cB) = ¢(A® B).

Proof. The proof is straightforward and is left to the reader.

Note that the Hadamard product of two matrices A, B € C™*" is a sub-
matrix of the Kronecker product A ® B.
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Ezample 5.166. Let A, B € C**3 be the matrices
A (mrazas) o op bi1 b12 b13
ag1 22 Gz3 ba1 b2z b2z )
The Kronecker product of these matrices is A ® B € C**? given by:

a11b11 a11b12 a11b13 a12b11 ai2bi2 a12b13 aizbir a13biz a13bi3
Ao B— a11b21 a11b22 a11b23 a12b21 a12bo2 a12b23 a13bar a13b22 a13b23
a21b11 a21b12 a21b13 a2bi1 azebiz azbiz azsbiy azbiz assbis
a21b21 a21b22 a21b23 a22ba1 azabos a22b23 azsbar aszbaz aszbas

The Hadamard product of the same matrices is

AGB— a11b11 a12b12 a13b13
a21b21 a22b22 a23bag )’

and we can regard the Hadamard product as a submatrix of the Kronecker
product A® B,
A©B= (A% B) [1’5’9} .

4,4,4

5.10 Topological Linear Spaces

We are examining now the interaction between the algebraic structure of linear
spaces and topologies that can be defined on linear spaces that are compatible
in a certain sense with the algebraic structure. Compatibility, in this case, is
defined as the continuity of addition and scalar multiplication.

Definition 5.167. Let F be the real field R or complex field C. An F-
topological linear space is a topological space (V,0) such that
(i) V is an F-linear space;
(ii) the vector addition is a continuous function between V2 and V;
(iil) the scalar multiplication is a continuous function between F X V and V.

Unless stated otherwise, we assume that the field F' is either the real or
the complex field.

Theorem 5.168. Let (V,0) be an F-topological linear space and let z€ V.
The translation mapping t, : V — V is a homeomorphism.

Proof. Tt is immediate that t, is a bijection whose inverse is t_,. The conti-
nuity of both t, and t_, follows from the continuity of the vector addition of

V.
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Example 5.169. If a # 0, then each homotety h, of a topological linear space
(V,0) is a homeomorphism. Indeed, the inverse of h, is h,—1. The continuity
of both h, and h,-1 follows from the continuity of the scalar multiplication of
V.

Theorem 5.170. Let (V,0) be a topological linear space. If W is a neighbor-
hood of 0, then to(W) is a neighborhood of . Moreover, every neighborhood
of x can be obtained by a translation of a neighborhood of 0.

Proof. Since W is a neighborhood of the origin, there exists an open subset
L of V such that 0 € L C W. This implies x = tx(0) € tx(L) C t(W).
Since every translation is a homeomorphism of (V, Q) it follows that tx(L) is
an open set and this, in turn, implies that tx (W) is a neighborhood of x.

Conversely, let U be a neighborhood of x and let K be an open set such
that x € K C U. Then, we have 0 = t_x(x) € t_x(K) C t_(U). Since
t_x(K) is an open set, it follows that t_x(K) is a neighborhood of 0 and the
desired conclusion follows from the fact that U = tx(t_x(U)).

Theorem 5.170 shows that in a topological linear space the neighborhoods
of any point are obtained by translating the neighborhoods of 0.

Corollary 5.171. If F, is a fundamental system of neighborhoods of x in the
topological linear space (V,0), then F, can be obtained by a translation of a
fundamental system of neighborhoods Fy of 0.

Proof. This statement follows immediately from Theorem 5.170.

The next theorem shows that a linear function between two topological
linear spaces is continuous if and only if it is continuous in the zero element
of the first space.

Theorem 5.172. Let (V1,01) and (Va, 02) be two topological F-linear spaces
having 01 and 0, as zero elements, respectively. A linear operator f €
Hom(V1, Va) is continuous in x € Vi if and only if it is continuous in 0; € V1.

Proof. Let f be a function that is continuous in a point x € Vi. If U €
neighg,(0z), then f(x)+ U is a neighborhood of f(x). Since f is continuous,
there exists a neighborhood W of x such that f(W) C f(x)+ U.

Observe that the set —x + W is a neighborhood of 0;. Moreover, any
neighborhood of 0; has this form. If t € —x + W then t + x € W and,
therefore, f(t) + f(x) = f(t + x) € f(x) + U. This shows that f(t) € U,
which proves that f is continuous in 0.

Conversely, suppose that f is continuous in 0;. Let x € V; and let
Z € neighsx)(02). The set —f(x) + Z is a neighborhood of 02 in V. The
continuity of f in 0; implies the existence of a neighborhood T of 0; such
that f(T') C —f(x) + Z. Note that x + T is a neighborhood of x in V; and
every neighborhood of x in V] has this form. Since f(x + T) C Z, it follows
that f is continuous in x.
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Corollary 5.173. Let (V1,01) and (Va, O2) be two topological F-linear spaces.
A linear operator f € Hom(Vy,V3) is either continuous on Vy or is discontin-
wous in every point of V.

Proof. This statement is a direct consequence of Theorem 5.172.

Theorem 5.174. Let C and D be two subsets of R™ such that C is compact
and D is closed. Then the set C +D ={x+y | x€ C,y € D} is closed.

Proof. Let x € K(C + D). There exists a sequence (Xo,X1,...) such that
x; € C'+ D and lim,,_, x,, = X. The definition of C'+ D means that there is
a sequence (up,uy,...) € Seq..(C) and a sequence (vg,vy,...) € Seq., (D)
such that x; = u; +v; for ¢ € N.

Since C' is compact, the sequence (v, vy, ...) contains a convergent subse-
quence (W;,, W, ,...). Let u = limy,, o u,,,. Clearly, lim,, - x;,, = x. Since
D is a closed set, lim, oo vi,, =X —u € D. Therefore, x =u+ve C+ D,
so K(C 4+ D) = C + D, which means that C' 4+ D is closed.

Exercises and Supplements

1. Let L be an F-linear space. Prove that 0x = 0 and a0 = O for every a € F and
x € L.

2. Prove that a subset K of a linear space is linearly dependent if and only of there
is x € K that can be expressed as a linear combination of K — {x}.

3. Let L, M be two F-linear spaces, h : L — M be a linear mapping, and let
X ={x1,...,xm} be asubset of L. Prove that if {h(x1), ..., h(Xm)} is a linearly
independent set in M, then X is linearly independent in L.

4. Let U,V be two subspaces of the finite-dimensional F-linear space L. Prove that
there exists a vector w # 0 in both U and V only if dim(U) +dim (V') > dim(L).

5. Let L be a finite-dimensional F-linear space and let U,V be two subspaces of
L. Show that U + V = UBYV if and only if dim(U 4+ V) = dim(U) 4 dim(V).

6. Let U, V,W be subspaces of a finite-dimensional F-linear space L. Prove that

dim(UNVNW) > dim((U) + dim(V) — 2dim(L).
7. Let w be a vector in R™. Prove that the set
Py ={x€R" | wx =0}

is a subspace of R".
8. Let POL be the real linear space of all polynomials in the variable x and let
POL,, be the set of all polynomials of degree at most n. Prove that
a) any sequence of polynomials of degrees 0,1,2,--- is a basis for POL;
b) POL, is a subspace of dimension n + 1 of POL.
9. Prove that there exists a unique linear function L : POL — R such that L(1) =
1 and L([z]x) =1 for k > 1, where the polynomial [z]y = z(z—1)--- (x —k+1)
was introduced in Exercise 27 of Chapter 3.
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10. Prove that

1 2" 3"
Bn+1:e<1 tg )

(Dobinski’s Formula), where By, is the n*® Bell number introduced in Exercise 33
of Chapter 3.

Solution: As observed in Exercise 28 of Chapter 3, we have e = Y ;- L’Z},ﬂ
By applying L (defined in Exercise 9) to both members of the equality of Exer-

cise 30 of Chapter 3 we have
> {L([ulk) | k= |r|,m € PART(A)} = L(u™),
which implies B, = L(u™).
If p(u) is a polynomial, taking into account that L is linear and that the

polynomials of the form [u], constitute a basis for POL, we can write p(u) =
>, @n[u]n. Therefore,

= S enkluh) = X Z[’“]”
SIS
k

for any polynomial p. Choosing p(u) = u" yields Dobinski’s formula.

An affine subspace of a F-linear space (L, +,-) is a nonempty subset U of L such
that there exists u € L such that the set U — {u} = {x —u | x € U} is a linear
subspace.

11.

12.

13.

14.

15.

Let xo,a € R™. The line that passes through xy and has the direction a is the
set
Lyxya ={x €R" | x =x¢ + ta for some ¢ € R}.

Prove that Lx,,a is an affine subspace of R™.
Let xop and w be two vectors in R". Prove that the set

Hyyow = {x €R" | w'(x — x0) = 0}

is an affine subset of R".

Let ey, ..., en be the vectors of the standard basis of C™. Prove that >~ , exe}, =
1.
Let A, B,C be three matrices such that A = BC'. Prove that

a) Ran(4) C Ran(B); also, if C is a square invertible matrix, show that
Ran(A) = Ran(B);
b) NullSp(C) C NullSp(A); also, if B is a square invertible matrix, NullSp(C) =
NullSp(A).
Let A € R™*™. Prove that:
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a) the matrices
B:%M+Aﬁmd0:%MfAﬁ

are symmetric and skew-symmetric, respectively;
b) any square real matrix A € R"*" can be uniquelly written as the sum of a
symmetric and a skew-symmetric matrix.
Conclude that R™*™ is the direct sum of the subspace of symmetric matrices
and the subspace of skew-symmetric matrices.

16. Prove that there exist 2"° matrices in {0, 1},

17. Let A, B € R™*™ such that there exists a non-singular matrix X € C™*" such
that AX = X B. Prove that there exists a non-singular matrix Y € R"*™ such
that AY =Y B.

18. Let A € C™*™. Prove that:

a) the matrices

B:%M+Aﬁmd0:%MfAﬁ

are Hermitian and skew-Hermitian, respectively;
b) any square complex matrix A € C"*™ can be uniquelly written as the sum
of a Hermitian and a skew-Hermitian matrix.
Conclude that C"*™ is the direct sum of the subspace of Hermitian matrices
and the subspace of skew-Hermitian matrices.
19. Let K be a finite set that spans the F-linear space (L, +, -) and let H be a subset
of L that is linearly independent. There exists a basis B such that H C B C K.
20. Let C, D € C™*™ and let {t1,...,tmn} be a basis in C™. Prove that if C't; = Dt;
for 1 <7< m, then C = D.
21. Let A € C™™™ be the matrix

’
n—1 —ao

10---0 —a
A=101---0 —a
00 1—apn_1
Prove that
a) Aer = egy1 for 1 <k <n—1and Ae, = a, where a is the last column of
A.
b) if p(t) = " g1t .+ ait+ao we have p(A)e; =0, for 1 < i< n,
and therefore, p(A4) = On,n;
¢) there is no polynomial g of degree less than n such that ¢(A) = On p.
The matrix A is referred as the companion matriz of the polynomial p.

22. Let S be a finite set S = {z1,...,2,»} and let % be a binary operation on S. For
t in S, define the matrices Ly, M; € S™*™ as (L;)ij; = u if (z; xt) * z; = u and
(Rt)ij = if €T, * (t * :Ej) = U.

Prove that “x” is an associative operation on S if and only if for every t € S we
have L; = R:.
23. Let A = (ai;) be an (m x n)-matrix of real numbers. Prove that

max min a;; < minmaxa;;
i i

(the minimaz inequality).
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25.

26.

27.

28.

29.

30.

31.

32.
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Solution: Note that a;j, < max;a;; for every i and jo, so min; a;j, <
min; max; aij, again for every jo. Thus, max; min; a;; < min; max; a;.

Let A € C"*™ be a matrix and let x,y € C" be two vectors such that Ax = ax
and A’y = ay for some a € C, and X'y = 1. Let L be the rank-1 matrix L = xy’.
Prove that:

a) Lx =xand y'L = y’;

b) L is an idemponent matrix;

¢) AML=LA™ =a™L for m > 1;

d) L(A—alL) = Onpn;

e) (A—al)™ =A™ —a™[L form > 1.
Let A € R™™" be a matrix such that A > O, , and let x € R" be a non-negative
vector such that x # 0,,. Prove that Ax > 0.

Solution: It is clear that Ax > 0,. Suppose that there exists i, 1 < i < n
such that (Ax); = 3>°7_, ai;z; = 0. Since A is positive and x is non-negative, it
follows that a;jxz; = 0 for 1 < j < n; this is possible only if x; = 0 for 1 < j < n,
that is, if x = 0,,. This contradiction shows that Ax > 0.

Prove that the product of two doubly-stochastic matrices is a doubly-stochastic
matrix.

Let A € R"*™ be a matrix such that for every doubly-stochastic matrix B €
R™ ™ we have AB = BA. Prove that there exist a,b € R such that A = al,+bJ,.
Let S = {z1,...,zn} be a finite set. If r = {B1,...,Bn} and 0 = {C4,...,Cp}
are two partitions on S, prove that for the matrix Q = M. M, € N™*? we have
ghe = |BoNCklfor 1< h<mand 1<k<p.

Let ¢ € PERM,, be
1 v 4 o m

and let v, (¢) = {(ik,%) | @t = p,k < l,4k > 4} be the number of inversions of

¢ that have p as their second component, for 1 < p < n. Prove that

a) vp<n—pforl<p<n

b) for every sequence of numbers (v1,...,v,) € N" such that v, < n —p for
1 < p < n there exists a unique permutation ¢ that has (v1,...,v,) € N”
as its sequence of inversions.

Let p be the polynomial p(z1,...,2n) = [[,_,;(zi — x;). For a permutation

6 € PERM,,

define the number py as py = p(as,...,an). Prove that

a) (=1)™(¢) = :L—“’ for any permutation ¢;

b) (_1)mv<w¢> — (Zl)mvw)(_l)mvwx

exermovl413a Let A € C™™" be a matrix. Prove that for every permutation

matrix Py, A is a symmetric matrix if and only if P¢_1Ap¢ is a symmetric

matrix.

Let A € R™™"™ be a symmetric matrix. Prove that if trace(A) = 0 and the sum

of principal minors of order 2 equals 0, then A = O, r,.

Solution: A principal minor of order 2 has the form m;; = aia;; — a?j for
1 <i < j < n (because A is a symmetric matrix) and there are (}) such minors.
Therefore, the sum of these minors is M = Y. _ . aiiaj; — .a?j = 0. Since

i<j 1<j
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33.

34.

35.

36.
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trace(A) = 0 we have trace(A)? = 3.7 a2 +2 > i< @iiaj; = 0. These equalities

=1

imply
0= S+ 2 ey = 3ok 250
i=1 i<j i=1 i<j

which yields @11 = -+ = @nn = a12 = +-- = an—1n = 0. Thus, A = On n.
Let D,, be the determinant having n rows, defined by

100---00

al0---00

e
000---10
000---al

where n > 2. Prove that D, =1 for every n > 2.
Using elementary properties of determinants prove that

a®+ z% ab+ zy ac+ xz
ab+ zy b2 +y? be+yz| =0.
ac+ xz be+yz 2 + 22

Let Tn(a) be the tri-diagonal determinant

alO0---00
1al0---00
Tn(a): 010,1“‘00
S 00
0000---1a

having n rows, where n > 2.
Prove that Tx(a) = a® — 1 and that T,42(a) = aTpy1(a) — Th(a) for n > 2.
Let A € R™™ and ¢ € R. Prove that det(cA) = ¢™ det(A).

A matrix A € C"*" is unimodular if | det(A)| = 1.

37.

38.

Let A € R™™™ be a matrix such that a;; € Z. Prove that A is nonsingular and
the matrix A~* has integer entries if and only if A is unimodular.

Solution: Since A™! = ﬁ(A)adj(A)7 it is clear that for a unimodular matrix
whose elements are integers, the entries of A~! are integers.

Conversely, if A™! exists and its entries are integers, A"'A = I,, implies
det(A)det(A™") = 1, which, in turn implies det(4) € {—1,1}.
Let A € Z™*" be a matrix having integer entries. Prove that there exist unimod-
ular matrices C € R™*™ D € R™*" such that CAD = diag(z1,...,2,0,...,0),
where 7 < min{m,n} and z1,..., 2z, are positive integers such that z;|zi;1 for
1 < ¢ < r — 1. This decomposition of A is known as the Smith normal form of
A.

Solution: Let a = min; ;j{|as;| | ai;j # 0,1 < i< m,1 < j < n}. Using row
and column transpositions (which can be achieved by multiplications at left and
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at right by matrices of the form T2’/ place a in the top leftmost position of the
matrix T3 AT,, where T7 and T» are products of matrices of the form T:77.
Suppose initially that a divides all entries of the matrix A. Then, by multipli-

St
cations at left and right with matrices of the form 7,7 and Ty(:? we can place
0Os everywhere in the first row and the first column except in the position (1,1)

yielding a matrix of the form
10,
0,1 A J°

Applying the same argument to A, we reach the desired conclusion.

Suppose that ai; is not divisible by ai1. Then, we have a1; = a11q + r with
0 < |r| < |a11]. After subtracting the first column multiplied by ¢ from the 5™
column, we obtain r in position (1,7). Then, we apply the argument used in
the previous case. Since |r| < |ai1| the process must end. The case, when aj; is
not divisible by ai1 can be treated similarly. Thus, we have shown that there
exist invertible matrices T1,...,7p,S1,...,5¢ such that T, ---T1AS;---Sq =
diag(z1,...,2r,0,...,0). By choosing C = (Tp---T1) ' and D = (S1---S,)~"
we reach the desired conclusion.
Prove that if a matrix A € C**" is skew-Hermitian and n is an odd number,
then R(det(A)) = 0.
Prove that trace(Jn,nAdn nB) = trace(Jn nA)trace(Jn . B), where A, B € C"*™.
Prove that det(al, + bJn,n) = a™ + na” b for n > 1.
Let A € C™*" and let z,y € C. Prove that

(xIn—A) ' = (yIn — A) ' = (y —a)(aln — A) "yl — AL

Let A € R"™™ be a skew-symmetric matrix and let B = A+ bJ,,,, where b € R.
Prove that if n is even, then det(A) = det(B).
Let U,V € C**™ be two matrices. Prove that det(I, + UV") = det(I,, + V"'U)
(Sylvester’s Identity).

Solution: Starting from the matrix equalities

Iy =U\ _ (In Opm\ ( In -U

Vi L, ) T \V" I, Omn Im + VU
_( In U\ (Li+UV" Onm
" \Ompn In Ve L, )7

which are immediate, and taking the determinants of both sides the Sylvester’s
Identity follows immediately taking into account that

[n U _ H
det <Om,n I+ VHU) =det(Im +V"U)

and
v I
We used the fact that the determinant of a block upper triangular matrix equals

the product of the determinants of matrices situated on the diagonal.
Let x,y € C". Prove that:

H
det (I" tuv O"’m) = det (I, + UV").
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a) det(l, + xy") = 1+ y"x and det(l, — xy") = 1 — y"x;
b) if A € C™*" is an invertible matrix, then det(A + xy") = det(A)(1 +
yHATx).
Solution: The first part is a direct consequence of Supplement 44 by taking
m = 1.
For the second part we have A 4+ xy" = A(I, + A~ 'xy"), which yields the
desired inequality.
46. Let A € R™*™, where m < n. Prove that

det(AA’):Z{det <A [ki o ?m})2‘1<k1<k2<...<km<n}.

Solution: This equality follows from Cauchy-Binet formula.

47. Let v1,...,v, be n complex numbers such that 3°}_, |vx|® = 2. Prove that
1—v1v1 v1iv2  v103 - V1Un
V201 1 — vl 203 -+ V2Un
=-1.
Vn U1 VUnl2 Unl3 - 1 — UpUn

Solution: Note that the matrix whose determinant is to be computed equals
I, — vv". Thus, by Supplement 45, we have det(I,, — vv") = 1+ v"'v = —1.
48. Let D = diag(a1,...,a,) and let A = D + 1,1;,. Prove that

n n 1
det(A) = 11 — 1.
Solution: By Part (b) of Supplement 45, we have
det(A) = det(D + 1,1%) = det(D)(1 + 14D '1,,),

which amounts to the formula we need to prove.

49. Let Z e ™", W € €™ ™ and let U,V € C™*™ be four matrices such that
each of the matrices W, Z, Z + UWV’, and W~ + UWV" have an inverse.
Prove that

Z+Uuwvhyl=z'—z'vw ' +v'z'uy vz

(the Woodbury-Sherman-Morrison identity).
Solution: Consider the system of matrix equations:

ZX+UY =1,V X - W'Y = O,

where X € R"*" and Y € R™*"

The second equation implies V'X = W'Y, so UWV’X = UY. Substituting
UY in the first equation yields ZX + UWV'X = I, s0 (Z+UWV')X = I,
which implies

X=(Z+Uwv) . (5.10)

On the other hand, we have X = Z7*(I — UY) from the first equation. Sub-
stituting X in the second equation yields V'Z7'(I — UY) = W'Y, which is
equivalent to



50.

51.

52.

53.

Exercises and Supplements 267

V'z7h=+WlY +V'Z7'UY
=W l'+Vv'z'U)y.
Thus, we have Y = (W™ + V' Z7'U)"'V’'Z~!. Substituting the values of X
and Y in the first equality implies
ZX+UW ' +V'Zz7l U)Wz =1
Therefore, ZX =1 - UW ™'+ V'Z7'U)"'V'Z~!, which implies
X=z"'-z'uvw''+Vv'z'u)y"'v'iz . (5.11)
The Woodbury-Sherman-Morrison identity follows immediately from Equali-
ties (5.10) and (5.11).
Using the notations introduced in the previous Supplement prove the Woodbury-
Sherman-Morrison identity for determinants:
det(Z + UWV') = det(Z) det(W) det(W ~ + V'Z7'U).
Solution: We can write:
det(I, —UW " +V'z'U)y"'v'z™)
=det(l, —V'Z'UW ' +V'Z'U)h)
(by Sylvester’s identity)
=det(W '+ V'Zz 'Oy w+v'z ')t
~V'z7'uw T+ v'Zz7u)Th

=det(W '+ V'Z7'U-V'Z7'U)det(W "+ V'Z7'U)!

=det(W det(W ' +V'Zz7'U)" "
This allows us to write det(Z) det(X) = det(I, —U(W '+ V'Z7'U)~'V'Z71).
Since X = (Z + UWV')™, it follows that

det(Z) _ 1
det(Z +UWV") — det(W-14V'Z-1U)det(W)’

which is the desired equality.
Prove that if U,V € C"*™ are two matrices such that I, + UV’ and I,, + V'U
are invertible matrices, then det(I, + UV"') = det(I,, + V'U).
Let A € R™ ™. Prove that for the k™ derivative of the function G(z) = det(A —
zI,) we have

G™(0) = (—1)* k1S, - (A),
where Sp(A) is the sum of all order-p principal minors of A.
Let x = (z1,...,2,) and y = (y1,...,yn) be two sequences of real numbers
such that z; +y; # 0 for 1 < 4,7 < n and n > 2. The Cauchy matriz of these
sequences is the matrix Cx,y given by

1
(Cxy)ij =

Ti+Yj

for 1 < 4,j < n. Prove that

H1<j<i<n($i - ;) H1gj<ign(yi - ;)
det(Cx,y) = H (CL' T )
1<i,j<n \ T T Ui
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54. The n-Hilbert matriz H, is a special Cauchy matrix, where z; =y, =i — % for
1<i<n Let hp, =112!--- (n—1)! for n € N and n > 1. Prove that:

4
a) the determinant of the Hilbert matrix Hy is det(H,) = I

R2p ?

b) the number m is an integer.

55. Let A € R™™™ be defined by a;; = i + j for 1 < 4,5 < n. Prove that if n > 3,
det(A) = 0.

56. Let A € C"*™. Prove that rank(A) = n if and only if rank(A7) = n.

57. Let A € C™*™ be a matrix, x € C" and y € C™. Prove that if rank(A —
aAxy" A) = rank(A) — 1, then y"Ax # 0 and a = ﬁ.

58. Let A€ C™*", B e C"P and C € CP*? be three matrices. Prove the following
inequality

rank(AB) + rank(BC) < rank(B) 4+ rank(ABC),

known as Frobenius’ Inequality.

59. Let A € C™*"™ be a matrix, u € C™ and v € C" be two vectors, a € C — {0},
and let B = A — Zuv". We have rank(B) < rank(A), if and only if there are
vectors x € C™ and y € C" such that u = Ay, v = A"x, and a = x"Ay, in
which case rank(B) = rank(A) — 1.

60. Let d, be the determinant defined by

cosa cos 2a ... cosno
cos(n+ 1)a cos(n+2)a ... cos2na

dn =
cos(n? —n + 1)a cos(n® —n +2)a ... cosn’a

Prove that for n > 3 we have d,, = 0.
Hint: add the third column to the first column.

Let A € C™*™ be a partitioned matrix given by
A1 Ao
A= ,
(A21 Az2
where A;; is an invertible square matrix, A1 € CP*P. Note that A, € C™~P)*XP,
A1y € CP*( P and Agy € CUmPIX(n=P) Therefore, the matrix B = A —

Ao AT Ars € CmP)X (P g well-defined. We refer to B as the Schur’s complement
of A1 relative to A and is denoted by A/A1;:.

61. Let A € C™™"™ be a square partitioned matrix given by
A1 Arz
A= ,
<A21 Azz)

where Ai1 is an invertible matrix. Prove that

a) we have det(A/A11) = d(eis(txi);

b) we have the equalities:
A— I (@) Aqr 0] I Al_llAlg
T \AmAGt T O A —AnAA)\O I ’

det(A) = det(An) det(AQQ — A21A;11A12).

and
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Let

A - Aim

A= Do :
At - A

be a partitioned matrix such that each matrix
Ay - Ay,

Bp=1 :
Apr -+ App

is invertible for 1 <p < m — 1.
Prove that A can be uniquely written as a product A = LDU such that the
following conditions are satisfied:
a) L is alower block triangular matrix whose diagonal blocks are unit matrices;
b) D is a block diagonal matrix, D = diag(D1, ..., Dm) whose diagonal blocks
are invertible matrices such that D1 = A11 = Bi, and D; = B;/Bj_1 for
I<p<sm
¢) U is an upper block diagonal matrix whose diagonal blocks are unit matri-
ces.
A matrix A € C"*" is strongly non-singular if all its principal matrices are non-
singular. Prove that if A € C"*™ is strongly non-singular, then there exists a
unique factorization A = LDU such that the following conditions are satisfied:
a) L is a lower block triangular matrix whose diagonal elements are equal to
1
b) D is a diagonal matrix, D = diag(ds,...,d,) such that di = a1, and di =

1.k
Ak — .
Akil,whereAk—A AL

¢) U is an upper diagonal matrix whose diagonal elements are equal to 1.
Hint: This follows immediately from Supplement 62.

Prove that if H € R™*" is a Hadamard matrix, then | det(H)| =n?.
Prove that if H € R™*" is a Hadamard matrix and n > 2, then n is a multiple
of 4.
Let a1,...,an be n numbers and let b;; = |a; — a;| for 1 < 4,7 < n. Compute
the determinant of the matrix B = (b;;).
Let S = {(zi,y:) € c? | 1 <4< n} beasetof n pairs of complex numbers such
that i # j implies x; # x; and and let p(x) = co +c1z + -+ + cn—12""! be a
polynomial such that p(z;) = y; for 1 < ¢ < n. Prove that

a) the coefficients ¢; of p are given by the formula

Vi & y

G = ——

T Vx b
where Vi é y is the determinant obtained from Vi by replacing the ith
column by y;

b) the polynomial p(z) can be written as

p(z) = Z yipi (x),
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where p;(z) = H{ﬁ | £ € {1,...,n} — {j}}}. The polynomial p is
known as the Lagrange interpolation polynomial for S.
68. Let A € C™*™ be a matrix such that A1,, = A’1,, = 0,,. Prove that all cofactors
cof(a;;) of A are equal.

69. Prove that if H € R™*" is a Hadamard matrix, then

H H 2nX2n
(3 1) <=

- (38

be a partitioned matrix, where A € R™*™, B € R™*? C € RP*™, and D €
RP*P, Prove that if U € R™*™ and V € RP*? are orthogonal matrices, then

det(M) = det <UA UB) — det <A BV)

is also a Hadamard matrix.
70. Let

C D C DV

AU B A B
= det <CU D) = det (VC VD)'

71. Let A € R™™"™ be a skew-symmetric matrix. If n is an odd number, prove that
det(A) = 0.

72. A generalized inverse (or a g-inverse) of a matrix A € C™*" is a matrix B €
C™*™ such that ABA = A. Prove that if B is a g-inverse and Ax = b has a
solution, then x = GGb is one of these solutions.

73. Let A € C™*™ be a matrix such that A = (All A1z
A21 Ase

), where A1; € C™*" and

rank(A11) = rank(A) = r. Prove that:

a) there exists a matrix S € C"*"7" such that A1z = A11.5 and Azs = A2 S;
-1

b) the matrix B = < A Orm—r

Onrr On—r,m—r) is a g-inverse of A.

74. Let A € R™™™ be a matrix such that a;; > 0 for 1 < i < n, such that a;; >
S{laix] | 1 <k <mnandk#i} and 1 < i < n. Prove that det(A4) > 0.

75. Prove that for A € C™*", there exists at most one matrix M € C™*" such that

the matrices M A and AM are Hermitian, AMA = A, and MAM = M.

The matrix M introduced above is a special g-inverse referred to as the Moore-
Penrose pseudoinverse of A and is denoted by AT.

76. Let A € C™*™. Prove that if A is invertible, then AT exists and equals A7,
77. Give an example of a matrix that is not invertible but has a Moore-Penrose
pseudoinverse.
Hint:Consider the matrix Oy, p.
78. Prove that if AT exists then (AT)" = A.
79. Let GL(n,C) be the set of invertible matrices in C"*"™. Prove that
a) the algebra (GL(n,C), {I,,-, '}, where - is the usual matrix multiplication
is a group (this is known as the linear group);
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b) the mapping ¢ : GL(2,C) — GL(3,C) given by

2 2
o a a1 2a11a12 aiz
11 12
(a “ ) = | a11a21 a11a22 + a12a22 ai12a22
21 @22 2 2
asq 2(121(122 as9

is a group mprphism.

80. Let A € C™*™ be a matrix with rank(A) = r > 0 and let A = BC be a full-rank
factorization of A, where B € C™*" and C' € C"*™ are full-rank matrices. Prove
that

a) the matrices B"B € C"*" and CC" € C"*" are non-singular;
b) the matrix B"AC" is non-singular;
¢) the Moore-Penrose pseudoinverse of A is given by

Al =cteccy"Y(B"B)T'B".

A data matriz is a matrix D € R™*". The columns of D, vi,..., v, are the features
of the data; its rows uj,...,u), are the observations.
The mean of D is the vector D = %D/lm € R". D is centered if D = 0,,.

81. Let D € R™*"™ be a data matrix and let H,, = I,, — %Lnlin. Prove that H,,,D
is a centered data matrix.
Solution: We have

1 1 1 '
(H,D)=—=D'H,,1,, = =D’ <1m — —1m1;n) 1m
m m m

1 1 1 1
=D ([m - —1m1’m) 1, =—D <1m - —1m1;n1m) =0,.
m m m m

82. Prove that the centering matrix Hn,, = I, — %lmlﬁn is both symmetric and
idempotent; further, prove that H,, 1., = On,.
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