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Norms and Inner Products

6.1 Introduction

The notion of norm is introduced for evaluating the magnitude of vectors and,
in turn, allows the definition of certain metrics on linear spaces equipped with
norms.

After presenting some useful inequalities on linear spaces, we introduce
norms and the topologies they induce on linear spaces. Then, we discuss inner
products, angles between vectors, and the orthogonality of vectors.

We study unitary, orthogonal, positive definite and positive semidefinite
matrices that describe important classes of linear transformations. The notion
of orthogonality leads to the study of projection on subspaces and the Gram-
Schmidt orthogonalization algorithm.

6.2 Inequalities on Linear Spaces
We begin with a technical result.

Lemma 6.1. Let p,q € R — {0,1} be two numbers such that % + % =1 and
p > 1. Then, for every a,b € Rxq, we have

aP  b?
ab< _+_7
p q

where the equality holds if and only if a = b T,

Proof. Let f :[0,00) — R be the function defined by f(x) = a2 —px+p—1.
Note that f(1) = 0 and that f'(z) = p(aP — 1). This implies that f has
a minimum in x = 1 and, therefore, ¥ — pr +p—1 > 0 for x € [0,00).
Substituting ab™ 7T for x yields the desired inequality.
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Theorem 6.2 (The Hélder Inequality). Let a1,...,a, and by,...,b, be
2n nonnegative numbers, and let p and q be two numbers such that %—i—% =1

andp > 1. [/LE have
i=1

a; b;
— and y; = —
> ima?) (>imi bf)e

for 1 <i < n.Lemma 6.1 applied to x;,y; yields

S I
Qlm

> (Yt
i=1 i=1
Proof. Define the numbers

Tr; =

8=

aib; Pt 41 bF
(S0, ah)F (S, 007 Plimal | a X W

i=1"" 1=1"1

Adding these inequalities, we obtain

1 1

Theorem 6.3. Let ay,...,a, and by, ..., b, be 2n real numbers and let p and
q be two numbers such that % + % =1andp>1. We have

1 1
n n P n q
Zaibi < <Z |ai|p> : <Z |bi|q> -

i=1 i=1 i=1
Proof. By Theorem 6.2, we have
1 1
n n P n q
Slael < () - (Smr)
i=1 i=1 i=1
The needed equality follows from the fact that
i=1 i=1

Corollary 6.4 (The Cauchy Inequality). Let ay,...,a, and by, ..., b, be
2n real numbers. We have

n
E a;b;
i=1

n n
<[ D lail [ D Tbil
i=1 i=1
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Proof. The inequality follows immediately from Theorem 6.3 by taking p =
q=2.

Theorem 6.5. (Minkowski’s Inequality) Let ai,...,a, and by,...,b, be
2n nonnegative numbers. If p > 1, we have

(Spew) <(8) (E0)

If p < 1, the inequality sign is reversed.

Proof. For p =1, the inequality is immediate. Therefore, we can assume that
p > 1. Note that

i(ai +b;)P = iai(ai +0i)P 7+ z": bi(ai + bi)P~"
=1

i=1 =1

By Holder’s inequality for p, g such that p > 1 and % + % =1, we have

Qi

ial (a; + b;)P (Za ) (Z a; +bi)(p1)tI>

1 1
n p n q
= (Z af) (Z(ai +bi)p> .
i=1 i=1
Similarly, we can write

zn:b(aﬁ—b (be’)%i az—l—bi)p)q.

i=1
Adding the last two inequalities yields

1

S ((§4) (59 (o)

=1 i=1

which is equivalent to the desired inequality

(Freror) < () + ()
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6.3 Norms on Linear Spaces

Definition 6.6. Let L be a linear space (real or complex). A seminorm on L
18 a mapping v : L — R that satisfies the following conditions:
() v(x+y) <v(x)+v(y) (subadditivity), and
(i) v(az) = |a|lv(x) (positive homogeneity),
for x,y € L and every scalar a.

By taking a = 0 in the second condition of the definition we have v(0) = 0
for every seminorm on a real or complex space.

A seminorm can be defined on every linear space L. Indeed, if B is a basis
of L, B={v; | i € I}, J is a finite subset of I, and x = Y_._; z;v;, define

vy(x) as
(%) 0 if x=0,
vy(x) =
! > jeslajl otherwise

iel

for x € L. We leave to the reader the verification of the fact that v; is indeed
a seminorm.

Theorem 6.7. If L is a real or complex linear space and v : L — R is a
seminorm on L, then v(z — y) > |v(x) — v(y)| for ¢,y € L.

Proof. We have v(x) < v(x —y) + v(y), so v(x) — v(y) < v(x —y). Since
v(x—y) = |=1r(y —x) = v(y) —v(x), we have —(v(x) —v(y)) < ¥(x) —v(y).

Corollary 6.8. If v : L — R is a seminorm on the linear space L, then
v(z) >0 forze L.

Proof. By choosing y = 0 in the inequality of Theorem 6.7 we have v(x) >
|v(x)| = 0.

Definition 6.9. Let L be a real or complex linear space. A norm on L is a
seminorm v : L — R such that v(z) = 0 implies * = 0 for x € L.
The pair (L,v) is referred to as a normed linear space.

Ezample 6.10. The set of real-valued continuous functions defined on the in-
terval [—1,1] is a real linear space. The addition of two such functions f, g, is
defined by (f + g)(x) = f(x) 4+ g(z) for € [-1, 1]; the multiplication of f by
a scalar a € R is (af)(z) = af(z) for x € [-1,1].

Define v(f) = sup{|f(z)| | = € [-1,1]}. Since |f(z)| < »(f) and |g(z)| <
v(g) for & € |1, 1]}, it follows that |(f+g)(z)| < | ()| +]g(z)| < v(f)+2(g).
Thus, v(f + g) < v(f) + v(g). We leave to the reader the verification of the
remaining properties of Definition 6.6.

We denote v(f) by || f ||



6.3 Norms on Linear Spaces 277

Corollary 6.11. For p > 1, the function v, : C" — Ry defined by

n ¥
o) = (k)
i=1
is a norm on the linear space (C",+,-).

Proof. Let x,y € C". Minkowski’s inequality applied to the nonnegative num-
bers a; = |x;| and b; = |y;| amounts to

(Z(lmﬂyinp) <<Z|xi|p> +(_Z|yi|p> .

=1

Since |z; + yi| < |zi| + |yi| for every ¢, we have

<Z(|$i+yi|)p> <<Z|$i|p> +<Z|yi|p> :

i=1
that is, vp(x +y) < vp(x) + vp(y). Thus, v, is a norm on C".

We refer to v, as a Minkowski norm on C".
The normed linear space (C",v,) is denoted by £}.

Ezample 6.12. Consider the mappings v1, Ve : C* — R given by
1 (x) = |x1| + |z2| + - + 20| and veo(x) = max{|z1], |22|, ..., |zn|},

for every x € C". Both v; and v, are norms on C"; the corresponding linear
spaces are denoted by ¢ and ¢7.

To verify that v is a norm we start from the inequality |x; + y;| <
|| + |9i] € Voo(X) + Voo (y) for 1 < ¢ < n. This in turn implies

Voo(x+y) = max{|z; + y;| | 1 <i<n}t < Voo(X)+ Voo(y),

which gives the desired inequality.

This norm can be regarded as a limit case of the norms v,. Indeed, let
x € C" and let M = max{|z;| | 1 <i<n}=l|x,| =" = |z for some
li,..., 1k, where 1 < ly,...,l; < n. Here x;,,...,2;, are the components of x
that have the maximal absolute value and k£ > 1. We can write

=

: L — (=N L
g = i v (3 (5)') = g <

which justifies the notation ve.
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We will frequently use the alternative notation || x ||, for v,(x). We refer
to the norm v as the Fuclidean norm.

Ezample 6.13. Let x = <i1> € C? be a unit vector in the sense of the Eu-
2

clidean norm. We have |x1]?+|x2|? = 1. Since 21 and z are complex numbers
we can write £1 = r1e' and xo = ree'®2, where 7‘% + 7‘% = 1. Thus, there
exists § € (0,7/2) such that 11 = cosf and ro = sin@, which allows us to

write _
= €' cos
T \e2ging )
Theorem 6.14. Fach norm v : L — Rxq on a real or complex linear space

(L,+,-) generates a metric on the set L defined by d,(x,y) =| € —y || for
z,yc L.

Proof. Note that if d,(x,y) =|| x —y |[|= 0, it follows that x —y = 0, so

X=y.
The symmetry of d, is obvious and so we need to verify only the triangular
axiom. Let x,y,z € L. We have

v(x—2) = v(x—y+y —2) < v(x—y) + Uy —2)
or, equivalently, d,(x,z) < d,(x,y) + d,(y,2), for every x,y,z € L, which

concludes the argument.

We refer to d, as the metric induced by the norm v on the linear space
(L,+,-).

For p > 1, then d, denotes the metric d,,p induced by the norm v, on the
linear space (C", 4+, ) known as the Minkowski metric on R".

The metrics di,ds and do, defined on R" are given by

dixy) =3 Jai — il (6.1)
=1

n

da(x.y) = | Sl — uil2, (6.2)
=1
Ao (x,y) = max{[z; — ;| | 1< i <n}, (6.3)

for x,y € R"™.

These metrics are visualized in Figure 6.1 for the special case of R%. If
x = (zg,z1) and y = (Yo, y1), then di(x,y) is the sum of the lengths of the
two legs of the triangle, da(x,y) is the length of the hypotenuse of the right
triangle and d (x,y) is the largest of the lengths of the legs.

Theorem 6.16 to follow allows us to compare the norms v, (and the metrics
of the form d,) that were introduced on R". We begin with a preliminary
result.
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y = (yo,y1)
x = (o, 1) (4o, x1)
Fig. 6.1. The distances d1(x,y) and d2(x,y).
Lemma 6.15. Let ay, ..., a, ben positive numbers. If p and q are two positive
1 1
numbers such that p < q, then (a} +---+a2)? > (af +---+al)7.
Proof. Let f : R™® —» R be the function defined by f(r) = (a} +--- +a’)*

Since o at .
In f(r) = n(al—i----—i—an)’
r
it follows that
f/(T)_ 1, . , 1 aflna;+---+a) Ina,
f(r)y Sl +ap) + - pr—— .

To prove that f/(r) < 0, it suffices to show that

ailna; +---+al Ina, o In(aj +---+a)
ay +---+aj, = r

This last inequality is easily seen to be equivalent to

n T

a; a
g - e —In— * - <0,
—Satota, apto-ta

which holds because .,
a;

—— <
a"i‘_i_..._'_alz =

for1<i<n.

Theorem 6.16. Let p and q be two positive numbers such that p < q. We

have || w|[p=|| u ||q for we C".

Proof. This statement follows immediately from Lemma 6.15.
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Corollary 6.17. Let p,q be two positive numbers such that p < q. For every
z,y € C", we have dy(z,y) > dy(, ).

Proof. This statement follows immediately from Theorem 6.16.
Theorem 6.18. Let p > 1. We have ||  ||o<|| 2 |[,< n || @ ||oc for x € C".

Proof. The first inequality is an immediate consequence of Theorem 6.16. The
second inequality follows by observing that

n s
= llp= (leilp> <n max [z =n | X [loo -
1<ign

i=1

Corollary 6.19. Let p and q be two numbers such that p,q > 1. For x € C"

we have:
1
" | = ||q<|| me< nl x ”q .

Proof. Since || X |loo<|| X ||p and || z [|¢< n || X ||oo, it follows that || z ||4<
n || x ||p. Exchanging the roles of p and ¢, we have || z [[,< n || x ||q, sO

1
—lxlleslix < n g

for every x € C".

For p=1 and ¢ = 2 and x € R" we have the inequalities

x?. (6.4)
1

n n

2? <Y lail <n
1 i=1

n

S|

K2

K2

Corollary 6.20. For every ¢,y € C" and p > 1, we have dy(x,y) <
dy(z, y) < ndoo(, y). Further, for p,q > 1, there exist ¢,d € Rso such that

c dq(mv y) g dp(.'B, y) g c dq(ma y)
for x,ye C".
Proof. This follows from Theorem 6.18 and from Corollary 6.20.

Corollary 6.17 implies that if p < ¢, then the closed sphere By, (x,7) is
included in the closed sphere By, (x,r). For example, we have

Bd1 (07 1) c de (07 1) c Bdoo (07 1)

In Figures 6.2 (a) - (c) we represent the closed spheres By, (0,1), Bg,(0,1),
and Bg_(0,1).
An useful consequence of Theorem 6.2 is the following statement:



6.3 Norms on Linear Spaces 281

(a) (b) (c)
Fig. 6.2. Spheres Bg,(0,1) for p =1,2, cc.

Theorem 6.21. Let x1,...,%, and y1,...,Ym be 2m nonnegative numbers
such that Y i x; = > ' y; = 1 and let p and q be two positive numbers
such that % + % = 1. We have

1 1 1 1
Proof. The Holder inequality applied to z{,...,z#, and ¥y, ..., yn yields the
needed inequality

The linear space Seq,, (C) discussed in Example 5.3 can be equipped with
norms similar to the {v, | p > 1} family.
For x = (xg,x1,...) is a sequence of complex numbers define

() = (Z w) y

=0

Theorem 6.22. The set of sequences x € Seq.,(C) such that v,(x) is finite
18 a mormed linear space.

Proof. In Example 5.3 we saw that Seq, (C) can be organized as a linear
space. Let x,y € Seq,,(C) be two sequences such that v,(x) and v,(y) are
finite. By Minkowski’s inequality, if p > 1 we have

1 1 1 1

(Sieur) < (Statemir) < (Siar) + (Suwr)
i=1 i=1 =1 =1

When n tends to oo we have v,(x +y) < vp(x) + vp(y), S0 vp is a norm.

The normed linear space (Seq.,(C), ;) is denoted by £,,.



282 6 Norms and Inner Products

6.4 Inner Products

Inner product spaces are linear spaces equipped with an additional operation
that associates to a pair of vectors a scalar called their inner product.

Definition 6.23. Let L be a C-linear space. An inner product on L is a func-
tion f: L x L — C that has the following properties:

(i) flae+ by, 2) = af(x, 2) + bf(y, 2) (linearity in the first argument);

(ii) f(z,y) = f(y, @) for y,x € L (conjugate symmetry);
(iil) if © # 0, then f(x, x) is a positive real number (positivity),
(iv) f(x, ) = 0 if and only if x = 0 (definiteness),
for every x,y,z€ L and a,b € C.

The pair (L, f) is called an inner product space.

For the second argument of a scalar product we have the property of
conjugate linearity, that is,

f(z,ax +by) = af(z,%) + bf (2, y)

for every x,y,z € L and a,b € C. Indeed, by the conjugate symmetry property
we can write

f(z.ax + by) = Flax + by.2) = af(x.2) + b/ (y,2)
=af(x,z) +bf(y,z) = af(z,x) +bf(z,y).

Observe that conjugate symmetry property on inner products implies that
for x € L, f(x,x) is a real number because f(x,x) = f(x,x).

When L is a real linear space the definition of the inner product becomes
simpler because the conjugate of a real number a is a itself. Thus, for real linear
spaces, the conjugate symmetry is replaced by the plain symmetry property,
f(x,y) = f(y,x), for x,y € L and f is linear in both arguments.

Ezample 6.24. Let C" be the linear space of n-tuples of complex numbers. If
ai,...,a, are n real, positive numbers, then the function f: C" x C"* — C
defined by f(x,y) = a12191 + asxaf2 + - - - + anTpyy is an inner product on
C", as the reader can easily verify.

If a1 =--- = a, =1, we have the Fuclidean inner product:

f(xay) =T1Y1 + -+ TnYn :yHX'
For the linear space R™, the Fuclidean inner product is
f(xy)=z1p1+  +xpyn = yx =Xy,

where x,y € R™.
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To simplify notations we denote an inner product f(x,y) by (x,y) when
there is no risk of confusion.
A fundamental property of the inner product defined on C" in Exam-
ple 6.24 is the equality
(Ax,y) = (x, A"y), (6.5)

which holds for every A € C"*" and x,y € C". Indeed, we have
(Ax,y) = _(Ax)ig; = Zz%%‘ﬂi =D 7> 6T

i—1 j=1 =1

n

Zx]Zd]yz (x, A"y).

j=1 =1

More generally we have the following definition.

Definition 6.25. A matriz B € C"*™ is the adjoint of a matriz A € C**"
relative to the inner product (-,-) if (Az,y) = (x, By) for every ¢,y € C".

A matrix is self-adjoint if it equals its own adjoint, that is if (Ax,y) =
(x, Ay) for every x,y € C". Thus, a Hermitian matrix is self-adjoint relative
to the inner product (x,y) = x"y for x,y € C". If we use the Euclidean inner
product we omit the reference to this product and refer to the adjoint of A
relative to this product simply as the adjoint of A.

Ezample 6.26. An inner product on C™*"™, the linear space of matrices of
format n x n, can be defined as (X,Y) = trace(XY") for X, Y € C"*".

A linear form on R" can be expressed using the Euclidean inner product.
Let f be a linear form defined on R™ and let x € R". If uy,...,u, is a basis
in R" and x = z1u; + - - - + Ty, then f(x) =21 f(u1) + - + z, f(u,) and
f(x) can be written as f(x) = (x,a), where a; = f(u;) for 1 < i < n. The
vector a is uniquely determined for a linear form. Indeed, suppose that there
exists b € R" such that f(x) = (x,b) for x € R". Since (x,a) = (x,b) for
every x € R", it follows that (x,a —b) = 0. Choosing x = a — b, it follows
that ||a—b |[2=0,s0 a=b.

Theorem 6.27. Any inner product on a linear space L generates a norm on

that space defined by || x ||= +/(x, x) for x € L.

Proof. We need to verify that the norm satisfies the conditions of Defini-
tion 6.6. Applying the properties of the inner product we have

Ix+y|*=x+y,x+y)=(x%) +2xy)+(y.y)
=[x *+2ey)+ Iy IP<Ix*+2 I x vy | + [y ?
==l +1ly
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Because || x ||> 0 it follows that || x +y ||<|| x || + || ¥ I, which is the
subadditivity property.

If a € C, then || ax ||= /(ax,ax) = Jad(x,x) = /]a]?(x,x) =
/%) = lal | x |

Finally, from the definiteness property of the inner product it follows that
|| x ||= 0 if and only if x = 0, which allows us to conclude that || - || is indeed
a norm.

Observe that if the inner product (x,y) of the vectors x € C" and y € C"
is defined as in Example 6.24 with a; = --- = a,, = 1, then

2
| % [?= (x,%) = 2121 + 222 + - + TnZn = Y _ 7],
i=1
which shows that the norm induced by the inner product is precisely || x ||2.
Not every norm can be induced by an inner product. A characterization
of this type of norms in linear spaces is presented next.
This equality shown in the next theorem is known as the parallelogram
equality.

Theorem 6.28. Let L be a real linear space. A norm || - || is induced by an
inner product if and only if

lz+y*+lz—y*=2(lz >+l yl?),
for every x,y € L.

Proof. Suppose that the norm is induced by an inner product. In this case we
can write for every x and y:

(x+y,x+y)=(xx)+2(xy) +(y,¥),
(x-y,x-y)=(x,%) - 2(x,y)

+
<
<

Thus,
x+y,x+y)+x—y,x—y)=2(xx%)+2(y,y),

which can be written in terms of the norm generated as the inner product as
Ix+y?+ 1 x—yl>=2(x[*+ ]y

Conversely, suppose that the condition of the theorem is satisfied by the
norm || - ||. Consider the function f:V x V — R defined by

Py =7 x4y P = Ix—y 7). (6.6)

for x,y € L. The symmetry of f is immediate, that is, f(x,y) = f(y,x) for
x,y € L.
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The definition of f implies

foy)=2(yl*=1l-yl*)=o. (6.7)

N

We prove that f is a bilinear form that satisfies the conditions of Defini-
tion 6.23.
Starting from the parallelogram equality we can write

fu+v+y P+ lutrv—yP=2(lu+v >+ y?,
fu=v+ylP+u-v-y[?=2(lu=v[*+ ]y

Subtracting these equality yields:

||U+V+YH22+||U+V—2Y IP=lu=-v+ylP=[lu-v-y]|?
=2(Jutv [ = [fu—v ).

This equality can be written as
f(u+Y7v) +f(u_YaV) = 2f(u,v)

Choosing y = u implies
f(2u,v) =2f(u,v), (6.8)
due to Equality (6.7).
Let t =u+yand s =u—y. Since u = $(t +s) and y = £(t —s) we have

F.) + f(s,v) = 2f (%(t—i—s),v) — f(t+s,v),

by Equality (6.8).

Next, we show that f(ax,y) = af(x,y) for a € R and x,y € L. Consider
the function ¢ : R — R defined by ¢(a) = f(ax +y).

The basic properties of norms imply that

lax+y | —[lbx+y||<|(a-bx]

for every a,b € R and x,y € L. Therefore, the function ¢, : R — R given
by ¢(a) =|| ax+y || and (a) =| ax—y || for a € R are continuous. The con-
tinuity of these functions implies that the function f defined by Equality (6.6)
is continuous relative to a.

Define the set:

S={acR| flax,y) = af(x,y)}.

Clearly, we have 1 € S. Further, if a,b € S, then a+b € S anda—0b € S,
which implies Z C S.

Ifb# 0and b € S, then, by substituting x by $x in the equality f(bx,y) =
bf(x,y) we have f(x,y) = bf(%x,y), SO %f(x,y) = f(%x,y). Thus, ifa,b e S
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and b # 0, we have f($x,y) = $f(x,y), so Q C S. Consequently, S = R.
This allows us to conclude that f is linear in its first argument. The symmetry
of f implies the linearity in its second argument, so f is bilinear.

Observe that f(x,x) =|| x ||>. The definition of norms implies that
f(x,x) = 0 if and only if x = 0 and if x # 0, then f(x,x) > 0. Thus, f
is indeed an inner product and || x ||= 1/ f(x,x).

Theorem 6.29. Let =,y € R"™ be two vectors such that x1 > x1 > -+ > xp,
Y1 = Yo = -+ = yn. For every permutation matriz P we have 'y > o (Py).

Ifxy 22122 xp andyy <y < -+ < Yn, then for every permutation
matriz P we have ¥y < « (Py).

Proof. Let ¢ be the permutation that corresponds to the permutation matrix
P and suppose that ¢ = t,...1¢1, where p = inuv(¢) and ¥¢n,...,9, are
standard transpositions that correspond to all standard inversions of ¢.

Let ¢ be a standard transposition of {1,...,n},

o (T
We have
x'(Py) = x1y1 + -+ Tic1¥i-1 + Tiliy1 + Tig1¥i + -+ T,
so the inequality x'y > x/(Py) is equivalent to
ZTiYi + Tit1Yi+1 2 TilYit1 + Tip1Ys

This, in turn is equivalent to (z;41 — ;) (yi+1 —v:) = 0, which obviously holds
in view of the hypothesis.
As we observed previously, Py = Py, -+ Py, , s0

x'y 2 x'(Py,y) 2 x'(Py, ,Py,y) =+ 2 X' (Py, -+ Py,y) = x(Py),

which concludes the proof of the first part of the theorem.
To prove the second part of the theorem apply the first part to the vectors
x and —y.

Corollary 6.30. Let z, y € R" be two vectors such that x1 > x1 > -+ = Xn,
Y1 = Yz = -+ 2 Yn. For every permutation matriz P we have

lz—yllr<lz—Py|r.

Ifvy 2212 22 andy1 < y2 < -+ < Yn, then for every permutation
matriz P we have
|z—ylrz|z— Pylr.
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Proof. Note that

Ix=ylF=lxl%+1ylE-—2xy,
Ix =Py [l =l x |7 + || Py I —2x'(Py)
=l x % +ly 7 —2x'(Py)

because || Py ||%=|| y ||%. Then, by Theorem 6.29, || x —y [|r<|| x — Py ||F.
The argument for the second part of the corollary is similar.

6.5 Orthogonality

The Cauchy-Schwarz Inequality implies that |(x,y)| <|| x ||l2]| ¥ [|2. Equiva-
lently, this means that

1Y)

[ [l2ll v |2
This double inequality allows us to introduce the notion of angle between two
vectors x,y of a real linear space L.

Definition 6.31. The angle between the vectors x and y is the number o €
[0, 7] defined by
(2, 9)
Izl yll2"
This angle will be denoted by /(x,y).

Cosx =

Ezample 6.32. Let u = (u1,u2) € R? be a unit vector. Since uf 4+ u3 = 1,
there exists a € [0,2n] such that u; = cosa and ug = sina. Thus, for any
two unit vectors in R?, u = (cosa,sina) and v = (cos3,sin3) we have
(u,v) = cosacosf + sinasin 8 = cos(a — ), where «, 5 € [0,2n]. Conse-
quently, Z(u,v) is the angle in the interval [0, 7] that has the same cosine as

a— (.

Theorem 6.33. (The Cosine Theorem) Let  and y be two vectors in R"
equipped with the Euclidean inner product. We have:

lz—yl’=lz|*+yl|* -2zl y] cosa,
where a = Z(x, y).
Proof. Since the norm is induced by the inner product we have
Ix-yl?=(x-y,x~-y)
= (

va) - 2(X7Y) + (Yay)
=[x *=2[x |yl cosat|y|?

which is the desired equality.
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The notion of angle between two vectors allows the introduction of the
notion of orthogonality.

Definition 6.34. Let L be an inner product space. Two vectors x and y of L
are orthogonal if (x,y) = 0.

A pair of orthogonal vectors (x,y) is denoted by x L y. If T C V, then
the set T is defined by

TH={veL|vLltforeverytecT}

Note that T' C U implies U+ crt
If S,T are two subspaces of an inner product space, then S and T are
orthogonal if s L t for every s € S and every t € T'. This is denoted as S L T'.

Theorem 6.35. Let L be an inner product space and let T be a subset of L.
The set T+ is a subspace of L. Furthermore, <T>L =T+

Proof. Let x and y be two members of T. We have (x,t) = (y,t) = 0 for every
t € T. Therefore, for every a,b € F', by the linearity of the inner product we
have (ax + by,t) = a(x,t) + b(y,t) = 0, for t € T, so ax + bt € T+. Thus,
T+ is a subspace of L.

By a previous observation, since T' C (T'), we have <T>L C T*. To prove
the converse inclusion, let z € T+.

Ify € (T'), y is a linear combination of vectors of T, y = a1t1+- - -+ amtm,
so (y,z) = a1(t1,2) + -+ + am(tm,z) = 0. Therefore, z L y, which implies
z € (T)". This allows us to conclude that (T)" = T,

We refer to T as the orthogonal complement of T.

Note that TN T+ C {0}. If T is a subspace, then this inclusion becomes
an equality, that is, 7N T+ = {0}.

Theorem 6.36. Let T' be a subspace of the finite-dimensional linear space L.
We have dim(T) + dim(7T+) = dim(L).

Proof. This statement follows directly from Theorem 5.19.
If x and y are orthogonal, by Theorem 6.33 we have
Ix—=yIP=l= [+ ]yl
which is the well-known Pythagora’s Theorem.

Theorem 6.37. Let T be a subspace of C"*. We have (T+)+ =T.
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Proof. Observe that T C (T+)*1. Indeed, if t € T, then (t,z) = 0 for every
zeTt sot e (TH)?L
To prove the reverse inclusion, let x € (T)*. Theorem 6.39 implies that
we can write x =u+v, whereue T andve Tt sox—u=veTt.
Since T' C (T+)*, we have u € (T+)*, so x —u € (T+)*+. Consequently,
x—u € THN(T+H)t ={0},s0x =u € T. Thus, (T+)+ C T, which concludes
the argument.

Corollary 6.38. Let Z be a subset of C". We have (Z1+)*+ = (Z).

Proof. Let Z be a subset of C”. Since Z C (Z) it follows that (Z)= C Z+.
Let now y € Z* and let z = a12z1 + - -+ + apz, € (Z), where z1,...,2, € Z.
Since

(v.2) = a1(y,21) + -+ + 4y (y,2,) = 0,

it follows that y € (Z)". Thus, we have Z+ = (Z)".
This allows us to write (Z1)L = ((Z))*. Since (Z) is a subspace of C",
by Theorem 6.37, we have ((Z)")+ = (Z), so (Z+)* = (2).

Theorem 6.39. Let U be a subspace of C". Then, C* =UBU" .

Proof. If U = {0}, then U+ = C™ and the statement is immediate. Therefore,
we can assume that U # {0}.

In Theorem 6.35 we saw that U~ is a subspace of C". Thus, we need to
show that C" is the direct sum of the subspaces U and U~. We need to verify
only that every x € C" can be uniquely written as a sum x = u + v, where
uceUandveU't

Let uy,...,u,, be an orthonormal basis of U, that is, a basis such that

<ui,uj>—{1 S

0 otherwise,

for 1 < 4,7 > m. Define u = (x,u;)u; + -+ (X, u)uy, and v=x — u.
The vector v is orthogonal to every vector u; because

(v,u;) = (x —u,u;) = (x,1;) — (u,u;) = 0.

Therefore v € U+ and x has the necessary decomposition. To prove that the
decomposition is unique suppose that x = s+ t, where s € U and t € U, .
Since s+t =u+v we haves —u=v —t € UNU* = {0}, which implies
s=uandt=v.

Let W = {w1,...,w,} be a basis in the real n-dimensional inner product
space L. f x =x1wy + -+ x,Wy, and y = y1 W1 + - - - + Yy, Wy, then

(%,y) =YD miy;(wi, wy),

i=1 j=1



290 6 Norms and Inner Products

due to the bilinearity of the inner product.

Let A = (a;j) € R™" be the matrix defined by a;; = (w;, w;) for 1 <
i,j < n. The symmetry of the inner product implies that the matrix A itself
is symmetric. Now, the inner product can be expressed as

Y1
(X7Y):(Ila"'axn)A
Yn,

We refer to A as the matriz associated with W.

Definition 6.40. An orthogonal set of vectors in an inner product space
(V,(-,+)) is a subset W of L such that for every u,v € W we have u L v.

If, in addition, || u||=1 for every w € W, then we say that W is orthonor-
mal.

Theorem 6.41. If W is a set of non-zero orthogonal vectors, then W is lin-
early independent.

Proof. Let aiwy+ -+ 4+ a,w, = 0 for a linear combination of elements of W.
This implies a; || w; ||?= 0, so a; = 0 because || w; ||?# 0, and this holds for
every i, where 1 < ¢ < n. Thus, W is linearly independent.

Corollary 6.42. Let L be an n-dimensional linear space. If W is an orthog-
onal (orthonormal) set and |W| = n, then W is an orthogonal (orthonormal)
basis of L.

Proof. This statement is an immediate consequence of Theorem 6.41.

Theorem 6.43. Let S be a subspace of C™ such that dim(S) = k. There exists
a matriz A € C"** having orthonormal columns such that S = Ran(A).

Proof. Let vyq,...,vi be an orthonormal basis of S. Define the matrix A as
A= (vy,...,vg). We have x € S, if and only if x = a1vy + - - - 4+ ap vy, which
is equivalent to x = Aa. This amounts to x € Ran(4), so S = Ran(A4).

For an orthonormal basis in an n-dimensional space, the associated matrix
is the diagonal matrix I,,. In this case, we have

(x,¥) =x1y1 + T2y2 + - - + TplYn

for x,y € L.
Observe that if W = {wy,...,w,} is an orthonormal set and x € (W),
which means that x = a;wy + - - - + a, Wy, then a; = (x,w;) for 1 <i < n.
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Definition 6.44. Let W = {wy,..., w,} be an orthonormal set and let x €
(W). The equality

= (x,w)w; + -+ (x, wy)w, (6.9)
1s the Fourier expansion of @ with respect to the orthonormal set W.

Furthermore, we have Parseval’s equality:

n

I 1= (¢, %) = > (x, wi)® (6.10)

i=1
Thus, if 1 < ¢ < n we have

S e wi)? <[ x I (6.11)

i=1

It is easy to see that a square matrix C € C™*" is unitary if and only if
its set of columns is an orthonormal set in C".

Ezxample 6.45. Let

uy + iUQ v+ iUQ

C = (:T] +lfl;2 Y1 +2y2> c (C2

be a unitary matrix, where z;, y;, u;, v; € R for i € {1,2}. We have

H xrp — iIQ uy — iUQ X1 + iIQ Y1 + ’Ly2 1 O
Cch"C = . i . . = .
Y1 — Y2 V1 — U2 w1 + tug v1 + 102 01
This equality implies the equalities

2 a2 4wl ud =1,
yi +yi +of ol =1,
T1Y1 + T2y2 + u1v1 + ugvg = 0,

T1Y2 — Toy1 + uivg —ugv; =0

It is easy to verify that the matrices
01 0 —i 10
()=o) 2= 64)
known as the Pauli matrices are both Hermitian and unitary.

Definition 6.46. Let w € R"—{0} and let a € R. The hyperplane determined
by w and a is the set Hy o ={x € R" | wz=a}.
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If xg € Hy,q, then w'xg = a, so Hy 4 is also described by the equality
Hwo={x€eR" | w(x—x0) =0}
Any hyperplane Hy, o partitions R™ into three sets:

H, ,={xeR" | wx>a},
H‘?v,a = HW#“
Hg ,={xeR" | w'x <a}.

The sets H, , and Hy , are the positive and negative open half-spaces deter-
mined by Hy 4, respectively. The sets

HV%)a ={xeR" | w'x >a},

Z
Héa ={xeR" | wx<a}.

are the positive and negative closed half-spaces determined by Hy, 4, respec-
tively.

If x1,%x2 € Hw,q, then w L x; — xo. This justifies referring to w as the
normal to the hyperplane H,, . Observe that a hyperplane is fully determined
by a vector xg € Hyw o and by w.

Let xo € R™ and let Hy,, be a hyperplane. We seek x € Hy,, such
that || x — x¢ ||2 is minimal. Finding x amounts to minimizing the function
f(x) =|| x—x0 [|3= Y, (x; — 20;)? subjected to the constraint wixj +---+
wpX, —a = 0. Using the Lagrangean A(x) = f(x) + A(w'x — a) and the
multiplier A we impose the conditions

oA
6:51-

=0forl<<ign

which amount to
of
8$i
for 1 < ¢ < n. These equalities yield 2(z; — zo;) + Aw; = 0, so we have
T; = XTg; — %/\Wi. Consequently, we have x = x¢ — %)\w. Since x € Hy , this
implies

+ Aw; =0

wx =w'xg — EAW/W = a.

Thus,
/\:2w'x0—a _ WX —a
w'w | w I3
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The smallest distance between xg and a point in the hyperplane Hy, , is given
by
w'xg —a
[ %0 —x [|= = ——
w2

If we define the distance d(Hw,q,X0) between xg and Hy , as this smallest
distance we have

d(Hy,a,%0) = (6.12)

6.6 Unitary and Orthogonal Matrices
Lemma 6.47. Let A € C™*". If ¢"Ax =0 for every x € C", then A = Oy, .

Proof. If x = ey, then x"Ax = ayy for every k, 1 < k < n, so all diagonal
entries of A equal 0. Choose now x = ej, + e;. Then,

(er +e;)"Aler + ;) = epAey + e Ae; + e} Ae; + €] Ae;

_ o' e H o —
= e, Ae; + ejAek =ag; +ajr =0.
Similarly, if we choose x = e, + ie; we obtain:

(er +ie;)" A(ex, +ie;) = (e}, —ie])Aley, +ie;)
= e ey — i€} Aey +iej Ae; + e Ae;

= —iajk + iakj =0.

The equalities agj + aji = 0 and —a,i + ar; = 0 imply ax; = aj, = 0. Thus,
all off-diagonal elements of A are also 0, hence A = O,, ,.

Theorem 6.48. A matriz U € C"*" is unitary if and only if || Uz ||2=|| z |2
for every x € C™.

Proof. If U is unitary we have | Ux |3= (Ux)"Ux = x"U"Ux =|| x |3
because U'U = I,,. Thus, || Ux |j2=] x ||2-

Conversely, let U be a matrix such that || Ux ||2=|| x ||2 for every x € C™.
This implies x"U"Ux = x"x, hence x"(U"U — I,,)x = 0 for x € C". By
Lemma 6.47 this implies U"U = I,,, so U is a unitary matrix.

Corollary 6.49. The following statements that concern a matrix U € C™*™
are equivalent:
(i) U is unitary;
(ii) | Uz = Uy |2=| © - y |2 for =,y € C";
(i) Uz, Uy) = (z,y) for z,y € C".

Proof. This statement is a direct consequence of Theorem 6.48.
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The counterpart of unitary matrices in the set of real matrices are intro-
duced next.

Definition 6.50. A matriz A € R"*" is orthogonal if it is unitary.

In other words, A € R™*" is orthogonal if and only if A’A = AA" = I,.
Clearly, A is orthogonal if and only if A’ is orthogonal.

Theorem 6.51. If A € R™™" is an orthogonal matriz, then det(A) € {—1,1}.

Proof. By Corollary 5.131, |det(A)| = 1. Since det(A) is a real number, it
follows that det(A) € {—1,1}.

Corollary 6.52. Let A be a matriz in R™ ™. The following statements are
equivalent:
(i) A is orthogonal;
(i) A is invertible and A=t = A’;
(iii) A’ is invertible and (A’)~! = A;
(iv) A’ is orthogonal.

Proof. The equivalence between these statements is an immediate conse-
quence of definitions.

Corollary 6.52 implies that the columns of a square matrix form an or-
thonormal set of vectors if and only if the set of rows of the matrix is an
orthonormal set.

Theorem 6.48 specialized to orthogonal matrices shows that a matrix A is
orthogonal if and only if it preserves the length of vectors.

Theorem 6.53. Let S be an r-dimensional subspace of R"™ and let {wy, ..., u,},
{v1,...,v.} be two orthonormal bases of the space S. The orthogonal matri-
ces B=(w -+ u,) €E R and C = (vy --- v,) € R™" of the any two
such bases are related by the equality B = CT, where T = C'B € C™*" is an
orthogonal matriz.

Proof. Since the columns of B form a basis for .S, each vector v; can be written
as
Vi = Vit + -+ Vel

for 1 <i < r. Thus, B = CT. Since B and C are orthogonal, we have
B"B=T"C"CT =T"T = I,

so T is an orthogonal matrix and because it is a square matrix, it is also a
unitary matrix. Furthermore, we have C"B = C"CT = T, which concludes
the argument.
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Definition 6.54. A rotation matrix is an orthogonal matriz R € R™*"™ such
that det(R) = 1. A reflexion matrix is an orthogonal matriz R € R™™" such
that det(R) = —1.

Ezxample 6.55. In the two dimensional case, n = 2, a rotation is a matrix
R e R¥?
R— (71712
T21 722

2 2 _ 1.2 2 _
T+ = Liriy + 15 =1,
711712 + 721722 = 0,711722 — r12721 = 1.

such that

These equalities implies

7”22(7”117”12 + T21T22) - 7”12(7”117”22 - 7”127"21) = —T12,
or
r91(r3e +712) = —T12,
SO T'g1 = —T12.
If ro1 = —ro1 = 0, the above equalities imply that either r1; = r92 =1 or
11 = T2 = —1. Otherwise, the equality r11712 + 721722 = 0 implies r11 = To2.

Since 72, < 1 it follows that there exits 6 such that 71; = cos 6. This shows
that R has the form
n— [ cos 6 sinf
~ \ —sinf cosf
The vector y = Rx, where

[ x1cos0 + xasind
“ \—z1sinf 4+ zocosf )’

is obtained from x by a clockwise rotation through an angle 6. It is easy to
see that det(R) = 1, so the term “rotation matrix” is clearly justified for R.
To mark the dependency of R on 6 we will use the notation

R(6) = ( cos sme)'

—sinf cosf

A extension of this example is the Givens matriz G(p, q,0) € R™*" defined as

0--- cos@ ---sinf---0| p

0--- —sinf --- cosf--- 0| ¢
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We can write
G(p,q,0) = (e1 --- cosfe, —sinfe, --- sinfe, +cosb e, --- e,).

It is easy to verify that G(p,q,0) is a rotation matrix since it is orthogonal
and det(G(p,q,0)) = 1.

Since
U1 U1
Up cos vy, + sin b,
Gp,q,0)| : | = : :
Vg — sin v, 4 cos v,
Un Un

the the multiplication of a vector v be a Givens matrix amounts to a clockwise
rotation by 6 in the plane of the coordinates (vp, vq).

If v, # 0, then the rotation described by the Givens matrix can be used to
zero the ¢ component of the resulting vector by taking 6 such that tanf =

Yq
Up

It is easy to see that R(f)~! = R(—0) and that R(62)R(61) = R(6; + 62).

Ezample 6.56. Let v.€ C" — {0,} be a unit vector. The Householder matriz
H, € C"™"™ is defined by H, = I,, — 2vv*'.
The matrix Hy is clearly Hermitian. Moreover, we have

HH" = HH = (I, — 2vv")? = I, — 4vv" + Av(v"v)v' = I,,,

so H, is unitary and involutive. Since det(Hy) = —1, Hy is a reflexion. For a
unit vector v € R", Hy is an orthogonal and involutive matrix.

The vector H,w is a reflexion of the vector w relative to the hyperplane
H, o defined by v"x = 0, because the vector

w — Hyw = (I, — Hy)w = 2v(v"'w)

is orthogonal to the hyperplane v'x = 0. Furthermore, the vector H,w has
the same norm as w.

Theorem 6.57. Let A € C"*" and B € C¥** be two matrices. If there exists

U € C* having an orthonormal set of columns such that AU = UB, then
there exists V€ C"™ "% such that (U V) € C™*" is a unitary matriz and

\ ([ B UV

(UV)TAUV) = <On—k,k viAy |-
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Proof. Since U has an orthonormal set of columns, there exists V € C"*("~F)
such that (U V) is a unitary matrix. We have

U"AU =U"UB = B and V"AU = V"UB = Onfk,kB = Onfk,k-

The equality of the theorem follows immediately.

6.7 The Topology of Normed Linear Spaces

A normed space can be equipped with the topology of a metric space, using
the metric defined by the norm. Since this topology is induced by a metric,
any normed space is a Hausdorff space. Further, if v € L, then the collection
of subsets {Cy(v,r) | » > 0} is a fundamental system of neighborhoods for
V.

By specializing the definition of local continuity of functions between met-
ric spaces, a function f : L — M between two normed spaces (L,v) and
(M, ") is continuous in x¢ € L if for every € > 0 there exists § > 0 such that
v(x —xg) < 0 implies V' (f(x) — f(x0)) <.

A sequence (xg,X1,...) of elements of L converges to x if for every € > 0
there exists ne € N such that n > n. implies v(x, — x) < e.

Theorem 6.58. In a normed linear space (L,v), the norm, the multiplication
by scalars and the vector addition are continuous functions.

Proof. Let (xg,X1,...) be a sequence in L such that lim, - x, = x. By The-
orem 6.7 we have v(x, — x) > |v(x,) — v(x)|, which implies lim,_,oc v(X,) =
v(x). Thus, the norm is continuous.

Suppose now that lim, . a, = a and lim, . X, = x, where (a,) is a
sequence of scalars. Since the sequence (x,,) is bounded, we have

viax — apXxy) < v(ax — apx) + v(anX — anXy)

<
< la — an|v(x) + apv(x — xy,),

which implies that lim,, ,~ a,X, = ax. This shows that the multiplication by
scalars is a continuous function.

To prove that the vector addition is continuous, let (x,,) and (y,,) be two
sequences in L such that lim,,_,. X, = x and lim,_,+ y,, = y. Note that

v(x+y) = (X0 +¥,) SVE—X) V(Y —Y,)s

which implies that lim, (%, +y,) = x +y. Thus, the vector addition is
continuous.

Definition 6.59. Two norms v and V' on a linear space L are equivalent if
they generate the same topology.
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Theorem 6.60. Let L be a linear space and let v : L — Ry and V' :
L — Rxq be two norms on L that generate the topologies O and O" on L,
respectively.

The topology O is finer than the topology O (that is, O C O') if and only
if there exists ¢ € Rsq such that v(v) < e/ (v) for every v e L.

Proof. Suppose that O C O'. Then, any open sphere C,(0,r9) = {x € L |
v(x) < ro} (in O) must be an open set in O’. Therefore, there exists an
open sphere Cy/(0,71) such that C,/(0,71) C C,(0,79). This means that for
ro € Ryo and v € L there exists r1 € Ryg such that v/(v) < r; implies
v(v) < rq for every u € L. In particular, for ro = 1, there is k > 0 such that
V' (v) < kimplies v(v) < 1, which is equivalent to cv/(v) < 1 implies v(v) < 1,
for every v e L and ¢ = %

For w = -1 %, where € > 0 it follows that

cte v’
1
cz/(w)zcz/< Y >= < <,

ct+ev(v) c+e
$0
B I v\ 1 vy
V(W)_V<c—|—el/(v)> Ccter(v) <l

Since this inequality holds for every € > 0 it follows that v(v) < ev/(v).

Conversely, suppose that there exists ¢ € Rsq such that v(v) < ev/(v) for
every v € L. Since

{vivm <t v v <),
c
for v€ L and r > 0 it follows that O C ©’.

Corollary 6.61. Let v and v/ be two norms on a linear space L. Then, v
and V' are equivalent if and only if there exist a,b € Rsq such that av(v) <
V' (v) < bv(v) forveV.

Proof. This statement follows directly from Theorem 6.60.

Ezample 6.62. By Corollary 6.19 any two norms v, and v,, on R" (with p, ¢ >
1) are equivalent.

Continuous linear operators between normed spaces have a simple charac-
terization.

Theorem 6.63. Let (L,v) and (L', 1) be two normed F-linear spaces where
F is either R or C. A linear operator f : L — L' is continuous if and only
if there exists M € Rsq such that V'(f(x)) < Mv(x) for every x € L.
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Proof. Suppose that f : L — L’ satisfies the condition of the theorem. Then,

(e (o)) e

for every r > 0, which means that f is continuous in 0 and, therefore, it is
continuous everywhere (by Theorem 5.172).

Conversely, suppose that f is continuous. Then, there exists § > 0 such
that f(C,(0,9)) C C,(f(x),1), which is equivalent to v(x) < § implies
V'(f(x)) <1.Let e >0 and let z € L be defined by

v(x)+e
We have v(z) = V‘;(':(()’_?E < 4. This implies v/(f(z)) < 1, which is equivalent to
() <1
v(x)+e

because of the linearity of f. This means that

V() < ZEEE

for every € > 0, so /(f(x)) < v(x).

Lemma 6.64. Let (L,v) and (L',v'") be two normed F-linear spaces where F'
1s either R or C. A linear function f : L — L' is not injective if and only if
there exists u € L — {0} such that f(w) = 0.

Proof. 1t is clear that the condition of the lemma is sufficient for failing injec-
tivity. Conversely, suppose that f is not injective. There exist t,v € L such
that t # v and f(t) = f(v). The linearity of f implies f(t — v) = 0. By
defining u =t — v # 0, we have the desired element u.

Theorem 6.65. Let (L,v) and (L',V') be two normed F-linear spaces where
F is either R or C. A linear function f : L — L' is injective if and only if
there exists m € Rsq such that v'(f(x)) = mv(z) for every = € V1.

Proof. Suppose that f is not injective. By Lemma 6.64, there exists u €
L — {0} such that f(u) = 0, so V'(f(u)) < mv(u) for any m > 0. Thus, the
condition of the theorem is sufficient for injectivity.

Suppose that f is injective, so the inverse function f~!: L' — L is a
linear function. By Theorem 6.63, there exists M > 0 such that

v(f(y)) < MV (y)

for every y € L’. Choosing y = f(x) yields v(x) < Mv/'(f(x), so V' (f(x)) >

my(x) for m = 7, which concludes the argument.
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Corollary 6.66. Every linear function f:C™ — C" is continuous.

Proof. Suppose that both C™ and C" are equipped with the norm vy. If
x € C™ we can write x = x1€1 + - - - + T X, and the linearity of f implies

vi(f(x) =un (f <Z Iiez)) = (Z Iif(ei)>

m

<Y il (fle) S MY |ui| = Mo (x),
=1

i=1
where M = >~ 1v1(f(e;)). By Theorem 6.63, the continuity of f follows.
Next, we introduce a norm on the linear space Hom(C™,C") of linear
functions from C™ to C". Recall that if f : C™ — C" is a linear function and

v, are norms on C™ and C" respectively, then there exists a non-negative
constant m such that v/(f(x)) < Mv(x) for every x € C™. Define the norm

of f, /J'(f)v as

wu(f) =inf{M € Rxq | V'(f(x)) < Mv(x) for every x € C"}. (6.13)

Theorem 6.67. The mapping p defined by Equality (6.13) is a norm on the
linear space of linear functions Hom(C™,C™).

Proof. Let f, g be two functions in Hom(C™,C"). There exist My and M, in
R such that v/(f(x)) < Mr(x) and v/(g(x)) < Myv(x) for every x € V.
Thus,

V((f +9)(x) =V (f(x) +9(x) <V (f(x)) + v (g(x)) < (M + M) (x),
M+ M, e{MeR> | V((f+9)(x)) < Mv(x) for every x € V'}.

Therefore,
u(f +9) < p(f) + p(g)-

We leave to the reader the verification of the remaining norm properties of .

Since the norm p defined by Equality (6.13) depends on the norms v and
v’ we denote it by N(v,v/').

Theorem 6.68. Let f: C™ — C" and g : C" — C? and let p = N(v,v/),
w =N, V") and p’' = N(u, 1), where v,v/',v" are norms on C™, C", and
CP, respectively. We have p'(gf) < p(f)'(g).
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Proof. Let x € C™. We have V/(f(x)) < (u(f) + € )v(x) for every ¢ > 0.
Similarly, for y € C", v"(g(y)) < (¢'(g) + €’)v/'(y) for every ¢’ > 0. These
inequalities imply

Vi (g(f(x) < (1'(9) + €V (F(x) < (' (9) + €")ulf) + € v (x).

Thus, we have 1" (gf) < (1 (g) +€")u(f)+€), for every € and €’. This allows
us to conclude that p/’(fg) < pu(f)r'(g).

Equivalent definitions of the norm p = N(v,v') are given next.

Theorem 6.69. Let f : C™ — C" and let v and V' be two norms defined on
C™ and C", respectively. If p = N(v,v'), we have
(1) pu(f) =inf{M € Rx¢ | V'(f(x)) < Mv(x) for every x € C™};

(ii) p(f) = sup{r/(f()) | v(z) <1}

(i) p(f) = max{/(f (=) | v(z) <1};

(iv) p(f) ZmaX{V’(f( z)) | v(z) = 1};
) 1(f)

Proof. The first equality is the definition of u(f).

Let € be a positive number. By the definition of the infimum, there exists
M such that v/(f(x)) < Mv(x) for every x € C™ and M < u(f) + €. Thus,
for any x such that v(x) < 1, we have v/(f(x)) < M < pu(f) + €. Since this
inequality holds for every e, it follows that v/(f(x)) < u(f) for every x € C™
with v(x) < 1.

Furthermore, if € is a positive number, we claim that there exists xg € C™
such that v(xo) < 1and pu(f)—€ < v/ (f(x0)) < u(f). Suppose that this is not
the case. Then, for every z € C" with v(z) < 1 we have v/(f(z)) < u(f)—¢€. If
x € C", then v (ﬁx) =1,s0 V' (f(x)) < (u(f) — €)v(x), which contradicts
the definition of p(f). This allows us to conclude that p(f) = sup{v/(f(x)) |
v(x) < 1}, which proves the second equality.

Observe that the third equality (where we replaced sup by max) holds
because the closed sphere B(0,1) is a compact set in R™. Thus, we have

u(A) = max{v'(f(x)) | v(x) < 1}. (6.14)

For the fourth equality, since {x | v(x) =1} C {x | v(x) < 1}, it follows
that

max{v/(f(x)) | v(x) =1} <max{v'(f(x)) | v(x) <1} = pu(f).

By the third equality there exists a vector z € R™ — {0} such that v(z) < 1
and v/(f(z)) = p(f). Thus, we have

(o)) <+ 1)
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Since v (ﬁ) = 1, it follows that pu(A) < max{/(f(x)) | v(x) = 1}. This
yields the desired conclusion.

Finally, to prove the last equality observe that for every x € C™ — {0,,},
ﬁx is a unit vector. Thus, V’(f(u(lx)x) < p(f), by the fourth equality. On
the other hand, by the third equality, there exists x¢ such that v(xg) = 1 and
V'(f(x0)) = p(f). This concludes the argument.

Definition 6.70. A normed linear space is complete if it is complete as a
metric space, that is, if every Cauchy sequence is convergent. A Banach space
is a complete normed space.

By Theorem 8.52, if T is a closed subspace of a a Banach space S, then T
is complete; the reverse implication is immediate, so a subspace of a Banach
space is closed if and only if it is complete.

Let (xg,X1,...) be a sequence in a normed linear space (L,v). A series in
(L,v) is a sequence (s, s1,...) such that s, = >/ x; for n € N. We refer to
the elements x; as the terms of the series and to s,, as the n'® partial sum of
the series. The series will be often be denoted by Y :° x;.

If lim,,_, s; = s we say that s is the sum of the series Zio X;.

A series Y .2 x; in a linear normed space (V,v) is absolutely convergent
if the numerical series Y~ v(x;) is convergent.

Theorem 6.71. In a Banach space (L,v) every absolutely convergent series
18 convergent.

Proof. Let 3.2, x; be an absolutely convergent series in (V,v). We show that
the sequence of its partial sums (sg,si,...) is a Cauchy sequence. Let ¢ > 0
and let 19 be a number such that Y27 v(x;) < e. Then, if m > n > ng we

can write
m m
V(Sm —Sp) =V ( Z xi> < Z v(x;) <€,

1=n—+1 1=n+1

which proves that the sequence of partial sum is a Cauchy sequence, which
implies its convergence.

Theorem 6.72. Let (L,v) be a linear normed space. If every absolutely con-
vergent series is convergent, then (L,v) is a Banach space.

Proof. Let (x0,x%1,...) be a Cauchy sequence in L. For every k € N, there
exists py such that if m,n > pg, we have v(x,, —x,) < 27%.

Define y,, = x, —xp—1 for n > 1 and y, = x¢. Then x,, is the partial sum
of the sequence (yg,¥1,---)s Xn = Yo +¥1 + - +¥n- Ifn>pp, v(y, ) =
V(Xpt1 — Xn) < 27, which implies that the series Y .y, is absolutely
convergent, so the sequence (xg, X1, ...) is convergent. This shows that (V,v)
is a Banach space.
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6.8 Norms for Matrices

In Section 5.3 we saw that the set C™*" is a linear space. The introduction

of norms for matrices can be done by treating matrices as vectors, or by
regarding matrices as representations of linear operators.
The mapping vectm introduced next allows us to treat matrices as vectors.

Definition 6.73. The (m x n)-vectorization mapping is the mapping vectm :
C™ "CR™" defined by

ail

am1
vectm(A) = S

A1n

amn

obtained by reading A column-wise.
Using vector norms on C™" we can define vectorial norms of matrices.

Definition 6.74. Let v be a vector norm on the space C™". The vectorial
matrix norm g™ on C™*" is the mapping u(™™ : C™*™ — Rsq defined
by u(m™ (A) = v(vectm(A)), for A € C™ ",

Vectorial norms of matrices are defined without regard for matrix products.
The link between linear transformations of finite-dimensional linear spaces
and matrices suggest the introduction of an additional condition. Since every
matrix A € C™*" corresponds to a linear transformation hy : C™ — C", if
v and v/ are norms on C™ and C", respectively, it is normal to define a norm
on C™*™ as u(A) = u(ha), where p = N(v,v') is a norm on space of linear
transformations between C™ and C".

Suppose that v,v and v are vector norms defined on C™,C" and CP,
respectively. In Theorem 6.68 we saw that p”(gf) < p(f)r'(g), where p =
N, V"), = N, V") and p” = N(p,p"), so ' (AB) < p(A)p/(B). This
leads us the following definition.

Definition 6.75. A consistent family of matrix norms is a family of functions

plmn) . Cmx R>q, where m,n € P that satisfies the following conditions:

(i) ™™ is a norm on C™™ for m,n € P, and

(ii) pmP(AB) < plm™ (AP (B) for every matric A € C™ ™ and B €
C™*P (the submultiplicative property ).

If the format of the matrix A is clear from context or is irrelevant, then we
shall write ;(A) instead of (™™ (A).
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Ezample 6.76. Let P € C™*" be an idempotent matrix. If ;1 is a matrix norm,
then either u(P) =0 or pu(P) > 1.

Indeed, since P is idempotent we have u(P) = p(P?). By the submul-
tiplicative property, u(P?) < (u(P))?, so u(P) < (u(P))?. Consequently, if
w(P) # 0, then pu(P) > 1.

Some vectorial matrix norms turn out to be actual matrix norms; others
fail to be matrix norms. This point is illustrated by the next two examples.

Example 6.77. Consider the vectorial matrix norm g induced by the vector
norm vy. We have p1 (A) = 3770 37 | fai;| for A € C™*". Actually, this is a
matrix norm.

Indeed, for A € C™*? and B € CP*" we have:

m n P
< Z Z Z |azkbk]

m n P
p1(AB) = ZZ Zaikbkj
i=1 j=1 k=1 i=1 j=1 k=1
m n p p
< ZZ oD lainllbwry]
=1 j=1 k/'=1 k=1

(because we added extra non-negative terms to the sums)
m p n p
=035 L% B b o) YC%) EPIED
i=1 k'=1 j=1k"=1

We denote this vectorial matrix norm by the same notation as the correspond-
ing vector norm, that is, by || A4 ||1.

The vectorial matrix norm po induced by the vector norm v, is also a
matrix norm. Indeed, using the same notations we have:

m n p p
(n2(AB)) ZZ <> (Z |aik|2> <Z |sz|2>
=1 j=1 =1
(by Cauchy Schwarz inequality)

< (p2(4))* (n2(B))*.

1
The vectorial norm of A € C™*" uy(A) = (Z?:l > |aij|2) *, denoted

also by || A ||F, is known as the Frobenius norm.
It is easy to see that for real matrices we have

| A ||%= trace(AA") = trace( A’ A) (6.15)
and for complex matrices the corresponding equality is

| A ||%= trace(AA") = trace( A" A). (6.16)
Note that || A" [|%=]|| A ||% for every A.
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Ezample 6.78. The vectorial norm p., induced by the vector norm v, is de-
noted by || 4 || and is given by || A ||co= max; j |a;;| for A € C"*". This is
not a matrix norm. Indeed, let a,b be two positive numbers and consider the

matrices
aa bb
ae () wan- (12).

We have || A ||oo= a and || B ||co= b. However, since

2ab 2ab
AB = (2ab 2ab) ’

we have || AB ||co= 2ab and the submultiplicative property of matrix norms
is violated.

By regarding matrices as transformations between linear spaces, we can
define norms for matrices that turn out to be matrix norms.

Definition 6.79. Let v,, be a norm on C" and v,, be a norm on C" and let
A € C™™ be a matriz. The operator norm of A is the number u("’m)(A) =
p™) (h ), where p(™™) = N (U, V).

Theorem 6.80. Let {v,, | n > 1} be a family of vector norms, where v, is a
vector norm on C"™. The family of norms {p™™) | n,m > 1} is consistent.

Proof. Tt is easy to see that the family of norms {u(™™) | n,m > 1} satis-
fies the first three conditions of Definition 6.75. For the fourth condition of
Definition 6.75 and A € C"*™ and B € C™*?, we can write:

pl" PN (AB) = sup{va((AB)x ) | vp(x) <1}
= sup{vn (A(Bx)) | vp(x) <1}

S (AV i PP
< 1™ (A) sup (v (Bx) |, (x) < 1}

Bx —
(because vy, (m) =1)
= ) (Al (B),

Theorem 6.69 implies the following equivalent definitions of u(™™ (A).

Theorem 6.81. Let v, be a norm on C" for n > 1. The following equalities
hold for (™™ (A), where A € C™™),

™™ (A) = inf{M € Rsq | vn(Ax) < Mvy, (@) for every & € C™}
= sup{vn(4z) | vm(x) <1} = max{v,(Ax) | vm(z) < 1}

= max{V'(f(z)) | v(z) = 1}—sup{% | :ce(Cm—{Om}}.



306 6 Norms and Inner Products

Proof. The theorem is simply a reformulation of Theorem 6.69.

Corollary 6.82. Let p be the matriz norm on C™*" induced by the vector
norm v. We have v(Aw) < p(A)v(w) for every u € C".

Proof. The inequality is obviously satisfied when u = 0,,. Therefore, we may
assume that u # 0,, and let x = ﬁu. Clearly, v(x) = 1 and Equality (6.14)

implies that
1
- <
v <Ay(u) u> < u(4)

for every u € C" — {0,,}. This implies immediately the desired inequality.

If p is a matrix norm induced by a vector norm on R", then u(l,) =
sup{v(l,x) | v(x) <1} =1.

The operator matrix norm induced by the vector norm || - ||, is denoted

by [ - llp-
Ezample 6.83. To compute ||All1 = sup{|| 4x |1 ||| x |[1< 1}, where A €
R"*™, suppose that the columns of A are the vectors ay,...,a,, that is

aij

agj

a; = .

An j
Let x € R™ be a vector whose components are x1,...,Z,. Then, Ax = z1a; +
-+ xpay, SO

n
I Ax 1y = a1 < D oyl
j=1
n
<max [y 1 D Jog| = mac L ay - x
j=1

Thus, [|Afl; < max; || a; |1

Let e; be the vector whose components are 0 with the exception of its gth
component that is equal to 1. Clearly, we have || e; ||[1= 1 and a; = Ae;.
This, in turn implies || a; |1=| Ae; ||1< [JA1 for 1 < j < n. Therefore,
max; || a; [l1< [|Afl1, so

n
Al = max [} a; [l= max ) _ |ag|.

i=1

In other words, ||A]l1 equals the maximum column sum of the absolute values.
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Ezample 6.84. Let A € R™*"™. We have
n n
Il Ax ||oc = max g ai;r;| < max g la;jz;|
1<ign |4 1 1<ign 4 1
j= j=

n
< max || x [loo Y [aijl.
1<ign P
J

Consequently, if || x [loo< 1 we have || AX [oo< maxigi<n 25—y |aij|. Thus,

lAlloo < maxigi<n 25— lai;]-

The converse inequality is immediate if A = O,, ,,. Therefore, assume that
A # Opxn, and let (ap1, . .., apy) be any row of A that has at least one element
distinct from 0. Define the vector z € R" by

lap;] 3
=2l if ay; #0
zZj = { apj ri # 0,

1 otherwise,

for 1 < j < n.Itisclear that z; € {—1,1} for every j, 1 < j < n and, therefore,
|| z ||co= 1. Moreover, we have |ap;| = ap;z; for 1 < j < n. Therefore, we can
write:

n n

n n

Y lapil = apiz <D apiz| < max > ai;z
- - 1<i<n |4
1= 1=

j=1 j=1
= || Az [Joo < max{|| AX [loo [ || X [loo< 1} = [|Afloo-

Since this holds for every row of A, it follows that maxigi<n Z?Zl lai;| <
| Allo, which proves that [|Alc = maxici<n ;- |aij|. In other words, || Al
equals the maximum row sum of the absolute values.

Ezample 6.85. Let D = diag(ds,...,d,) € C"*" be a diagonal matrix. If

x € C" we have
dyxy

Dx = ,
dnTy

SO
IDlle = max{[| Dx {2 [ || x [l2= 1}

= max{\/(d121)2 + -+ (dpwn)? | 23+ + 22 =1}
=max{|d;| | 1 <1< n}.

Norms that are invariant with respect to multiplication by unitary matrices
are known as unitarily invariant norms.
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Theorem 6.86. Let U € C™*™ be a unitary matriz. The following statements
hold:
) | Uz |2=|| z ||2 for every x € C";
(i) [UA]l2 = [ All2 for every A € C"**;
(iii) | UA ||[p=|| A ||F for every A € C"*P.

Proof. For the first part of the theorem note that | Ux |3= (Ux)"Ux =
x"U"Ux = x"x =|| x ||%, because U"A = I,,.
The proof of the second part is shown next:
IUA[l2 = max{]| (UA)x [[2] ]| x [l2= 1} = max{[| U(Ax) ||z || x [la= 1}
= max{|| Ax [l2[|| x [2= 1} = [|A]|2.

For the Frobenius norm note that

| UA || = \/trace((UA)U A) = \/trace( APUYU A) = \/trace(A"A) =|| A ||,
by Equality (6.15).
Corollary 6.87. If U € C"*" is a unitary matriz, then ||Ull2 = 1.
Proof. Since ||U||2 = sup{|| Ux ||2 ||| x ||2< 1}, by Part (ii) of Theorem 6.86,
1Ull2 = sup{l| x [l2| || x [l2< 1} = 1.
Corollary 6.88. Let A,U € C"*". If U is an unitary matriz, then
| U"AU ||p=|| AllF -
Proof. Since U is a unitary matrix, so is U". By Part (iii) of Theorem 6.86,
| U"AU |[p=[| AU ||p=] U"A" |[1=] A" |3=]l A |
which proves the corollary.

Ezample 6.89. Let S = {x € R" ||| x ||2= 1} be the surface of the sphere in
R"™. The image of S under the linear transformation hy that corresponds to the
unitary matrix U is S itself. Indeed, by Theorem 6.86, || hy (%) [|2=]| x ||2= 1,
so hy(x) € S for every x € S. Also, note that hy restricted to S is a bijection
because hyw(hy(x)) = x for every x € R™.

Theorem 6.90. Let A € R™*". We have |Al2 <|| A || F.

Proof. Let x € R". We have
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where ry,...,r, are the rows of the matrix A. Thus,
| Ax s _ /S
< ll2 I |2

By Cauchy-Schwarz inequality we have (r;x)? <|| r; ||3] x |13, so

n

| Ax |2
e D 3=l Al
=1

[ |2

This implies [ Afl; <|| A |1r.

6.9 Projection on Subspaces

If U, W are two complementary subspaces of C", then there exist idempotent
endomorphisms g and h of C" such that W = Ker(g), U = Img(g) and U =
Ker(h) and W = Img(h). The vector g(x) is the oblique projection of  on U
along the subspace W and h(x) is the oblique projection of x on W along the
subspace U.

If g and h are represented by the matrices By and By, respectively, it
follows that these matrices are idempotent, g(x) = Byx € U, and h(x) =
Bwx € W for x € C". Also, ByBw = Bw By = Oy .

Let U and W be two complementary subspaces of C", {ui,...,u,} be a
basis for U, and let {w1,...,w,} be a basis for W, where p + ¢ = n. Clearly,
{ui,...,up, wi,...,wy} is a basis for C" and every x € C" can be written as

X=21U; + + TpUp + Tp+1W1 + -+ + TpgWy.

Let B € C"" be the matrix B = (u; --- u, wy -+ W), which is clearly
invertible. Note that

Byu; = u;, Byw; = 0, Byu; = 0, Byw; = wj,

for 1 <i<pandl<j<q. Therefore, we have

BUB_(ul"'upOn"'On)—B<OIp Op,n—:D),

n—p,p On—p,n—p

SO

n—p,p ¥n—p,n—p

_ IP OPJI_P —1
By =B ( o B~

Similarly, we can show that

- On—gn—q On—q.q -1
Bw =B ( O 1, B~
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Note that By + By = BI,B~' = I,,. Thus, the oblique projection on U along
W is given by

1 0 n— —1
g(x) =B x:B< p P p)B X.
&) v On—pp On—pn-p

The similar oblique projection on W along U is

_ _ On—g.n—q anyq) -1
h(x) = Byx=B ( O I, B x,
for x € C". Observe that g(x) 4+ h(x) = x, so the projection on W along U is
h(x) =x —g(x) = (I, — By)x.

A special important type of projections involves pairs of orthogonal sub-
spaces. Let U be a subspace of C" with dimU = p and let By = {uy,...,u,}
be an orthonormal basis of U. Taking into account that (Ut)t = U, by
Theorem 5.33 there exists an idempotent endomorphism g of C" such that
U = Img(g) and U+ = Ker(g). The proof of Theorem 6.39 shows that this
endomorphism is defined by g(x) = (x,u1)us + - - + (X, U ) Up,.

Definition 6.91. Let {uy, ..., un} be an orthonormal basis of an m-dimensional
subspace of U of C™. The orthogonal projection of the vector x € C" on the
subspace U is the vector proji(x) = (@, up)uy + « - - + (@, Uy ) Unyy -

If {z1,..., 2} is an orthogonal basis of the space U, then an orthonormal

basis of the same subspace is {ﬁzl, ceey Hzl Hzm} Thus, if u; = ”Z i for
1 <4 < m, we have (x,u;)u; = (”’; Z”2) z; for 1 < ¢ < m, and the orthogonal

projection proj;;(x) can be written as

(X, 2m)
| zm I

. X, 71
projy (x) = fzf”)gzl + 4+

Zom- (6.17)
In particular, the projection of x on the 1-dimensional subspace generated by
z is denoted by proj,(x) and is given by

(x,2) x"z

proj,(x) = 2 H2z = z. (6.18)

Theorem 6.92. Let U be an m-dimensional subspace of R" and let © € R".
The vector y = x — proji(z) belongs to the subspace U-t.

Proof. Let By = {uy,...,u,,} be an orthonormal basis of U. Note that

(y,u;) = (x,uy) <Z (x,u; uz,u]>
i=1

=0,

|
N
jor
h
1M £
N
g
e
jor
h
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due to the orthogonality of the basis By;. Therefore, y is orthogonal on every
linear combination of By, that is on the subspace U.

Theorem 6.93. Let U be an m-dimensional subspace of C" having the or-
thonormal basis {u,...,un}. The orthogonal projection proj; is given by
projy(¢) = BuBpxz for x € C", where By € R™™ is the matriz By =
(’U,l s 1L7n) e crxm,

Proof. We can write

m uy
proju (x) = > _w;(ujx) = (us - ) | 1 | x=BuByx.
i=1 u
Since the basis {ui,...,u,,} is orthonormal, we have Bj,By = I,. Ob-

serve that the matrix By By, € C"*" is symmetric and idempotent because
(BuByp)(BuBy;) = Bu (B Bu)By; = BuBy.

Corollary 6.94. Let U be an m-dimensional subspace of C" having the or-
thonormal basis {uy, ..., un}. We have

m

proj;(z) = > proj,, ().

i=1
Proof. This statement follows directly from Theorem 6.93.

For an m-dimensional subspace U of C" we denote by Py = ByBj, €
C™ "™, where By is a matrix of an orthonormal basis of U as defined before.
Py is the projection matriz of the subspace U.

Corollary 6.95. For every non-zero subspace U, the matrix Py is a Hermi-
tian matrix, and therefore, a self-adjoint matriz.

Proof. Since Py = By B}, where By is a matrix of an orthonormal basis of
the subspace S, it is immediate that Pj} = Py.

The self-adjointness of Py means that (x, Pyy) = (Pyx,y) for every x,y €
c".

Corollary 6.96. Let U be an m-dimensional subspace of C" having the or-
thonormal basis {uy, ..., un}.

If Bu = (wp -+ wy) € C™™, then for every * € C we have the de-
composition * = Pyx + Pyrx, where Py = ByBy, and Py = 1, — Py =
I, — ByBy..
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Proof. This statement follows immediately from Theorem 6.93.

It is possible to give a direct argument for the independence of the projec-
tion matrix Py relative to the choice of orthonormal basis in U.

Theorem 6.97. Let U be an m-dimensional subspace of C" having the or-
thonormal bases {u1, ..., Uy} and {vi,..., vy} and let By = (u1 -+ upy) €
C"™™ and By = (vy -+ ) € C"*™. The matriz Bf,By € C™ ™ is unitary
and BUBU = BUB

Proof. Since the both sets of columns of By and By are bases for U, there ex-
ists a unique square matrix Q) € C™ ™ such that By = By Q. The orthonor-
mality of By and BU _implies BBy = B BU = I,,. Thus, we can write
I, = By By = Q" B BUQ Q”Q, which shows that Q is unitary. Further-
more, Bf; By = Q" B“ By = Q" is unitary and By By, = BuyQQ"BY, = BUB“

In Example 6.76 we have shown that if P is an idempotent matrix, then
for every matrix norm p we have pu(P) = 0 or u(P) > 1. For orthogonal
projection matrices of the form P, where U is a non-zero subspace we have
IPrllz = 1. Indeed, we can write x = (x — proj;;(x)) + projy (x), so

I x [I3=1 % = projy(x) |13 + || projy (x) 13> projy (x) |3 -
Thus, || x ||2=|| Py(x) || for any x € C", which implies
17k = sup { L2 2 e 0 — fop f <1

This implies || Pyllz = 1.

The next theorem shows that the best approximation of a vector x is a
subspace U (in the sense of Euclidean distance) is the orthogonal projection
on x on U.

Theorem 6.98. Let U be an m-dimensional subspace of C" and let © € C".
The minimal value of do(x, u), the Fuclidean distance between x and an ele-
ment u of the subspace U is achieved when u = proj;;(x).

Proof. We saw that x can be uniquely written as x = y + projy (x), where
y € UL. Let now u be an arbitrary member of U. We have

da(x,u)* =[| x = u 3=] (x = projy (x)) + (projy (x) — u) |I3 -

Since x — proj;;(x) € U+ and proj;(x) —u € U, it follows that these vectors
are orthogonal. Thus, we can write

da(x,u)* =|| (x = projy(x)) [I3 + || (projy (x) —u) |3,

which implies that da(x,u) > d2(x — proj (x)).
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The orthogonal projections associated with subspaces allow us to define a
metric on the collection of subspaces of C™. Indeed, if S and T are two sub-
spaces of C" we define dp(S,T) =|| Ps — Pr || r- When using the vector norm
| - |l2 and the metric induced by this norm on C" we denote the corresponding
metric on subspaces by ds.

Ezxample 6.99. Let u, w be two distinct unit vectors in the linear space L. The
orthogonal projection matrices of (u) and (w) are uu’ and ww’, respectively.
Thus,

dp((u), (w)) =[ uu’ —vv' [|p .
Suppose now that L = R?. Since u and w are unit vectors in R? there exist
a, B € [0, 2x] such that

0= () = (22).
sin v sin 3

, , cos? o — cos? 3 cos asin v — cos Bsin 3
uu — Vv = . . .2 .2 .
cos asina — cos B sin 3 sin” o — sin” (3

Thus, we can write

and di ({u), () = V2] sina — B)].

We could use any matrix norm in the definition of the distance between
subspaces. For example, we could replace the Frobenius norm by || - |1 or by

I fl2-
Let S be a subspace of C" and let x € C". The distance between x and S
defined by the norm || - || is
d(x,5) =[x = projs(x) [|=[l x = Psx [|=[| (I — Ps)x || -
Theorem 6.100. Let S and T be two non-zero subspaces of C" and let

b5 = max{dy(@.T) | @€ S| @ o= 1),
br = max{da(2.5) | we T | @[2=1).

We have d2(S,T) = max{ds, dr}.
Proof. If x € S and || x ||2=1 we have

dg(X,T) = H X — PTX HQZH Psx - PTX H2
= || (Ps = Pr)x [l2< [|Ps — Prll2-
Therefore, s < ||Ps — Pr||2. Similarly, 67 < ||Ps — Pr||2, so max{ds, 1} <

da(S,T).
Note that
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b =max{|| (I — Pr)x |l2] x € S, || x [|2= 1},
57 = max{|| (I — Ps)x ||l2| x € T, | x |o= 1},

so, taking into account that Psx € S and Prx € T for every x € C" we have
| (I = Ps)Prx ||2< s || Prx |2, (I = Pr)Psx [[2< 07 || Psx |2 .
We have

| Pr(I — Ps)x ||3 = (Pr(I — Ps)x, Pr(I — Ps)x)
= ((Pr)*(I = Ps)x, (I — Ps)x)
= (Pr(I — Ps)x, (I — Ps)x)
= (Pr(I — Ps)x, (I — Ps)*x)
= ((I = Ps)Pr(I — Ps)x, (I = Ps)x)

because both Pg and I — Ps are idempotent and self-adjoint. Therefore,

| Pr(I —Ps)x |3

(I = Ps)Pr(I — Ps)x [l2] (I — Ps)x |2

<
< or || Pr(I = Ps)x |2l (I = Ps)x |2 -

This allows us to infer that
| Pr(I — Ps)x [l2< o7 || (I — Ps)x [|2 .

We discuss now four fundamental subspaces associated to a matrix A €
C™*™. The range and the null space of A, Ran(4) C C™ and NullSp(A) C C"
have been already discussed. We add now two new subspaces: Ran(A") C C"
and NullSp(A") C C™.

Theorem 6.101. For every matriz A € C"™*™ we have (Ran(A))t = NullSp(A").

Proof. The statement follows from the equivalence of the following statements:
(i) x € (Ran(A))*;

(i) (x,Ay) =0 for all y € C";

(ili) x"Ay =0 for all y € R™;

(iv) y"A"x =0 for all y € R™;

(v) A'x = 0;

(vi) x € NullSp(A4").

Corollary 6.102. For every matrit A € C™ "™ we have (Ran(A"))t =
NullSp(A).

Proof. This statement follows from Theorem 6.101 by replacing A by A".
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Corollary 6.103. For every matriz A € C™*™ we have

C™ = Ran(A) B NullSp(A")
C™ = NullSp(A) B Ran(A").

Proof. By Theorem 6.39 we have C™ = Ran(A) B Ran(4)* and C" =
NullSp(A) B NullSp(A)+. Taking into account Theorem 6.101 and Corol-
lary 6.103 we obtain the desired equalities.

6.10 Positive Definite and Positive Semidefinite Matrices

Definition 6.104. A matriv A € C"*" is positive definite if 'Ax is a real
positive number for every x € C" — {0}.

Theorem 6.105. If A € C"*" is positive definite, then A is Hermitian.

Proof. Let A € C"*" be a matrix. Since x"Ax is a real number it follows that
it equals its conjugate, so x"Ax = x"A"x for every x € C". There exists a
unique pair of Hermitian matrices H; and Hs such that A = Hy +iH>, which
implies A" = H}' — iHS. Thus, we have

x"(Hy + tHy)x = x"(HY — tH)x = x"(H; — iHy)x,

because H; and Hy are Hermitian. This implies x"Hox = 0 for every x € C",
which, in turn, implies Hy = O, ,. Consequently, A = Hj, so A is indeed
Hermitian.

Definition 6.106. A matriz A € C"*" is positive semidefinite if Az is a
non-negative real number for every x € C" — {0}.

Positive definiteness (positive semidefiniteness) is denoted by A = 0 (A >
0, respectively).

The definition of positive definite (semidefinite) matrix can be specialized
for real matrices as follows.

Definition 6.107. A symmetric matrizc A € R™ " is positive definite if
Az > 0 for every x € R" — {0}.

If A satisfies the weaker inequality © Ax > 0 for every x € R" — {0}, then
we say that A is positive semidefinite.

A = 0 denotes that A is positive definite and A > 0 means that A is
positive semidefinite.

Note that in the case of real-valued matrices we need to require explicitely
the symmetry of the matrix because, unlike the complex case, the inequality
x'Ax > 0 for x € R" — {0,,} does not imply the symmetry of A. For example,
consider the matrix
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a b
A= (%)
where a,b € R and a > 0. We have

</ Ax — (21 x2) <_ab Z) ($1> — a(x% + x%) >0

T2
if x }é 02.

FEzxample 6.108. The symmetric real matrix

ab
4= (50)
is positive definite if and only if @ > 0 and b? — ac < 0. Indeed, we have

x'Ax > 0 for every x € R* — {0} if and only if ax? + 2bxy s + cx3 > 0, where
x' = (z1 x2); elementary algebra considerations lead to a > 0 and b? —ac < 0.

A positive definite matrix is non-singular. Indeed, if Ax = 0, where A €
R"™*™ is positive definite, then x"Ax = 0, so x = 0. By Corollary 5.91, A is
non-singular.

Ezample 6.109. If A € C™*", then the matrices A"A € C™*" and AA" ¢
C™*™ are positive semidefinite. For x € C" we have

x"(A"A)x = (x"A")(Ax) = (Ax)"(Ax) =| Ax ||3> 0.

The argument for AA" is similar.
If rank(A) = n, then the matrix A" A is positive definite because x"(A"A)x =
0 implies Ax = 0, which, in turn, implies x = 0.

Theorem 6.110. If A € C™*" is a positive definite matriz, then any principal

, i1 v U . . . ‘
submatriz B = A [z | sa positive definite matriz.
1o i

Proof. Let x € C" — {0} be a vector such that all components located on
P

positions other than i1,...,7; equal 0 and let y = x {Zl 1 Zk] € C* be the
vector obtained from x by retaining only the components located on positions

i1,--.,1k. Since y"By = x"Ax > 0 it follows that B > 0.

Corollary 6.111. If A € C"™" is a positive definite matriz, then any diagonal
element a;; is a real positive number for 1 <1 < n.

Proof. This statement follows immediately from Theorem 6.110 by observing
that every diagonal element of A is an 1 x 1 principal submatrix of A.
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Theorem 6.112. If A, B € C"*" are two positive semidefinite matrices and
a,b are two non-negative numbers, then aA+ bB > 0.

Proof. The statement holds because x"(aA + bB)x = ax"Ax + bx"Bx > 0,
due to the fact that A and B are positive semidefinite.

Theorem 6.113. Let A € C"*" be a positive definite matriz and let S €
C™™ ™. The matriz S*AS is positive semidefinite and has the same rank as S.
Moreover, if rank(S) = m, then S"AS is positive definite.

Proof. Since A is positive definite, it is Hermitian and (S"AS)" = S"AS
implies that SYAS is a Hermitian matrix.

Let x € C™. We have x"S"ASx = (Sx)"A(Sx) > 0 because A is positive
definite. Thus, the matrix S"AS is positive semidefinite.

If Sx = 0, then S"ASx = 0; conversely, if S"ASx = 0, then x"S"ASx =
0, so Sx = 0. This allows us to conclude that NullSp(S) = NullSp(S"AS).
Therefore, by Equality (5.6), we have rank(S) = rank(S"AS).

Suppose now that rank(S) = m and that x"S" ASx = 0. Since A is positive
definite we have Sx = 0 and this implies x = 0, because of the assumption
made relative to rank(S). Consequently, S*AS is positive definite.

Corollary 6.114. Let A € C™*" be a positive definite matriz and let S €
C™™. If S is non-singular, then so is S"AS.

Proof. This is an immediate consequence of Theorem 6.113.

Theorem 6.115. A Hermitian matric B € C"*" is positive definite if and
only if the mapping f : C" x C" — C given by f(x,y) = «'By for x,y € C"
defines an inner product on C".

Proof. Suppose that B defines an inner product on C". Then, by Property
(iii) of Definition 6.23 we have f(x,x) > 0 for x # 0, which amounts to the
positive definiteness of B.

Conversely, if B is positive definite, then f satisfies the condition from
Definition 6.23. We show here only that f has the conjugate symmetry prop-
erty.

We can write f(y,x) = y"Bx = y'BX, for x,y € C". Since B is Hermitian,
B = B" = B, so f(y,x) = y'B'X. Observe that y’B'X is a number (that is,
an 1 x 1 matrix), so (y'B'X)" = x"By = f(x,y).

Corollary 6.116. A symmetric matrix B € R™*" is positive definite if and
only if the mapping f : R" x R" — R given by f (=, y) = @ By for ,y € R"
defines an inner product on R™.

Proof. This follows immediately from Theorem 6.115.
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Definition 6.117. Let L = (v1,...,vn) be a sequence of vectors in R™. The
Gram matrix of L is the matriz G, = (g;;) € R™*™ defined by gi; = vjv; for
1<,5<m.

Note that if A, = (vi - vy,) € R™™™ then G, = A} Ar. Also, note that
(1, is a symmetric matrix.

Theorem 6.118. Let L = (v1,...,vy) be a sequence of m vectors in R",
where m < n. If L is linearly independent, then the Gram matric G is
positive definite.

Proof. Suppose that L is linearly independent. Let x € R™. We have x'Gpx =
x' Ay Apx = (Apx) Apx =|| Apx ||3. Therefore, if x'Grx = 0, we have Apx =
0, which is equivalent to x1vy +- -+ x, v, = 0. Since {v1,...,Vv,, } is linearly
independent it follows that 1 = --- = x,,, = 0, so x = 0. Thus, A is indeed,
positive definite.

The Gram matrix of an arbitrary sequence of vectors is positive semidefi-
nite, as the reader can easily verify.

Definition 6.119. Let L = (v1,...,vy) be a sequence of m wvectors in R",
where m < n. The Gramian of L is the number det(Gp).

Theorem 6.120. If L = (vy,. .., vy) s a sequence of m vectors in R™. Then,
L is linearly independent if and only if det(Gr) # 0.

Proof. Suppose that det(Gr) # 0 and that L is not linearly independent. In
other words, the numbers ay, ..., a,, exist such that at least one of them is
not 0 and a1xy + - -+ + amX;, = 0. This implies the equalities

a1(x1,%5) + - + am(Xm, x5) = 0,

for 1 < j < m, so the system Ga = 0 has a non-trivial solution in a1, . .., Gn,.
This implies det(G) = 0, which contradicts the initial assumption.

Conversely, suppose that L is linearly independent and det(Gr,) = 0. Then,
the linear system

a1(x1,%5) + - + am(Xm, x5) = 0,

for 1 < j < m, has a non-trivial solution in a1, ..., am. fw = a1xX1+ - @ Xm,
this amounts to (w,x;) = 0 for 1 < i < n. This implies (w,w) =| w ||3= 0,
so w = 0, which contradicts the linear independence of L.

Theorem 6.121. (Cholesky’s Decomposition Theorem) Let A € C"*"
be a Hermitian positive definite matrix. There exists a unique upper triangular
matriz R with real, positive diagonal elements such that A = R"R.
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Proof. The argument is by induction on n > 1. The base step, n = 1, is
immediate.

Suppose that a decomposition exists for all Hermitian positive matrices
of order n, and let A € CHx(+1) he g symmetric and positive definite

matrix. We can write
_ (a1 at

where B € C"*". By Theorem 6.110, a;; > 0 and B € C"*" is a Hermitian
positive definite matrix. It is easy to verify the identity:

1
A (Ve 0y 1o VI 7 Aty o (619)
NG 1, 0B— —aa" 0 I,

aii
Let Ry € C™*™ be the upper triangular non-singular matrix

1
Rl = ( gll \/U’ITaH) .

(10
A_R1<OA1 R,

where A1 = B — aiuaa”. Since

10 C1NH A
(O Al) = (Rl 1) ARl 17

by Theorem 6.113, the matrix
10
04

is positive definite, which allows us to conclude that the matrix A; = B —
a—ilaa” € C™*" is a Hermitian positive definite matrix.

By the inductive hypothesis, A; can be factored as
A = P"P,

This allows us to write

where P is an upper triangular matrix. This allows us to write
10\ (10 10
04,/ \opH oP
(10 10
A=H (0 P )lop)H
If R is defined as

R (L0 R (10 Vair zeat\ | (Van gesa
0P 0P 0 I, 0 P ’

Thus,

then A = R"R and R is clearly an upper triangular matrix.
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We refer to the matrix R as the Cholesky factor of A.

Corollary 6.122. If A € C"*" is a Hermitian positive definite matriz, then
det(A4) > 0.

Proof. By Corollary 5.130, det(A) is a real number. By Theorem 6.121,
A = R"R, where R is an upper triangular matrix with real, positive diag-
onal elements, so det(A) = det(R")det(R) = (det(R))?. Since det(R) is the
product of its diagonal elements, det(R) is a real, positive number, which
implies det(A4) > 0.

Example 6.123. Let A be the symmetric matrix

302
A=1021
212

We leave to the reader to verify that this matrix is indeed positive definite
starting from Definition 6.104.
By Equality (6.19), the matrix A can be written as

V300\ /100\ /V30
A=1o010] (021 0 1
00

2 2
%01 013

o (1))

Applying the same equality to A; we have

(RN (0

Since the matrix (%) can be factored directly we have
20\ /1 0 10 2 L
w= (5062 62) ()
V2 ve/ \" s/ N0

(0D

In turn, this implies

because

100 10 0 10 0

021 =(0v2 0 0\/5%,

012 0 7/ \00 %=
NG
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which produces the Cholesky final decomposition of A:

V300\ /10 0 100 V30 %
A= (2)10 0\?(1) O\/E% 010

#0055/ \oo &/ \oo1

V30 0 \/50%§
)y

vivawve/ \0 0 5

Cholesky’s Decomposition Theorem can be extended to positive semi-
definite matrices.

Theorem 6.124. (Cholesky’s Decomposition Theorem for Positive
Semidefinite Matrices) Let A € C"*" be a Hermitian positive semidefi-
nite matriz. There exists an upper triangular matrix R with real, non-negative
diagonal elements such that A = R"R.

Proof. The argument is similar to the one used for Theorem 6.121 and is
omitted.

Observe that for positive semidefinite matrices, the diagonal elements of
R are non-negative numbers and the uniqueness of R does not longer hold.

1 —
-1 1
is a positive semidefinite but not a positive definite matrix. Let R be a matrix

of the form
. T T
R B <0 T‘2>

such that A = R'R. It is easy to see that the last equality is equivalent to

Ezample 6.125. Let A = . Since X’ Ax = (z1 — x2) it is clear that A

r? = r2 = 1 and rr; = —1. Thus, we have for distinct Cholesky factors:
matrices

1-1 1-1 -11 -1 1
01)’\0o-1/’\01/°’\ 0 -1/
Theorem 6.126. A Hermitian matrizc A € C"*"™ is positive definite if and
only if all its leading principal minors are positive.

Proof. By Theorem 6.110, if A is positive definite, then every principal sub-
matrix is positive definite, so by Corollary 6.122, each principal minor of A is
positive.

Conversely, suppose that A € C"*" is an Hermitian matrix having posi-
tive leading principal minors. We prove by induction on n that A is positive
definite.
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The base case, n = 1 is immediate. Suppose that the statement holds for
matrices in C"~D*(™~1 Note that A can be written as

B b
A_(bHa)’

where B € C"~Y*(=1 g o Hermitian matrix. Since the leading minors of
B are the first n — 1 leading minors of A it follows, by the inductive hypoth-
esis, that B is positive definite. Thus, there exists a Cholesky decomposition
B = R"R, where R is an upper triangular matrix with real, positive diagonal
elements. Since R is invertible, let w = (R")~!b.

The matrix B is invertible. By Theorem 5.154, we have det(A) = det(B)(a—
b"B~'b) > 0. Since det(B) > 0 it follows that a > b"B~'b. We observed
that if B is positive definite, then so is B~'. Therefore, a > 0 is and we can
write a = ¢? for some positive c. This allows us to write

R" 0 Rw "
A= (i) () -

where C' is the upper triangular matrix with positive e

R w
= (o7)

This implies immediately the positive definiteness of A.

Let A,B € C"*". We write A = Bif A— B > 0, that is, if A — B is a
positive definite matrix. Similarly, we write A > B if A — B > O, that is, if
A — B is positive semidefinite.

Theorem 6.127. Let Ay, A1, ..., A, be m + 1 matrices in C**" such that
Ag is positive definite and all matrices are Hermitian. There exists a > 0 such
that for any t € [—a,a] the matriz By, (t) = Ao + A1t + -+ Apt™ is positive
definite.

Proof. Since all matrices Ay, ..., A, are Hermitian, note that x"A;x are real
numbers for 0 < ¢ < m. Therefore, p,,(t) = x"B,,(t)x is a polynomial in
t with real coefficients and p,,(0) = x"Apx is a positive number if x # 0.
Since p,, is a continuous function there exists an interval [—a,a] such that
t € [—a,a] implies p,,,(t) > 0 if x # 0. This shows that B,,(t) is positive
definite.

6.11 The Gram-Schmidt Orthogonalization Algorithm

The Gram-Schmidt algorithm starts with a basis {uy,...,u;,} of an m-
dimensional space U of C" and generates an orthonormal basis {q,...,q,,}
of the same subspace. Clearly, we have m < n.
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The algorithm starts with the sequence of vectors (uy, ..., u,,) and con-
structs the sequence of orthonormal vectors (qq, ..., q,,) such that

(ug,...,uk) ={dq,.--,q)

for 1 < k < m as follows:

. _ 1

z1 = uy, A1 = a2

zy = uy — proj, (uz), Q2 = Tgo7%2

z3 = uz — proj, (u3) — proj,, (us), A3 = TagT %85
o . . o 1

Zim = W — Proj, (W) — -+ = proj,, _ (Wm), Ay, = T %m-

The algorithm can be written in pseudo-code as follows.

Algorithm 6.11.1: Gram-Schmidt Orthogonalization Algorithm

Data: A basis {ui,...,uy,} for a subspace U of C"
Result: An orthonormal basis {qi,...,q,,} for U

1 7z = uy; q, = “Z_llel;

2 for k=2 to m do

3 | oz =w — X255 proj,, (un);
4| Ak = e

5 end

6

return @ = (q; **+ q,);

Lemma 6.128. The sequence (z1,. .., zy,) constructed by the Gram-Schmidt
algorithm consists of pairwise orthogonal vectors; furthermore, the sequence
(q1,---,q,,) consists of pairwise orthonormal vectors.

Proof. Note that
k—1
ze =k =) proi, ()
j=1

This implies that z is orthogonal on the subspace (z1,...,2zr—1), that is, on
all its predecessors in the sequence. The second part of the lemma follows
immediately.

Lemma 6.129. We have (q,,...,q,) = (u1,...,ug) for 1 <k < m.

Proof. The proof is by induction on k. The base step, k£ = 1, is immediate.
Suppose that the equality holds for k. Since q; and z; determine the same
one-dimensional subspace, we have proj, (ur) = projg (ux), Thus,
J
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k
1 .
= — | Ugg1 — E roj, (ug
qk+1 || Zit1 H +1 = p Jq]( +1)
1 .
= — — pro .
o (P00 ()

By the inductive hypothesis,

1 .
= — pro u
s = oy (e = Proig, ().
which implies q;.; € (u1,...,ugq1). Thus, (q;, ..., qppq) € (Ui, .., Ugpgr).
For the reverse inclusion, note that
k
Wit = Zeg1 + 3 proj, (ks1)
j=1

.....

qk> (ukJrl)a

.....

which implies that uz41 € (qy,...,qz, ). Therefore,
<u17 R uk+1> - <q15 ce aqk+l>a

which concludes the argument.

Theorem 6.130. Let (qy,.--,4q,,) be the sequence of vectors constructed by
the Gram-Schmidt algorithm starting from the basis {ui,...,un} of an m-
dimensional subspace U of C"*. The set {qy,...,q,,} is an orthogonal basis of
Uand (q,...,q,) = {u1,...ux) for 1 <k < m.

Proof. This statement follows immediately from Lemmas 6.128 and 6.129.

Ezample 6.131. Let A € R®*? be the matrix

11
A=100
13

It is easy to see that rank(A) = 2. We have {u;,us} C R® and we construct
an orthogonal basis for the subspace generated by these columns. The matrix
W is intialized to Os 3.

By Algorithm 6.11.1, we begin by defining z; = u; and

1
q = —71 =
ol

o=
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because || z; ||= v/2. Next, we have

Zy = Uy — proj, (uz) = up — 2z;

-1
= O 5
1
which implies
_ V2

2
dz = 0
V2
2

Thus, the orthonormal basis we are seeking consists of the vectors

V2 _V2
2
0 and 0
V2 V2
2
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Using the Gram-Schmidt algorithm we can factor a matrix as a product
of a matrix having orthogonal columns and an upper triangular matrix. This
useful matrix decomposition (described in the next theorem) is known as the

QR-decomposition.

Theorem 6.132. (Reduced QR Decomposition) Let U € C"*™ be a full-
rank matriz, where m < n. There exists a matriz Q € C**™ having a set of
orthonormal columns and an upper triangular matriv R € C™*™ such that

U = QR. Furthermore, the diagonal entries of R are non-zero.

Proof. Let U = (u; --- u,,). We use the same notations as above. Since
u; € (qy,...,q) for 1 <k < m, it follows that we can write the equalities
ur = q;7ri1,

Uz = qq712 + qsrez,
U3 = q;713 + dy723 + 43733,

Um = q171m + qsT2m + Qq373m + -+ 9. "mm-

In matrix form these equalities are

Ti1 712 - Tim
0 722 -+ T2

0 0 - 73m

0 0 - Ty
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Thus, we have @ = (q; - q,,) and

i1 712 " Tim
0 rog -+ T2
Re| 0 0 13y
0 0 - Ty
Note that rg, # 0 for 1 < k < m. Indeed, if we were to have rg; = 0 this

would imply uy = q 71k + QoT2k + Q373K + -+ + Qg1 Tk—1 k—1, Which would
contradict the equality (qy,...,q;) = (u1,...,ux).

Theorem 6.133. (Full QR Decomposition) Let U € C"*™ be a full-rank
matriz, where m < n. There exists a unitary matriz Q € C™*™ and an upper
triangular matriz R € C"™™ such that U = QR.

Proof. Let U = Q1 Ry be the reduced QR decomposition of U, where Q1 =

(q; *-* 4,,) is a matrix having an orthonormal set of columns. This set can
be extended to an orthonormal basis {qy,...,d,, Qyy1s---54d,}- of C". If
Q = (445" 9y g1 - 9,) and R is the matrix obtained from R by

adding n —m rows equal to 0, then U = QR is the desired full decomposition
of U.

Corollary 6.134. Let U € C™™*" be a non-singular square matriz. There ex-
ists a unitary matriz Q € C™*™ and an upper triangular matrix R € C™*"
such that U = QR.

Proof. The corollary is a direct consequence of Theorem 6.133.

Theorem 6.135. If L = (v1,...,vy) is a sequence of m vectors in R™. We
have

m
2
det(Gr) < T v 13-
j=1
The equality takes place only if the vectors of L are pairwise orthogonal.
Proof. Suppose that L is linearly independent and construct the orthonormal
set {y1,...,¥m}, where y; = bj1vi + -+ bj;v; for 1 < j < m, using the
Gram-Schmidt algorithm. Since b;; # 0 it follows that we can write
Vi =¢iayrt -+ 655

for 1 < j < m so that (v;,y,) =0if j <pand (v;,y,) = ¢, if p < j. Thus,
we have
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(vi,¥1) (v2,¥1) -+ (Vin, ¥1)
0 (v2,¥2) = (Vm,¥2)

(Viye o3 Vim) = (V153 Ym) 0 0 - (Vi ¥3)
0 O .« .. (Vm7ym)

This implies

(vi,v1) -+ (V1, Vi) Vi
. = Sl (Vi Vi)
(vavl) et (Vmavm) Vr/rn
(V17y1) 0 0 (vluyl) (V2,y1) T (vmuyl)
. (V27YI) (V25y2) 0 0 (V25y2) e (V’may2)
(Vmayl) (Vm7y2) (vaym) 0 0 (Vmaym)
Therefore, we have
det(GL) = H(Vi7yi)2 < H(Vi,Vi)Q,
=1 =1

because (vi,y;)? < (vi, vi)?(y;,¥,)* and (y;,y;) = 1 for 1 <i<m.
To have det(Gr) = [/~ (vi,v;)? we must have v; = k;y;, that is, the
vectors v; must be pairwise orthogonal.

Definition 6.136. A Hadamard matrix is a matric H € R™™ such that h;; €
{1,-1} for 1 <i,j5 <n and HH' = nl,.

Ezample 6.137. The matrices

1111

11 11 -1-1
A:(1—1> amd B=14 41
1-11 -1

are Hadamard matrices in R?*? and R***, respectively.

Corollary 6.138. Let A € R™™" be a matriz such that |a;;| < 1 for 1 <
i,7 < n. Then, |det(A)| < n% and the equality holds only if A is a Hadamard
matriz.

Proof. Let a; = (a1, . ..,ai,) be the i'" row of A. We have || a; ||2< /7, so
|(a;,a;)| < n by Cauchy-Schwartz inequality, for 1 < 4,5 < n.

Note that G = A’A, where L is the set of rows of A. Consequently,
det(A)? = det(GL) <T[/—; || v; [I3, so
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n
| det(A)] < ] I vj ll2< n?.
j=1

To have the equality we must have || v; ||= y/n. This is possible only if
vjr € {—1,1}. This fact together with orthogonality of the vectors vi,..., v,
implies that A is a Hadamard matrix.

We saw that orthonormal sets of vectors are linearly independent. This
allows us to extend orthonormal set of vectors to orthonormal bases.

Theorem 6.139. Let L be a finite-dimensional linear space. If U is an or-
thonormal set of vectors, then there exists a basis T of L that consists of
orthonormal vectors such that U C T.

Proof. Let U = {uy,...,un} be an orthonormal set of vectors in L. There
is an extension of U, Z = {u1,...,Wmn, Wnt1,.-.,U,} to a basis of L, where
n = dim(V'), by Theorem 5.17. Now, apply the Gram-Schmidt algorithm to
the set U to produce an orthonormal basis W = {w,...,w,} for the entire
space L. It is easy to see that w; = u; for 1 <7 <m,so U C W and W is the
orthonormal basis of L that extends the set U.

Corollary 6.140. If A is an (m X n)-matriz with m > n having orthonormal
set of columns, then there exists an (m X (m —n))-matriz B such that (A B)
is an orthogonal (unitary) square matriz.

Proof. This follows directly from Theorem 6.139.

Corollary 6.141. Let U be a subspace of an n-dimensional linear space L
such that diim(U) = m, where m < n. Then dim(U~+) = n — m.

Proof. Let uy,...,u,, be an orthonormal basis of U, and let

Ui, ..., Um, Um+1,-.-,Up

be its completion to an orthonormal basis for L, which exists by Theo-
rem 6.139. Then, W,,41,...,u, is a basis of the orthogonal complement U,
so dim(U+) = n — m.

Theorem 6.142. A subspace U of R" is m-dimensional if and only if is the
set of solution of an homogeneous linear system Az = 0, where A € R""™)xn
s a full-rank matriz.

Proof. Suppose that U is an m-dimensional subspace of R"™. If vy,...,vp_m
is a basis of the orthogonal complement of U, then vix = 0 for every x € U
and 1 < ¢ < n — m. These conditions are equivalent to the equality

(Vivh - Vi )x =0,
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which shows that U is the set of solution of an homogeneous linear Ax = 0,
where A= (Vi v - v _ ).

Conversely, if A € R™™™*" is a full-rank matrix, then the set of solutions
of the homogeneous system Ax = b is the null subspace of A and, therefore

is an m-dimensional subspace.

Exercises and Supplements

1. Let v be a norm on C". Prove that there exists a number k£ € R such that for
any vector x € C" we have v(x) < k> I, |:cl|

2. Prove that v(x +y)? + v(x —y)? < 4(v(x)? + v(y)?) for every vector norm v
on R™ and x,y € R".

3. Let a € R™ be a vector such that a > 0,,. Prove that

n 2 n
<Z ai> < nZaf.
i=1 i=1

4. Let (S, d) be a dissimilarity space, where d is a definite dissimilarity. Define the
set
P(:E,y, Z) = {p € Rxo | d(xvy)p < d(:l?, Z)p + d(zvy)p}
for z,y,z € S. Prove that
a) P(x,y,2) #0 for z,y,z € S;
b) if p € P(z,y,2) and ¢ < p, then g € P(z,y, 2);
¢) if sup P(z,y,2) > 1 for all z,y,z € S, then d is a metric on S;
d) if sup P(z,y,2) = oo for all z,y,z € S, then d is an ultrametric on S.
5. Let u,v € C. Prove that:
a) |av — ud)|* = 2u}|v]? — @*v? — W%
b) ifx€C, || x|=1,and s = >, 27, we have > | D 1Ty — z;%? <
2 — 25
6. Let {q;,...,q,} C C" be an orthonormal set of n vectors. If {I, J} is a partition
of {1,...,n}, I = {i1,...,ip} and J = {j1,...,Jq}, prove that the subspaces
S = (- 7qip> and T'= (q,,,- - -, qjq> are complementary.
7. Let Q=(q, -+ q;) € C€™** be a matrix having a set of orthonormal columns.
Prove that I, — QQ" = Hf:l(In —q;q}).

Solution: The equality to be shown amounts to I, _Z§:1 q,9; = H§:1 (In—
qjq;'), and the argument is by induction on k. The base case, k = 1 is immediate.
Suppose that the equality holds for k and let {q,...,q,,q,,.1} be a set of
othonormal vectors. We have

k+1
H(In - qJO.I?) =

Jj=1

qjq] - Qk+1q|1:+1)

/\ H':w

Zq]qj> Qk+1QZ+1)

(by the inductive hypothesis)
k

k
=1I,— ZqJ'Q;" - Qk+1CI:+1 + <Z q]‘q|;'> Qk+1q:+1‘
j=1

=1
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11.

12.
13.
14.

15.

16.
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Since q';-qu =0 for 1 < j < k, the inductive step is concluded.
Let X = {x1,...,2m} be a set and let S be a subset of X. The characteristic
vector of S is c¢s € {0,1}™ whose components c1,...,cn are defined by ¢; =1
if ; € S and ¢; = 0, otherwise. Prove that

a) | es [l2=|S[;

b) if S,T C X, then cger = |[SNTY;

¢) if S C X, then

S{(ei—e)? [1<i<j<m}=15| X —5].

Solution: We solve only the third part. Without loss of generality assume
that S = {x1,...,2p}. Then, ¢c; =1for1<i<pandc; =0for p+1<i<m.
The contribution of the terms of the form (¢; — cj)27 where 1 < 7 < p equals
m — p and there are p such terms. Thus, > {(ci —¢;)? | 1 <i < j<m} =
p(m —p) = |5 - X — S|. -

Let x,y € C". Prove that trace(xy") = x"y.

. Let x,y € C" and let M, P be the matrices M = xx" and P = yy". Prove

that for the inner product on C"*", defined in Example 6.26, we have (M, P) =
x"y[*.

Let x € R™. Prove that for every € > 0 there exists y € R"™ such that the
components of the vector x + y are distinct and || y |[2< €.

Solution: Partition the set {1,...,n} into the blocks Bi,..., Bi such that
all components of x that have an index in B; have a common value ¢;. Suppose
that | Bj| = p;. Then, Z§:1 p; = n and the numbers {c1, ca, ..., cx } are pairwise
distinct. Let d = min; ; |c; — ¢j|. The vector y can be defined as follows. If
Bj = {i1,...,ip, }, then

yio =02y =027y, =027,
where 1 > 0, which makes the numbers ¢; + yi,,¢j + Yin, ..., ¢; + Yip, pairwise
distinct. It suffices to take n < d to ensure that the components of x + y are
pairwise distinct. Also, note that || y ||3< Z?zl Dj % = ”T”Q. It suffices to choose
n such that n < min{d, 2} to ensure that || y [|2< €.
Prove that the norms v; and ve on R™ are not generated by an inner product.
Prove that if 0 < p < 1, v, is not a norm on R".
The number ((x), defined as the number of non-zero components of the vector
x € R", is refered to as the zero-norm of x (even though it is not a norm in the
sense of Definition 6.9) and is used in the study of linear models in machine learn-
ing (see [192]). Prove that ((x) = lim,_0(vp(x))? and that lim, o niiup(x)
equals the geometric mean of the absolute values of the components of x.
Let v be a norm on R" that satisfies the parallelogram equality. Prove that the
function p : R" X R™ — R given by

picy) = 1 (Wx+y) = vlx—y)?)

is an inner product on R".
Let {wi,...,wi} C C" be a set of unit vectors such that w; L w; for ¢ # j and
1<i,j <k W= (w1 - wi) € Cc™** prove that

I, — WiWi = (In — wipwh) - - (In — wiwh).
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31.

32.

33.
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Let p(™™ : ¢™*" — Ry be a vectorial matrix norm. Prove that for every A €
C™*™ there exists a constant k € R such that p(™™ (A) < kY™, >y laigl.
We use here the notations introduced in Theorem 6.57. Prove that if A € C"*"
is a Hermitian matrix such that AU = UB for some U € C"** having an
orthonormal set of columns, then we can write:

H . B Ogn—k
wvraev)= (%, Git)

for some matrix V' € C**("~*) such that (U V) € C"*" is a unitary matrix,
Prove that a matrix A € C"*" is normal if and only if || Ax ||2=|| A"x ||2 for
every x € C".

Prove that for every matrix A € C"*" we have [All2 = || A"].

Let A € R™"™. Prove that there exists 4, 1 < i < n such that || Ae; ||3> 2 |
Al

Let U € C™*™ be a matrix whose set of columns is orthonormal and let V € C"*"
be a matrix whose set of rows is orthonormal. Prove that |[UAV ||r = ||A| F.

Let M € R™™ be a positive definite matrix. Prove that x’ Mx + y'My >
x' My + y' Mx for x,y € R".

Let H € C"*™ be a non-singular matrix. Prove that the function f : C
Rso defined by f(X) =|| HXH ™' ||z for X € C"*" is a matrix norm.
Let A € C™™ and B € CP*? be two matrices. Prove that | A ® B |3=
trace(A’A ® B'B).

Let x0,x,y € R"™. Prove that if ¢ € [0,1] and u = tx+(1—1¢)y, then || xo—u [[2<
max{[| xo — x [|2, || xo — ¥ ||2}-

nxn

—

Let ui,...,u, be m unit vectors in R?, such that || u; — u; ||= 1. Prove that

m < 6.

Prove that if A € C™*" is an invertible matrix, then p(A) > m for any

matrix norm .

Let || - || be an unitarily invariant norm. Prove that | A — I, ||<|| A —=U ||<]|

A+ 1, || for every Hermitian matrix A € C**™ and every unitary matrix U.

Let A € C™*" be an invertible matrix and let || - || be a norm on C". Prove that
1A = -

min{|| Ax || [ || x [|= 1}

where || - || is the matrix norm generated by || - ||.
Let Y € C**? be a matrix that has an orthonormal set of columns, that is,
Y"Y = I,. Prove that:

a) ||V [|r=p;

b) for every matrix R € C?*? we have | YR ||r=|| R ||F.
Let D € R™*" be a diagonal matrix such that d;; > 0 for 1 < i < n. Prove that
if X is an orthogonal matrix, then trace(X D) < trace(D).

Let
01 0 —1 10
o= (o) = (1) 2= (6 %):

be the Pauli matrices defined in Example 6.45 Prove that
a) the Pauli matrices are pairwise orthogonal;
b) we have the equalities XY =iZ, YZ =iX, and ZX = iY;
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34.
35.
36.
37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.
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¢) if W is a Hermitian matrix in C?*? such that traceW = 0, then W is a
linear combination of the Pauli matrices.
Prove that if x,y € C" are such that || x ||2=|| y ||2, then x+y L x —y.
If S is a subspace of C", prove that (S1)* = 5.
Prove that every permutation matrix Py is orthogonal.
Let A € R™*™ be a symmetric matrix. Prove that

(x,4%) — (v, Ay) = (A(x~y),x+y)

for every x,y € R".
Let x,y € R" be two unit vectors. Prove that

[x+yllllx—yl
5 :

|sin Z(x,y)| =

Let u and v be two unit vectors in R". Prove that
a) if @ = Z(u,v), then || u— vcosa ||2=sina;
b) vcosa is the closest vector in (v) to u.
Let {v1,...,vp} CR" be a collection of p unit vectors such that Z(v;,v;) =0,
where 0 < § < § for every pair (vi,v;) such that 1 <4,j < p and i # j. Prove
that p < %
Let C™*™ be the linear space of complex matrices. Prove that:
a) the set of Hermitian matrices H and the set of skew-Hermitian matrices X
in C"*™ are subspaces of C"*";
b) if C"*™ is equipped with the inner product defined in Example 6.26, then
K =%H".
Give an example of a matrix that has positive elements but is not positive
definite.
Let M € R™™ be a positive definite matrix. Prove that x’ Mx + y'My >
x' My +y' Mx for x,y € R".
Prove that if A € R™*™ is a positive definite matrix, then A is invertible and
A~ is also positive definite.
Let A € C™*" be a positive definite Hermitian matrix. If A = B + iC, where
B,C € R™™ ", prove that the real matrix

B -C
»=(27%)
is positive definite.

Let L be areal linear space and let || - || be a norm generated by an inner product

defined on L. L is said to be symmetric relative to the norm if || ax —y ||=||

x —ay || for a € R and x,y € V such that | x ||=]| y ||= 1.

a) Prove that if a norm on a linear vector space L is induced by an inner
product, then L is symmetric relative to that norm.

b) Prove that L satisfies the Ptolemy inequality | x —y ||| z |<||y — 2z ||| x ||
+lz—x ||| ¥y |, for x,y,z € V if and only if L is symmetric.

Let Hy be the Householder matrix corresponding to the unit vector u € R". If

x € R" is written as x =y + z, where y = au and z | u, then Hyux is obtained

by a reflection of x relative to the hyperplane that is perpendicular on u, that

is, Hyx = —u+v.
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Let Y € R™ ¥ be a matrix such that Y'Y = I, where k < n. Prove that the
matrix I, — YY"’ is positive semidefinite.

Prove that if A, B € R**? are two rotation matrices, then AB = BA.

Let u € R” be a unit vector. A rotation with axis u is an orthogonal matrix A
such that Au = u. Prove that if v L u, then Av L uand A'v L u.

Let u, v and w be three unit vectors in R —{0}. Prove that /(u,v) < Z(u, w)+
Z(w, V).

Let A € R™*™ be a matrix such that rank(A) = n. Prove that the R-factor of
the QR-decomposition of A = QR has positive diagonal elements, it equals the
Cholesky factor of A’A, and therefore is uniquely determined.

Let A € C™*™ be a full-rank matrix such that m > n. Prove that A can be
factored as A = LQ, where L € C"*™ and Q € C"*™, such that the columns of Q
constitute an orthonormal basis for Ran(A"), and L = (¥;;) is an lower triangular
invertible matrix such that its diagonal elements are real non-negative numbers,
that is, £;; > 0 for 1 < i < n.

mXn
R

D= =(vi -+ vp) €

/
um

be a data matrix (as introduced in on page 271) and let z € R™. The inertia of D
relative to z is the number I(D) =37, || u; —z II3.

54.

Let

be a data matrix. Prove that
I(D) = I5(D)=m| D -z},

for every z € R". Conclude that the minimal value of the inertia I,(D) is
achieved for z = D.

The standard deviation of a vector v € R™ is the number

1 m
— § .52
Sv = -1 izl(vl U) )

where & = L 3™  ; is the mean of the components of v. The variance is var(v) =
2 m 1=
s
The standard deviation of a data matrizx D € R™*™, where D = (vi --- v,) is
the row s = (8vy,...,8v, ) € R".

Let u and w be two vectors in R, where m > 1, having the means @ and w,

and the standard deviations s, and s, respectively. The covariance coefficient of u
and w is the number
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%1 S (s — @) (wi — ).

i=1

cov(u, w) =
m

The correlation coefficient of u and w is the number
cov(u, w
plu, w) = LW,

SuSw

The covariance matriz is of a data matrix D € R"™*" is

1 N/ T nxn
D)= ——D'DeR"™",
cov(D) T €
55. Prove that for v € R™ we have
1 2 ~2
var(v) = — (Il v |I* =mo7).

56. Let D € R™*™ be a data matrix, where

u)
D= = (v1 Vi)
!
um
Prove that the mean square distance between column vectors vy, ..., v, is equal

to twice the sum of row variances, > 7", var(u;).
Solution: The mean square distance between the columns of D is

ﬁ Z [ vi—v;|? n(+_1) <Z | v;|? —QZV;W)

i<j i<j

2 2 2 / /
= — - || D D -1,DD'1,
oy (=D I D IF 41 D ~1,DD'1,)
2 2 ’ /
= — D -1,DD'1,).
n(n — 1) (n ” HF ")
Since each vector ui belongs to R", the the sum of row variances is
m m 1 y 1 n n y
Zvar(uk) = Z n_1 (H Uk H2 —nuﬁ) =1 | D H% o1 Zui
k=1 k=1 k=1
Taking into account that
1 1
iy = —1,D'er, = —e;, D1y,
n n

we have G2 = %1/, D’ere, D1, which implies

aj = %1;D’ (Z eke;> D1, = %1;D’D1m

k=1
because 22:1 eke§c = I,,,. The desired equality follows immediately.

57. Prove that —1 < p(u,w) <1 for any vectors u,w € R™.

58. Prove that the covariance matrix of a data matrix D € R™*"™ can be written as
cov(D) = =2 D'H.,D; if D is centered, then cov(D) = —L-D'D.

59. Let D € R™*" be a centered data matrix and let R € R"*™ be an orthogonal
matrix. Prove that cov(DR) = R cov(X)R.
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Bibliographical Comments

The notion of vector inner product, which is fundamental for linear algebra,
functional analysis and other mathematical disciplines was introduced by Her-
mann Giinther Grassmann (1809-1877) is his fundamental work “Die Lineale
Ausdehnungslehre, ein neuer Zweig der Mathematik”.

Almost every advanced linear algebra reference deals with inner products
and norms and their applications at the level that we need. We recommend
especially [137] and the two volumes [95] and [96].
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Spectral Properties of Matrices

7.1 Introduction

The existence of directions that are preserved by linear transformations (which
are referred to as eigenvectors) has been discovered by L. Euler in his study
of movements of rigid bodies. This work was continued by Lagrange, Cauchy,
Fourier, and Hermite. The study of eigenvectors and eigenvalues acquired in-
creasing significance through its applications in heat propagation and stability
theory. Later, Hilbert initiated the study of eigenvalue in functional analysis
(in the theory of integral operators). He introduced the terms of eigenvalue
and eigenvector. The term eigenvalue is a German-English hybrid formed from
the German word eigen which means “own” and the English word “value”.
It is interesting that Cauchy referred to the same concept as characteristic
value and the term characteristic polynomial of a matrix (which we introduce
in Definition 7.1) was derived from this naming.

We present the notions of geometric and algebraic multiplicities of eigen-
values, examine properties of spectra of special matrices, discuss variational
characterizations of spectra and the relationships between matrix norms and
eigenvalues. We conclude this chapter with a section dedicated to singular
values of matrices.

7.2 Eigenvalues and Eigenvectors

Let A € C"*" be a square matrix. An eigenpair of A is a pair (\,x) €
C x (C™ — {0}) such that Ax = Ax. We refer to A is an eigenvalue and to x
is an eigenvector. The set of eigenvalues of A is the spectrum of A and will be
denoted by spec(A).

If (A, x) is an eigenpair of A, the linear system Ax = Ax has a non-trivial
solution in x. An equivalent homogeneous system is (AI, — A)x = 0 and this
system has a non-trivial solution only if det(Al, — A) = 0.
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Definition 7.1. The characteristic polynomial of the matrixz A is the polyno-
mial pa defined by pa(A) = det(AL, — A) for A € C.

Thus, the eigenvalues of A are the roots of the characteristic polynomial of A.

Lemma 7.2. Let A = (a1 --- a,) € C" and let B be the matriz obtained
from A by replacing the column a; by e;. Then, we have

7 1w j—1j+1--n
det(B)—det<A[1 o141 n])

Proof. The result follows immediately by expanding B on the j*" column.

The result obtained in Lemma 7.2 can be easily extended as follows. If
B is the matrix obtained from A by replacing the columns a;,,...,a;, by

€j,...,€j and {i1,...,ip} ={1,...,n} — {j1,...,jk}, then

det(B) = det <A Bl ?PD . (7.1)

1 PR Zp
In other words, det(B) equals a principal p-minor of A.

Theorem 7.3. Let A € C"*" be a matriz. Its characteristic polynomial pa

can be written as
n

pal) = 3 (- 1)Faant,

k=0
where ay, is the sum of the principal minors of order k of A.

Proof. By Theorem 5.146 the determinant
pa(A\) =det(A, — A) = (—1)" det(4A — A\I,,)

can be written as a sum of 2" determinants of matrices obtained by replacing

each subset of the columns of A by the corresponding subset of columns of

—AlL,. If the subset of columns of —AI, involved are —X\e; ,...,—Me;, the

result of the substitution is (—1)*\¥ det (A Bl B ';p] >, where {i1,...,ip} =
1

{1,...,n}—={J1,--.,7x}. The total contribution of sets of k columns of —AI,
is (—=1)*\*a,, . Therefore,

paN) = (=)™ Y (1" Map_y.
k=0
Replacing k by n — k as the summation index yields

n

pa(A) = (—1)”211:(—1)"*’%”*’“% = (=1)FapA" k.

k=0 k=0
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Definition 7.4. Two matrices A, B € C"*" are similar if there exists an
invertible matriz P € C"*"™ such that B = PAP~'. This is denoted by A ~ B.

If there exists a unitary matriz U such that B = UAU™!, then A is uni-
tarily similar to B. This is denoted by A ~, B.

The matrices A, B are congruent if B = SAS" for some mon-singular
matriz S. This is denoted by A ~ B. If A,B € R"™™", we say that they are
t-congruent if B = SAS" for some invertible matriz S; this is denoted by

~; B.

For real matrices the notions of ¢-congruence and congruence are identical.
It is easy to verify that ~,~, and ~ are equivalence relations on C™*"
and = is an equivalence on R™*™.
Similar matrices have the same characteristic polynomial. Indeed, suppose
that B = PAP~!. We have

pp(A\) = det(\l,, — B) = det(\l,, — PAP™!)
=det(A\PI,P~! — PAP™') = det(P(\I,, — A)P™1)
= det(P) det(A\I, — A)det(P~') = det(\,, — A) = pa(N),

because det(P) det(P~!) = 1. Thus, similar matrices have the same eigenval-
ues.

Example 7.5. Let A be the matrix
cosf —sinf
A= (sin9 cos ) )
We have

pa =det(\l; — A) = (A — cosf)? +sin? 0 = \? — 2\ cos 6 + 1.

The roots of this polynomial are A\; = cos@ + isinf and Ay = cosf — isiné,
so they are complex numbers.

We regard A as a complex matrix with real entries. If we were to consider
A as a real matrix, we would not be able to find real eigenvalues for A unless
0 were equal to 0.

Definition 7.6. The algebraic multiplicity of the eigenvalue A of a matriz
A € C™" is the multiplicity of A as a root of the characteristic polynomial
pa of A.

The algebraic multiplicity of X\ is denoted by algm(A, \). If algm(A,\) =1
we say that X is a simple eigenvalue.

Ezample 7.7. Let A € R**? be the matrix

a=(13)
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The characteristic polynomial of A is

A1
pa = |, Ly = -

Therefore, A has the eigenvalue 1 with algm(A,1) = 2.

Example 7.8. Let P(a) € C"*" be the matrix P(a) = (a — 1)1, + J,. To find
the eigenvalues of P(a) we need to solve the equation

A—a -1 - -1
—1 A—a--- -1
=0.

-1 -1 ---A—-a
By adding the first n — 1 columns to the last and factoring out A— (a+n—1),
we obtain the equivalent equation

Aea —1 ---1
1 A—a---1
A=(a+n-1))| . . | =o.

-1 -1 ---1

Adding the last column to the first n — 1 columns and expanding the deter-
minant yields the equation (A — (a +n —1))(A —a + 1)"~! = 0, which shows
that P(a) has the eigenvalue a +n — 1 with algm(P(a),a+n—1) =1 and the
eigenvalue a — 1 with algm(P(a),a — 1) =n — 1.

In the special case when a = 1 we have P(1) = J, . Thus, J, , has the
eigenvalue Ay = n with algebraic multiplicity 1 and the eigenvalue 0 with
algebraic multiplicity n — 1.

Theorem 7.9. The eigenvalues of Hermitian complex matrices are real num-
bers.

Proof. Let A € C™™" be a Hermitian matrix and let X be an eigenvalue of A.
We have Ax = \x for some x € C" — {0,,}, so x" A" = A\x". Since A" = A, we
have

Ax"x = x"Ax = x"A'x = Ax"'x.

Since x # 0 implies x"x # 0, it follows that A = \. Thus, A is a real number.

Corollary 7.10. The eigenvalues of symmetric real matrices are real num-
bers.

Proof. This is a direct consequence of Theorem 7.9.



7.2 Eigenvalues and Eigenvectors 341

Theorem 7.11. The eigenvectors of a compler Hermitian matrix correspond-
ing to distinct eigenvalues are orthogonal to each other.

Proof. Let (A, u) and (u,Vv) be two eigenpairs of the Hermitian matrix A €
C™ "™ where A\ # . Since A is Hermitian, A, u € R. Since Au = Au we have
v?Au = AvM'u. The last equality can be written as (Av)"u = Av'u, or as
uvtu = Avfu. Since p # A, vfu =0, so u and v are orthogonal.

The statement clearly holds if we replace complex Hermitian matrices by
real symmetric matrices.

Corollary 7.12. The eigenvectors of a Hermitian matriz corresponding to
distinct eigenvalues form a linearly independent set.

Proof. This statement follows from Theorems 6.41 and 7.11.

The next statement is a result of Issai Schur (1875-1941), a mathematician
born in Russia, who studied and worked in Germany.

Theorem 7.13. (Schur’s Triangularization Theorem) Let A € C"*" be
a square matriz. There exists an upper-triangular matriz T € C™*™ such that
A=~,T.

The diagonal elements of T are the eigenvalues of A; moreover, each eigen-
value X\ of A occurs in the sequence of diagonal elements of T a number of
algm(A, \) times. The columns of U are unit eigenvectors of A.

Proof. The argument is by induction on n. The base case, n = 1, is immediate.

Suppose that the statement holds for matrices in Cc=Dx(=1) andlet A €
C™ ™. If (\,x) is an eigenpair of A with || x |2= 1, let Hy be a Householder
matrix that transforms x into e;. Since we also have Hye; = x, x is the
first column of Hy, and we can write H, = (x K), where K € C"*("~1,
Consequently,

H,AH, = H,A(x K) = H,(Ax H,AK) = (\e; HyAK).

Since Hy is Hermitian and Hy = (x K), it follows that

H
H\F: = (;;'H) = H,.

Therefore,
H
HVAHV—< A XAK)'

0,1 K'AK
Since K*AK € C"~VX(=1 by the inductive hypothesis, there exists a uni-

tary matrix W and an upper triangular matrix S such that WH(K"AK)W =
S. Note that the matrix
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U = H. L0,
VN0, W

A 2"AKW O\ [ A x"AKW
0, WK*AKW) ~\0,, S )

is unitary and
UMAU" = (

The last matrix is clearly upper triangular.

Since A ~, T, A and T have the same characteristic polynomials and,
therefore, the same eigenvalues, with identical multiplicities. Note that the
factorization of A can be written as A = UDU" because U ! = U". Since
AU = UD, each column u; of U is an eigenvector of A that corresponds to
the eigenvalue \; for 1 < i < n.

Corollary 7.14. If A € R™™" is a matriz such that spec(A) = {0}, then A is
nilpotent.

Proof. By Schur’s Triangularization Theorem, A is unitarily similar to a
strictly upper triangular matrix, A = UTU", so A = UT"U". Since
spec(T) = {0}, we have T™ = O, so A™ = O.

Corollary 7.15. Let A € C"™" and let f be a polynomial. If spec(A) =
{A1, .-y A} (including multiplicities), then spec(f(A)) = {f(A1),..., f(An)}.

Proof. By Schur’s Triangularization Theorem there exists a unitary matrix
U € C™"™ and an upper-triangular matrix T € C™*" such that A = UTU"
and the diagonal elements of T are the eigenvalues of A, A1, ..., \,. Therefore
f(A) = Uf(T)U", and by Theorem 5.49, the diagonal elements of f(T') are
F(A), ..., f(Am). Since f(A) ~,, f(T), we obtain the desired conclusion be-
cause two similar matrices have the same eigenvalues with the same algebraic
multiplicities.

Definition 7.16. A matriz A € C"*" is diagonalizable (unitarily diagonaliz-
able) if there exists a diagonal matriz D = diag(dy, ..., d,) such that A ~ D
(A~ D).

Theorem 7.17. A matriz A € C"*" is diagonalizable if and only if there

exists a linearly independent set {v1,...,v,} of n eigenvectors of A.
Proof. Let A € C™*" such that there exists a set {vy,...,v,} of n eigenvec-
tors of A that is linearly independent and let P be the matrix (vy va -+ vy,)

that is clearly invertible. We have:
PilAP = Pil(Avl AVQ tee AVn) = Pil()\lvl )\2V2 te /\nvn)

A O - 0 M O --- 0
. 0 Xg--+ 0 0 Xg-+ 0
=P P| . . =1 . . .

00 -\, 00 -\,
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Therefore, we have A = PDP~!, where

A O --- 0
0 Xg--+ 0
D= .. . 3
00 -\,
so A~ D.
Conversely, suppose that A is diagonalizable, so AP = PD, where D is
a diagonal matrix and P is an invertible matrix, and let vi,...,v, be the

columns of the matrix P. We have Av; = d;;v; for 1 < i < n, so each v; is an
eigenvector of A. Since P is invertible, its columns are linear independent.

Corollary 7.18. If A € C"*" is diagonalizable then the columns of any ma-
triz P such that D = P~YAP is a diagonal matriz are eigenvectors of A.
Furthermore, the diagonal entries of D are the eigenvalues that correspond to
the columns of P.

Proof. This statement follows from the proof of Theorem 7.17.

Corollary 7.19. A matriz A € C™*" is unitarily diagonalizable if and only
if there exists a set {v1,...,v,} of n orthonormal eigenvectors of A.

Proof. This statement follows from the proof of Theorem 7.17 by observ-
ing that if {vy,...,v,} is a set n orthonormal eigenvectors of A, then
P = (vi,...,vy) is a unitary matrix that gives a unitary diagonalization
of A. Conversely, if P is an unitary matrix such that A = PDP~! its set of
columns consists of orthogonal unitary eigenvectors of A.

Corollary 7.20. Let A € R"™™" be a symmetric matriz. There exists a or-
thonormal matriz U and a diagonal matriz T such that A = UTU~L. The
diagonal elements of T' are the eigenvalues of A; moreover, each eigenvalue A
of A occurs in the sequence of diagonal elements of T a number of algm(A, \)
times.

Proof. As the previous corollary, this follows from the proof of Theorem 7.17.

Theorem 7.21. Let A € C"™" be a block diagonal matriz,

Ay O -~ O
O Ay -+ O
A= .. )
O O - Apm

A is diagonalizable if and only if every matriz A;; is diagonalizable for 1 <
< m.
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Proof. Suppose that A is a block diagonal matrix which is diagonalizable.
Furthermore, suppose that A; € C™"*™ for 1 < i < n and Zﬁl n; = n.
There exists an invertible matrix P € C"*" such that P"1AP is a diagonal
matrix D = diag(A1,...,An). Let py,...,p, be the columns of P, which are
eigenvectors of A. Each vector p; is divided into m blocks p} with 1 < j < m,
where pg € C". Thus, P can be written as

Pi P; - Dy
[ pipipn
Pl P3Py

The equality Ap, = \;p, can be expressed as

A O - O p; p;
O Ay --- O p? p?
. . . — Al )

which shows that A;;p] = \;p] for 1 < j < m. Let M7 = (pJ p} --- pj) €
C"*". We claim that rank(M?) = n;. Indeed if rank(M7) were less than
nj, we would have fewer that n independent rows M7 for 1 < j < m. This,
however, would imply that the rank of P is less then n, which contradicts the
invertibility of P. Since there are n; linearly independent eigenvectors of 4;;,
it follows that each block Aj;; is diagonalizable.

Conversely, suppose that each A;; is diagonalizable, that is, there exists
a invertible matrix ); such that Qj_lAjj Q; is a diagonal matrix. Then, it is
immediate to verify that the block diagonal matrix

Q10 -+ O
0Qy - O
Q: . . .
O O - Qnm

is invertible and Q' AQ is a diagonal matrix.

Theorem 7.22. Let A € C"*" be a matriz and let (A1, v1),..., (A, vk) be k
eigenpairs of A, where A1, ..., \p are pairwise distinct. Then, {vy,..., v} is
a linearly independent set.

Proof. Suppose that {vi,...,vk} is not linearly independent. Then, there
exists a linear combination of this set that equals 0, that is

C1Vy, + -+ CrVi,. = On, (72)



7.3 Geometric and Algebraic Multiplicities of Eigenvalues 345

at least one coefficient is not 0, and r > 1. Choose this linear combination to
involve the minimal number of terms. We have

A(clvil +covi, + -+ CrViT) = Cl/\ilvl + CQ/\iQViZ —+ -4 Cr/\iTViT =0,.
By multiplying Equality (7.2) by A;; we have
Cl/\ilvil + C2)\ilvi2 + -4+ cr)\ilvir =0,.

It follows that ca(Aiy — Aiy )iy + - -+ ¢ (Ni,. — Aiy ) Vi, = O, Since there exists
a coefficient Ai, — Ai; that is non-zero, this contradicts the minimality of r.

Corollary 7.23. If A € C™*" has n distinct eigenvalues, then A is diagonal-
izable.

Proof. Tfspec(A) = {\1,..., A} consists of n complex numbers and vy, ..., v,
are corresponding eigenvectors, then, by Theorem 7.22, {vy,...,v,} is linearly
independent. The statement follows immediately from Theorem 7.17.

7.3 Geometric and Algebraic Multiplicities of
Eigenvalues

For a matrix A € C"*" let Sa » be the subspace NullSp(A\I,, — A). We refer
to Sa x as invariant subspace of A and A or as the eigenspace of \.

Definition 7.24. Let A € C"*" and let A\ € spec(A). The geometric multi-
plicity of A is the dimension geomm(A, X) of Sa x.

Ezxample 7.25. The geometric multiplicity of 1 as an eigenvalue of the matrix
0-1
-(13):

considered in Example 7.7, is 1. Indeed if x is an eigenvector that corresponds
to this value we have —zs = 27 and x1 + 222 = x5, which means that any
such eigenvector has the form als. Thus, dim(S41) = 1.

The definition of the geometric multiplicity of A € spec(A) implies
geomm(A, \) = dim(NullSp(A — AI,,)) = n — rank(A — AI,). (7.3)

Theorem 7.26. Let A € R™™". We have 0 € spec(A) if and only if A is
a singular matriz. Moreover, in this case, geomm(A,0) = n — rank(A) =
dim(NullSp(A)). If algm(A,0) = 1, then rank(A) =n — 1.

Proof. The statement is an immediate consequence of Equality (7.3).



