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The Chain Rule

Theorem

(Chain Rule Theorem) Let S, T, U be three normed spaces, X be an
open subset of S and Y an open subset of T.

If f : X — T is a Gateaux differentiable function at xo € X and

g : Y — U is a Giteaux differentiable function at yo = f(xp) € Y, then
gf is differentiable at xq and

D.(gf)(x0) = (Dyg)(f(x0))(Dxf)(x0)-




Proof

Since f(xp + h) — f(x0) — (D«f)(x0)(h) = o01(h) and
g(yo + k) — g(y0) — (Dyg)(y0)(k) = 02(k), we have
)

((Dxf)(x0)(p) + 01(p)) + 02((Dxf)(x0)(p) + 01(p))

Observe that

im (Pr8)(0)(01(p)) + 02((Dxf)(x0)(p) + 01(p))
h—0 el

because || (Dyg)(yo)(o1(p)) II<I| (Dyg)(yo) Illl 01 (p) |-

}=0,
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Proof (cont'd)

Also,

| 02((Dxf)(x0)(p) + 01(p)) <[l 02((Dxf)(x0)(P)) I + [ 02(01(p)) |l

which shows that D, (gf)(x0) = (Dyg)(f(x0))(Dxf)(x0).
Important: the equality above is the composition of two linear operators,

which corresponds, in the finite dimensional case to a matrix product (see
next example).



Example (cont'd)

Example

Let f: R?> — R3 and g : R* — R3 be the functions defined by

0 iy
f(x)= | x> —x2 | and =
(x) X1 =X nd g(y) vi+ys
X1 — X2 2
341
for x € R? and y € R3.
We have
1 01
(Df)(x) = [ 2x1 —2x2 | and (Dg)(y) = 10 1
-1 2y; 0 0
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Example (cont'd)

We have

1 1
(Df)(x) = <2x1 2x2) and (Dg)(y) =

1 -1
If xg = <Z> then

1
0
1

2

[N

o= = O

~
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Example (cont'd)

By applying the Chain Rule we can write:

D(gf)(x0) = (Dg)(f(x0))(Df)(xo)
1

1+ 2a 1—-2b

2a+1 —-2b-—1
2 0

2(a+b) 2(a+b)
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The Chain Rule

Alternatively, the derivative of gf can be computed by composing first the
functions f and g. This yields

X1 + X2 + X12 — X22
2 2
X7 — X5 + X1 — Xo
gfC) = [ 7%,
(x1 + x2)?

This implies
14+ 2x 1—2x

2x1 + 1 —2x> — 1
(g = | 2, 2

2(x1 +x2) 2(x1 + x2)

Substituting a for x; and b for x» we retrieve the first expression.
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The Chain Rule

The next definition introduces the notation “Vf" (read “nabla f").

Let f: X — R, where X CR", and let z € X. The gradient of f in z is
the vector of

371(2)

€ R".

(VF)(z) =

55, (2)

10/35



The Chain Rule

If f: R" — R™ then f is Gateaux differentiable at xq if there exists a
matrix A € R™*" such that

im f(xo + tu) — f(xo)

t—0 t

= Au

for every u € R". Namely, A is the matrix of the linear transformation
(Df)(x0) : R" — R™.
If a; is the i*" row of A, where 1 < i < m, the previous equality can be
written componentwise as

fi(xo + tu) — fi(xo)

lim = aju
t—0 t

for 1 < i< m. Thus, we have a; = (Vf;)(xo)' for 1 <i< m.
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The Chain Rule

Mlxo) -+ Hh(x0)
(VH)(xo) : e :
A= : = gxf; (xo) - gxﬁ-"(xO)
(Vfm)(xo)’ : . :
On(xo) -+ 9 (xo)

The matrix A € R™*" is referred to as the Jacobian of f : R" — R™ at
xg. As before, if x is understood from context we may omit occasionally
the subscript x and write A simply as (Df)(xg). The rows of Jacobian of f
at xg consist of the transposes of the gradients of its component functions

fi,...,fm at xg.
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The Chain Rule

Example

Let f: R3 — R3 be the function that maps spherical coordinates into
Cartesian coordinates. Its components are:

fi(r,0,¢) = rsinfcos o,
f(r,0,9) = rsinfsing,
3(r,0,9) = rcosé.
The Jacobian matrix in (r, 6, ¢) is:
sinfcos¢ rcosfcos¢p —rsinfsing
(DF)(r,0,0) = | sinflsing rcosfsing rsinfcoso

cos —rsinf 0

Note that det(Df)(r, 8, ¢) = r?siné.
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The Chain Rule

Example

The function g : R? — R? that maps polar coordinates into Cartesian

coordinates, given by

gi(r,¢) = rcosg,
g(r,¢) = rsing

has the Jacobian matrix

cos¢ —rsin g,

(Dg)(r, ¢) = (singZ) r cos ¢

and its determinant is det(Dg)(r,¢) = r.
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The Chain Rule

Example

Let f: R?3 — R? be the function defined by:

f(x) = X+ x5+ x5
e 4 2 4 e

X1
for x = | xo | . The Jacobian of f is the matrix
X3

et g2 s

00w - (22 22 2) exee
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The Chain Rule

Definition
Let f: X — R™, where X C R" is an open set and xg € X. If the limit

im f(xo + tu) — f(xo)
t—0 t

exists, then we refer to it as the directional derivative of f in xg with
respect to u and we write

of . f(xo + tu) — f(xo)
gu*0) = fim t
If u=e;, then %(x) is called the partial derivative with respect to x; and

is denoted by 88—)2.
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The Chain Rule

If fis Gateaux differentiable in xq, then the directional derivative of f
exists with respect to every direction u and we have

o (0) = (DN o) (w).
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The Chain Rule

Unlike the case of single-argument functions, where the existence of a
derivative at a point xg implies the continuity in xg, the existence of partial
derivatives of a multi-argument function does not imply its continuity.

Example
Let f : R2 — R be the function defined by

x2—x2 .
Flx) cos gX12+X22 if x # 0o,
0 if x=0,.

Note that lim,_o (%, %) =1, while f(02) =0, so f is not continuous in

0,. However, partial derivatives do exist in 0> because
f f of f(0
0 im 1000 gy g (02) = lim f0.2)

8X1 x1—0 X1 xo—0 X2

=0.
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The Chain Rule

If % exists relative to every direction u, then 5 exists for every i/,

1 < i < n. The converse is not true, as the next example shows.

Example

Consider the function f : R” — R defined by

a if x = ae; for some i
f(x) = .
1 otherwise.

We have of f( )~ £(0)
. tej) — .
ox; (0) t~>0 t =L
for 1 < i < n. However, if u & {e1,...,e,}, then

f(tu) —f(0) 1
ot ot

and Iimtﬁo% does not exist, which shows that %(0) does not exists if

ué{en...,eyt.




The Chain Rule

Starting with a vector h € R” and the symbolic vector V we consider a
symbolic “scalar product” h'V defined by
0 0
W'V =h—+-+hy=—,
! oxq " Ox,

which is a differential operator that can be applied to a functional
f : R" — R. The definition of the differential can now be written in a
condensed form as

§f(xo; h) = (W'V)f)(x0).
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The Chain Rule

For a function f: R” — R™ that is Gateaux differentiable at xq, the
vector (Dxf)(xo)(u) is the product of the Jacobian matrix of f computed
at xg and u.

Example

Let h : R” — R™ be the linear operator defined by h(x) = Ax, where
A € R™*" By the definition of the Gateaux derivative of h we can write

h(xo + tu) — h(xo)

(Dh)(xo)(u) = lim t
. A(Xo + tu) — AXO
= lim
t—0 t
= lim tA—u = Au,
t—0 t

hence (Dh)(xq) = A for every xo € R".
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The Chain Rule

Example (cont'd)

Example
Suppose now that, as before, h(x) = Ax, and x = g(z), where

g : R" — RP is a Gateaux differentiable function. An application of the

chain rule yields the formula

(D;h)(z0) = A(D;8)(20)-




The Chain Rule

Example

Let f : R™ x R" — R be the functional defined by f(x,y) = y'Ax, where
yeR™ AcR™" and x € R". We have:

(Dxf)(x0,¥0) = ¥oA and (Dyf)(x0,y0) = xpA".

By the definition of the Gateaux differential, (Dxf)(xo,Yq) is given by

f t _f
(Dxf)(x0,¥0) = lim (xo + tu, yo) (x0,Y¥0)
t—0 t
lim y6A(XO + tu) — y6AxO
t—0 t
typAu
m ——

t—0 t
= YoAu

for u € R". Therefore, since the limit of the fraction when t — 0 is 0, we
have (Dxf)(x0) = yoA.

N
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The Chain Rule

Example cont'd

Example

Similarly, the fraction that enters in the definition of (Dyf)(xo,Yg) is

f(xo,Yo + tv) — f(xo0,Y¥0)

(DyF)(x0,yo)(v) = lim :
— im (yo + tv')Axg — ypAxg
t—0 t
tv'A
= lim VX0 _ v/ Axg.
t—0 t

Since V' Axg is a scalar, it is equal to its own transpose, that is
V' Axg = xpA'v and we have:

(Dyf)(x0,¥o) = xpA".

24 /35



The Chain Rule

Theorem

Leth:R" — R™ and g : R" — R be two differentiable operators in
zg € R". We have

D(g(2)'h(2))(z0) = h(z0)'(D:g)(20) + &(20)'(D:h)(20)-
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Taylor's Formula

Under certain conditions of differentiability of a function f : R” — R,
Taylor’'s formula shows that there exists a polynomial in the variables of
the function that provides an approximation of f.

We use symbolic powers of the operator 'V that act as operators on
real-valued functions of n variables. These powers are defined inductively
by (W'V)°f = f, and

(W)L = (W'V)((WV)KF)

for k € N.
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Taylor's Formula

Example
For ,
o hy
V=1%"] and h= h
Ox2 2
we have 5 5
WV =h— + hh—
\Y 18 3 + 28X2’

and (W'V)f = hl8 + hy 8X2
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Taylor's Formula

Example cont'd

Example
Note that
(WV)*f = (h'V) (h gf hzg);)
= hl@?q <h188:1 + h2(§fz> hzaaz <h1gxfl + hp——
— h%(gj; + 2h1hy axalzgxz + h3 gj;.

of
aXQ

)
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Taylor's Formula

The m*™ iteration of the operator h'V can be computed using the
multinomial formula

(h/v)m — Z m hPLRP2 ... pPK o
pLp2 - pk) T ? K OXPIx? 0 - xPx

k
‘P17P2a"' ,pkeN,pr:m}-

i=1

Let X be an open subset of R”. The function f : X — R belongs to the
class CK(X) if it has continuous partial derivatives of order at most k.
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Taylor's Formula

Theorem

(Taylor’s Formula) Let f : B(x,r) — R be a function that belongs to

the class C"(B(x, r)), where B(x,r) C R¥. Ifh € R¥ is such that || h ||< r
then there exists 6 € (0,1) such that:

fxrh) = %((h’V)mf)(x) + %((h’V)"f)(x + 0h).

m=0
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Proof

Define the function g : (0,1) — R by g(a) = f(x + ah). Since
f € C"(B(x,r)) it follows that g belongs to the class C"([0,1]). Thus, by
the standard Taylor formula to g there exists 6 € (0,1) such that

(g | 1
g)=>" mg(’")(o) + mg(")(9)~

m=0
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Proof (cont'd)

Note that differentiating the function g(a) = f(x + ah) with respect to a

is the same thing as applying the differential operator h’V to f. Indeed,
we have

g'(a) = (fGa+ahy,...,xn+ ah,,)/
of of
= hla—)q(x+ah)+hna—)<,1(x+ah)
= ((W'V)f)(x + ah).
It follows immediately that
g™ = ((WV)"f)(x + ah)

for m € N, so there exists 6 € (0, 1) such that

n—1

x+h) =Y n17| (WV)™F)(x) + %((h’V)”f)(er@h).
m=0 ’
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Taylor's Formula

Example

For the real-valued function f € CY(B(x,r)), there is § € (0,1) such that
f(x+h) = f(x)+ ((h’V)f)(x + 6h)
of
= f(x)—i—z 8x,( x + 60h),
X1 h1

where x = : and h =

X hy

33/35



Taylor's Formula

Example

For f € C2(B(x,r)), the same theorem implies the existence of 6 € (0,1)
such that

fx+h) = f(x)+ ((WV)F)(x)+ ((WV)?F)(x + 6h)

k k azf
hi hy ———— fh).
T2 D by g (x o+ Oh)

ih=1h=1
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Example cont'd

The matrix-valued function Hy defined by

02F
Firlx) = <3Xi1 3Xi2>

is the Hessian matrix of . Using the Hessian matrix of f € C?(B(x, r))
we can write

f(x+h) = f(x) + ((WV)Ff)(x) + h' He(x + 6h)h

for some 6 € (0,1).
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