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Spectral Properties of Matrices

7.1 Introduction

The existence of directions that are preserved by linear transformations (which
are referred to as eigenvectors) has been discovered by L. Euler in his study
of movements of rigid bodies. This work was continued by Lagrange, Cauchy,
Fourier, and Hermite. The study of eigenvectors and eigenvalues acquired in-
creasing significance through its applications in heat propagation and stability
theory. Later, Hilbert initiated the study of eigenvalue in functional analysis
(in the theory of integral operators). He introduced the terms of eigenvalue
and eigenvector. The term eigenvalue is a German-English hybrid formed from
the German word eigen which means “own” and the English word “value”.
It is interesting that Cauchy referred to the same concept as characteristic
value and the term characteristic polynomial of a matrix (which we introduce
in Definition 7.1) was derived from this naming.

We present the notions of geometric and algebraic multiplicities of eigen-
values, examine properties of spectra of special matrices, discuss variational
characterizations of spectra and the relationships between matrix norms and
eigenvalues. We conclude this chapter with a section dedicated to singular
values of matrices.

7.2 Eigenvalues and Eigenvectors

Let A € C™*" be a square matrix. An eigenpair of A is a pair (\,x) €
C x (C™ — {0}) such that Ax = Ax. We refer to A is an eigenvalue and to x
is an eigenvector. The set of eigenvalues of A is the spectrum of A and will be
denoted by spec(A).

If (A, x) is an eigenpair of A, the linear system Ax = Ax has a non-trivial
solution in x. An equivalent homogeneous system is (AI,, — A)x = 0 and this
system has a non-trivial solution only if det(Al, — A) = 0.
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Definition 7.1. The characteristic polynomial of the matriz A is the polyno-
mial pa defined by pa(A) = det(AL, — A) for A € C.

Thus, the eigenvalues of A are the roots of the characteristic polynomial of A.

Lemma 7.2. Let A = (a1 -+ a,) € C" and let B be the matriz obtained
from A by replacing the column a; by e;. Then, we have

_ 1 j—1j+41--n
det(B)det<A[1 o141 n])

Proof. The result follows immediately by expanding B on the j*" column.

The result obtained in Lemma 7.2 can be easily extended as follows. If
B is the matrix obtained from A by replacing the columns a;,,...,a;, by

€,...,€j, and {i1,...,ip} ={1,...,n} — {j1,...,jx}, then

det(B) = det <A Bl ?PD . (7.1)

e iy
In other words, det(B) equals a principal p-minor of A.

Theorem 7.3. Let A € C"*" be a matriz. Its characteristic polynomial pa

can be written as
n

paN) = (=DFapA"F,

k=0
where ay, is the sum of the principal minors of order k of A.

Proof. By Theorem 5.146 the determinant
pa(A) = det(Al, — A) = (—1)" det(4A — A\I,,)

can be written as a sum of 2" determinants of matrices obtained by replacing

each subset of the columns of A by the corresponding subset of columns of

—Al,. If the subset of columns of —AI, involved are —\e; ,...,—Me;, the

result of the substitution is (—1)*\¥ det (A El B 'zp] >, where {i1,...,ip} =
Loy

{1,...,n} —{J1,..., 7k} The total contribution of sets of k columns of —\I,
is (—=1)*\*a,,_. Therefore,

pa() = (1" D2 (=1 N .

Replacing k£ by n — k as the summation index yields

n

pa(N) = (=1)" > ()" FA e, = (= 1)FapAn

k=0 k=0
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Definition 7.4. Two matrices A, B € C"*™ are similar if there exists an
invertible matriz P € C™*™ such that B = PAP~'. This is denoted by A ~ B.

If there exists a unitary matriz U such that B = UAU ™Y, then A is uni-
tarily similar to B. This is denoted by A ~,, B.

The matrices A, B are congruent if B = SAS" for some mon-singular
matriz S. This is denoted by A ~ B. If A,B € R™™"™, we say that they are
t-congruent if B = SAS’ for some invertible matriz S; this is denoted by
A=~y B

For real matrices the notions of t-congruence and congruence are identical.
It is easy to verify that ~,~, and ~ are equivalence relations on C™*"
and ~ is an equivalence on R™*".

Similar matrices have the same characteristic polynomial. Indeed, suppose
that B = PAP~!. We have

pe(\) = det(Ml,, — B) = det(\,, — PAP™!)
=det(A\PI,P~! — PAP™') = det(P(\I,, — A)P™1)
= det(P) det(\,, — A)det(P~ 1) = det(\,, — A) = pa(N),

because det(P)det(P~!) = 1. Thus, similar matrices have the same eigenval-
ues.

Example 7.5. Let A be the matrix
cosf —sinf
A= (sin9 cos ) '
We have

pa =det(Ay — A) = (A — cos#)? 4 sin?§ = A2 — 2\ cosf + 1.

The roots of this polynomial are Ay = cosf + isinf and Ay = cosf — isin#,
so they are complex numbers.

We regard A as a complex matrix with real entries. If we were to consider
A as a real matrix, we would not be able to find real eigenvalues for A unless
f were equal to 0.

Definition 7.6. The algebraic multiplicity of the eigenvalue A\ of a matriz
A € C™*" is the multiplicity of X as a root of the characteristic polynomial
pa of A.

The algebraic multiplicity of X\ is denoted by algm(A, X). If algm(A,\) =1
we say that \ is a simple eigenvalue.

Ezample 7.7. Let A € R**? be the matrix

a=(17)



340 7 Spectral Properties of Matrices
The characteristic polynomial of A is

A1
pA()\)‘_l)\_2‘)\22)\+1.

Therefore, A has the eigenvalue 1 with algm(A,1) = 2.

Example 7.8. Let P(a) € C"*" be the matrix P(a) = (a — 1)1, + J,,. To find
the eigenvalues of P(a) we need to solve the equation

A—a -1 - —1
~1 A—a--- -1
=0.

-1 -1 ---X—-a
By adding the first n — 1 columns to the last and factoring out A— (a+n—1),
we obtain the equivalent equation

A—a —1 ---1
1 A—a---1
A=(a+n—-1))| . . | =o.

-1 -1 ---1

Adding the last column to the first n — 1 columns and expanding the deter-
minant yields the equation (A — (a +n —1))(A —a + 1)"~! = 0, which shows
that P(a) has the eigenvalue a +n — 1 with algm(P(a),a+n—1) =1 and the
eigenvalue a — 1 with algm(P(a),a —1) =n — 1.

In the special case when a = 1 we have P(1) = J,, . Thus, J,, ,, has the
eigenvalue \; = n with algebraic multiplicity 1 and the eigenvalue 0 with
algebraic multiplicity n — 1.

Theorem 7.9. The eigenvalues of Hermitian complex matrices are real num-
bers.

Proof. Let A € C"™" be a Hermitian matrix and let X be an eigenvalue of A.
We have Ax = \x for some x € C" —{0,,}, so x" A" = \x". Since A" = A, we
have

AxMx = x"Ax = x"A"x = Ax"x.

Since x # 0 implies x"x # 0, it follows that A\ = \. Thus, A is a real number.

Corollary 7.10. The eigenvalues of symmetric real matrices are real num-
bers.

Proof. This is a direct consequence of Theorem 7.9.
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Theorem 7.11. The eigenvectors of a complex Hermitian matrixz correspond-
ing to distinct eigenvalues are orthogonal to each other.

Proof. Let (A, u) and (p,v) be two eigenpairs of the Hermitian matrix A €
C™™" where A # u. Since A is Hermitian, A, u € R. Since Au = Au we have
v"Au = Av"u. The last equality can be written as (Av)"u = Av"u, or as
uvhtu = Avfu. Since p # A, v"u =0, so u and v are orthogonal.

The statement clearly holds if we replace complex Hermitian matrices by
real symmetric matrices.

Corollary 7.12. The eigenvectors of a Hermitian matriz corresponding to
distinct eigenvalues form a linearly independent set.

Proof. This statement follows from Theorems 6.41 and 7.11.

The next statement is a result of Issai Schur (1875-1941), a mathematician
born in Russia, who studied and worked in Germany.

Theorem 7.13. (Schur’s Triangularization Theorem) Let A € C"*" be
a square matriz. There exists an upper-triangular matriz T € C™*™ such that
A=~,T.

The diagonal elements of T are the eigenvalues of A; moreover, each eigen-
value X\ of A occurs in the sequence of diagonal elements of T a number of
algm(A, \) times. The columns of U are unit eigenvectors of A.

Proof. The argument is by induction on n. The base case, n = 1, is immediate.

Suppose that the statement holds for matrices in Ccr=x(=1) andlet A €
C™ ™. If (\,x) is an eigenpair of A with || x |2= 1, let Hy be a Householder
matrix that transforms x into e;. Since we also have Hye; = x, x is the
first column of Hy, and we can write Hy = (x K), where K € C"™*~1,
Consequently,

HyAH, = HyA(x K) = H,(Ax HyAK) = (\e; HyAK).

Since Hy is Hermitian and Hy = (x K), it follows that

XH
m- () - .

Therefore,
H
HVAHV< A XAK).

0,1 K"AK
Since K"AK € C=Y*(=1) by the inductive hypothesis, there exists a uni-

tary matrix W and an upper triangular matrix S such that WH(K"AK)W =
S. Note that the matrix
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v=m, (1 O
VN0, W

A @AKW O\ [ A x'TAKW
0, WK*AKW) ~\0,, s )

is unitary and
UMAU" = (

The last matrix is clearly upper triangular.

Since A ~, T, A and T have the same characteristic polynomials and,
therefore, the same eigenvalues, with identical multiplicities. Note that the
factorization of A can be written as A = UDU" because U~! = U". Since
AU = UD, each column u; of U is an eigenvector of A that corresponds to
the eigenvalue \; for 1 <i < n.

Corollary 7.14. If A € R™" is a matriz such that spec(A) = {0}, then A is
nilpotent.

Proof. By Schur’s Triangularization Theorem, A is unitarily similar to a
strictly upper triangular matrix, A = UTU", so A® = UT"U". Since
spec(T) = {0}, we have T™ = O, so A™ = O.

Corollary 7.15. Let A € C"™" and let f be a polynomial. If spec(A) =
{A1, ..., A} (including multiplicities), then spec(f(A)) = {f(M1), ..., f(An)}.

Proof. By Schur’s Triangularization Theorem there exists a unitary matrix
U € C*" and an upper-triangular matrix 7' € C™*" such that A = UTU"
and the diagonal elements of T are the eigenvalues of A, A1, ..., \,. Therefore
f(A) = Uf(T)UM, and by Theorem 5.49, the diagonal elements of f(T) are
F(A), ..., f(Am). Since f(A) ~,, f(T), we obtain the desired conclusion be-
cause two similar matrices have the same eigenvalues with the same algebraic
multiplicities.

Definition 7.16. A matriz A € C**" is diagonalizable (unitarily diagonaliz-
able) if there exists a diagonal matrix D = diag(da,...,d,) such that A ~ D
(A~, D).

Theorem 7.17. A matriz A € C™*" is diagonalizable if and only if there

exists a linearly independent set {v1,...,v,} of n eigenvectors of A.
Proof. Let A € C"*" such that there exists a set {v1,...,v,} of n eigenvec-
tors of A that is linearly independent and let P be the matrix (vy va -+ vy,)

that is clearly invertible. We have:

P7'AP = P YAvy Avy --- Avy,) = P Y (Ovi dava - A\uvy)

A O - 0 MO - 0
pip 0 Xg--+ 0 0 Xg--+ 0

00 -\, 00 -\,
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Therefore, we have A = PDP~!, where

M O -2 0
0 Xg--- 0
D=1 . . s
00 -\,
so A~ D.
Conversely, suppose that A is diagonalizable, so AP = PD, where D is
a diagonal matrix and P is an invertible matrix, and let vi,...,v, be the

columns of the matrix P. We have Av; = d;;v; for 1 <7 < n, so each v; is an
eigenvector of A. Since P is invertible, its columns are linear independent.

Corollary 7.18. If A € C"*" is diagonalizable then the columns of any ma-
triz P such that D = P~'AP is a diagonal matriz are eigenvectors of A.
Furthermore, the diagonal entries of D are the eigenvalues that correspond to
the columns of P.

Proof. This statement follows from the proof of Theorem 7.17.

Corollary 7.19. A matriz A € C**" is unitarily diagonalizable if and only
if there exists a set {v1,...,v,} of n orthonormal eigenvectors of A.

Proof. This statement follows from the proof of Theorem 7.17 by observ-
ing that if {v1,...,v,} is a set n orthonormal eigenvectors of A, then
P = (vi,...,vy) is a unitary matrix that gives a unitary diagonalization
of A. Conversely, if P is an unitary matrix such that A = PDP~! its set of
columns consists of orthogonal unitary eigenvectors of A.

Corollary 7.20. Let A € R™*" be a symmetric matriz. There exists a or-
thonormal matriz U and a diagonal matriz T such that A = UTU~!. The
diagonal elements of T are the eigenvalues of A; moreover, each eigenvalue A
of A occurs in the sequence of diagonal elements of T a number of algm(A, \)
times.

Proof. As the previous corollary, this follows from the proof of Theorem 7.17.

Theorem 7.21. Let A € C"*™ be a block diagonal matriz,

A, O --- O
O Agy--- O
A= . . .
O O - Apm

A is diagonalizable if and only if every matriz A;; is diagonalizable for 1 <
1 <m.
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Proof. Suppose that A is a block diagonal matrix which is diagonalizable.
Furthermore, suppose that A; € C" ™ for 1 < i < nand Y.." n; = n.
There exists an invertible matrix P € C"*" such that P~'AP is a diagonal
matrix D = diag(A1,..., ). Let py,...,p, be the columns of P, which are
eigenvectors of A. Each vector p; is divided into m blocks p? with 1 < j < m,
where pg € C™. Thus, P can be written as

pi p3 - pé

b p? p? P

P Py - Py

The equality Ap;, = \;p; can be expressed as

Ay O -+ O pll pll
O Ay - O p; p;
o 0 - Amm pzm pzm

which shows that Ajjpg = )\ipg for 1 < j <m. Let MJ = (pj1 p% - pl)e
C"*". We claim that rank(M?) = n;. Indeed if rank(M7) were less than
nj, we would have fewer that n independent rows M7 for 1 < j < m. This,
however, would imply that the rank of P is less then n, which contradicts the
invertibility of P. Since there are n; linearly independent eigenvectors of A;;,
it follows that each block Aj;; is diagonalizable.

Conversely, suppose that each A;; is diagonalizable, that is, there exists
a invertible matrix ); such that Qj_lAijj is a diagonal matrix. Then, it is
immediate to verify that the block diagonal matrix

Q0 - O
OQy-- O
O O - Qm

is invertible and Q@ 'AQ is a diagonal matrix.

Theorem 7.22. Let A € C"*" be a matriz and let (A1, v1),..., Ak, vx) be k
eigenpairs of A, where A1, ..., A\ are pairwise distinct. Then, {vy,..., v} is
a linearly independent set.

Proof. Suppose that {vi,...,vk} is not linearly independent. Then, there
exists a linear combination of this set that equals 0, that is

C1Vy, + -+ CrVi, = On, (7.2)
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at least one coefficient is not 0, and r > 1. Choose this linear combination to
involve the minimal number of terms. We have

A(clvil +covi, + -+ C,«Vir) = cl)\ilvl + CQ}\Z‘2V1‘2 —+ -4 Cr)\irvir =0,,.
By multiplying Equality (7.2) by A;; we have
C1)\ilvi1 + 02)\i1Vi2 +--- 4+ C'r')\ilvir = 0,.

It follows that ca(Aiy, — Aiy ) Vi, + - -+ ¢ (Ni,. — Aiy ) Vi, = O, Since there exists
a coefficient \; — A;, that is non-zero, this contradicts the minimality of r.

Corollary 7.23. If A € C"*"™ has n distinct eigenvalues, then A is diagonal-
izable.

Proof. Tfspec(A) = {\1,..., A} consists of n complex numbers and vy, ..., v,
are corresponding eigenvectors, then, by Theorem 7.22, {vy,...,v,} is linearly
independent. The statement follows immediately from Theorem 7.17.

7.3 Geometric and Algebraic Multiplicities of
Eigenvalues

For a matrix A € C"*" let S4 ) be the subspace NullSp(Al,, — A). We refer
to Sa,x as invariant subspace of A and X or as the eigenspace of A.

Definition 7.24. Let A € C"*" and let \ € spec(A). The geometric multi-
plicity of A is the dimension geomm(A, X) of Sa x.

Ezxample 7.25. The geometric multiplicity of 1 as an eigenvalue of the matrix
0-1
-(13)

considered in Example 7.7, is 1. Indeed if x is an eigenvector that corresponds
to this value we have —zs = 27 and x1 + 222 = x5, which means that any
such eigenvector has the form als. Thus, dim(Sa41) = 1.

The definition of the geometric multiplicity of A € spec(A) implies
geomm(A, A) = dim(NullSp(A — AI,,)) = n — rank(A — AI,). (7.3)
Theorem 7.26. Let A € R™*". We have 0 € spec(A) if and only if A is
a singular matriz. Moreover, in this case, geomm(A,0) = n — rank(4) =

dim(NullSp(A)). If algm(A,0) = 1, then rank(A) =n — 1.

Proof. The statement is an immediate consequence of Equality (7.3).
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Theorem 7.27. Let A € C™™" be a square matriz and let \ € spec(A). We
have geomm(A, \) < algm(A, ).

Proof. By the definition of ggomm(A, \) we have
geomm(A, A) = dim(NullSp(AL, — A)) = n — rank(\L, — A).

Let uy, ..., u,, be an orthonormal basis of S4 x, where m = geomm(A4, \) and
let U = (uy --- uy,). We have (AI,, — A)U = Oy, s0 AU = NU = U(A],).
Thus, by Theorem 6.57 there exists a matrix V' such that we have

A (M UMAV
0 VrAV)

where U € C"*™ and V € C"* (™) Therefore, A has the same characteristic

polynomial as
B A, UMAV
T\ 0 vHAV )

which implies algm(A4,\) = algm(B, \). Since the algebraic multiplicity of A
in B is at least equal to m it follows that algm(A, A) > m = geomm(A, ).

Definition 7.28. An eigenvalue \ of a matriz A is simple if algm(A, A) = 1.
If geomm(A, \) = algm(A, \), then we refer to A as a semisimple eigenvalue.
The matriz A is defective if there exists at least one eigenvalue that is not
semisimple. Otherwise, A is said to be non-defective.
A is a non-derogatory matriz if gecomm(A,\) = 1 for every eigenvalue \.

Note that if A is a simple eigenvalue of A, then geomm(A, \) = algm(A, \) =
1, so A is semi-simple.

Theorem 7.29. Each eigenvalue of a symmetric matriz A € R™™" is semi-
simple.

Proof. We saw that each symmetric matrix has real eigenvalues and is or-
thonormally diagonalizable (by Corollary 7.20). Starting from the real Schur

factorization A = UTU', where U is an orthonormal matrix and T =
diag(t11,...,tnn) is a diagonal matrix we can write AU = UT'. If we denote
the columns of U by uy,...,u,, then we can write

(Aul, ey Aun) = (tuul, . ,tnnun),

so Au; = tiu; for 1 < ¢ < n. Thus, the diagonal elements of T are the
eigenvalues of A and the columns of U are corresponding eigenvectors. Since
these eigenvectors are pairwise orthogonal, the dimension of the invariant
subspace that corresponds to an eigenvalue equals the algebraic multiplicity
of the eigenvalue, so each eigenvalue is semi-simple.
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Ezample 7.30. Let A € R?*? be the matrix
ab
4= (02)
where a,b € R are such that ab # 0. The characteristic polynomial of A is
pa(\) = (a — N\)?, so spec(A) = {a} and algm(A4,a) = 2.

Let x be a characteristic vector of A that corresponds to a. We have
ari + bxe = axy; and axe = x9, which implies zo = 0. Thus, the invariant

subspace is
{(Il) S R2‘x2 = O} B
T2

which is one-dimensional, so geomm(A, a) = 1. Thus, a is not semi-simple.

7.4 Spectra of Special Matrices

Theorem 7.31. Let A be an block upper triangular partitioned matriz given

by
All A12 e Alm
0 A22 e A2m
A=1 . . . :
o O --- Amm

where A;; € RPVPE for 1 < i < m. Then, spec(A) = J.~, spec(A;;).
If A is a block lower triangular matriz

Ay, O - O
Agr Agp -+ O

Aml Am2 Amm
the same equality holds.

Proof. Let A be a block upper triangular matrix. Its characteristic equation
is det(AI, — A) = 0. Observe that the matrix AL, — A is also an block upper
triangular matrix:

A, —Ay O - 0
“ Ay A, — Agy 0
A, — A= , .
A1 —Amz - M — A

By Theorem 5.153 the characteristic polynomial of A can be written as
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m m
pA()‘) = Hdet()‘jpi - A”) = HpAn()‘)
i=1 i=1

Therefore, spec(A) = (i, spec(A;;).
The argument for block lower triangular matrices is similar.

Corollary 7.32. Let A € R™™" be a block diagonal matriz given by

A, O --- O
O Agy--- O

A= . ) ,
O O - Apm

where A;; € R™*"™ for 1 < i < m. We have spec(A) = U], spec(Ai;) and
algm(A,\) = Y%, algm(A;, \). Moreover, v # 0, is an eigenvector of A if
and only if we can write

U1

Um

where each vector v; is either an eigenvector of A; or 0, for 1 <i < m and
there exists i such that v; # Oy,.

Proof. This statement follows immediately from Theorem 7.31.

Theorem 7.33. Let A = (a;;) € C"*" be an upper (lower) triangular matriz.
Then, spec(A) = {a;; | 1 <i < n}.

Proof. Tt is easy to see that the the characteristic polynomial of A is pa()\) =
(A—a11) - (A — @nn), which implies immediately the theorem.

Corollary 7.34. If A € C"*" is an upper triangular matriz and X\ is an eigen-
value such that the diagonal entries of A that equal X occur in a;,;,, ..., 04,,,

then Sa,x is a p-dimensional subspace of C" generated by e;,,...e;,.

Proof. This statement is immediate.
Corollary 7.35. We have
spec(diag(dy,...,d,)) ={d1,...,dn}.
Proof. This statement is a direct consequence of Theorem 7.33.

Note that if A € spec(A) we have Ax = Ax, A%x = A\?x and, in general,
AFx = N\fx for k > 1. Thus, A € spec(A) implies \* € spec(A*) for k > 1.
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Theorem 7.36. If A € C"*" is a nilpotent matriz, then spec(A) = {0}.

Proof. Let A € C™™" be a nilpotent matrix such that nilp(A) = k. By a
previous observation if A € spec(A), then \* € spec(A*) = spec(O,,,,) = {0}.
Thus, A = 0.

Theorem 7.37. If A € C"*" is an idempotent matriz, then spec(A) C {0,1}.

Proof. Let A € C™*™ be an idempotent matrix, A be an eigenvalue of A,
and let x be an eigenvector of \. We have P?’x = Px = Ax; on another
hand, P?x = P(Px) = P(Ax) = AP(x) = A\?x, so A\? = \, which means that
A e {0,1}.

Theorem 7.38. At least one eigenvalue of a stochastic matriz is equal to 1
and all eigenvalues lie on or inside the unit circle.

Proof. Let A € R™™" be a stochastic matrix. Then, 1 € spec(A4) and 1 is
an eigenvector that corresponds to the eigenvalue 1 as the reader can easily
verify.

If X is an eigenvalue of A and Ax = Ax, then Az; = Y a;;z; for
1 < n < n, which implies

n
Azl <7 ala]-
=1

Since x # 0, let x, be a component of x such that |z,| = max{|z;| | 1 < <
n}. Choosing ¢ = p we have
A<D a= <D a =1,
i=1 | i=1

which shows that all eigenvalues of A lie on or inside the unit circle.

Theorem 7.39. All eigenvalues of a unitary matrixz are located on the unit
circle.

Proof. Let A € R™™"™ be an unitary matrix and let A be an eigenvalue of A.
By Theorem 6.86, if x is an eigenvector that corresponds to A we have

I (=[] Ax [|=[ Ax [[= [A] ]| x ],
which implies |A] = 1.

Next, we show that unitary diagonalizability is a characteristic property
of normal matrices.
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Theorem 7.40. (Spectral Theorem for Normal Matrices) A matrix
A € C™" is normal if and only if there exists a unitary matriz U and a
diagonal matrix D such that

A=UDU", (7.4)

the columns of U are unit eigenvectors and the diagonal elements of D are
the eigenvalues of A that correspond to these eigenvectors.

Proof. Suppose that A is a normal matrix. By Schur’s Triangularization The-

orem there exists a unitary matrix U € C™*" and an upper-triangular ma-
trix T € C™ " such that A = UTU!. Thus, T = U 'AU = U"AU and
T" = U"A"U. Therefore,

™T = U"A"UU"AU = U"A"AU
(because U is unitary)
=U"AA"U
(because A is normal)
= U"AUU"AYU =TT,
so T is a normal matrix. By Theorem 5.60, T" is a diagonal matrix, so D’s role
is played by T'.

We leave the proof of the converse implication to the reader.
Let U = (uy - - - u,). Since

A O - 0 "
0A-- 0| (™
A=UDU" = (0 u,) . : :
. . . . H
00X/ \!n
=Mwuf + -+ \u,ul, (7.5)

it follows that Au; = \ju; for 1 < i < n, which proves the statement.

The equivalent Equalities (7.4) or (7.5) are referred to as spectral decom-
positions of the normal matrix A.

Theorem 7.41. (Spectral Theorem for Hermitian Matrices) If the
matric A € C™" is Hermitian or skew-Hermitian, A can be written as
A =UDU", where U is a unitary matriz and D is a diagonal matriz having
the eigenvalues of A as its diagonal elements.

Proof. This statement follows from Theorem 7.40 because any Hermitian or
skew-Hermitian matrix is normal.

Corollary 7.42. The rank of a Hermitian matrix is equal to the number of
non-zero eigenvalues.
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Proof. The statement of the corollary obviously holds for any diagonal matrix.
If A is a Hermitian matrix, by Theorem 7.41, we have rank(A) = rank(D),
where D is a diagonal matrix having the eigenvalues of A as its diagonal
elements. This implies the statement of the corollary.

Let A € C™™" be a Hermitian matrix of rank p. By Theorem 7.41
A can be written as A = UDU", where U is a unitary matrix, D =
diag(A1,...,Ap,0,...,0) having as non-zero diagonal elements Ay, ..., A, the
eigenvalues of A and A\; > --- > X\, > 0. Thus, if W € C"*? is a matrix that
consists of the first p columns of U we can write

M O-- 0

0 X+ 0
A=w | . . . W

00 X

A 0 -+ 0 y

0 Xdy--- O u;

=(u...ow) [ . 0 :

uH

00 -\ p
=\wuf +---+ )\pupu';,.

If A is not Hermitian, rank(A) may differ from the number of non-zero-
eigenvalues. For example, the matrix

(3

has no non-zero eigenvalues. However, its rank is 1.
The spectral decomposition (7.5) of Hermitian matrices,

A=Xuu] + -+ Au,ul)

allows us to extend functions of the form f: R — R to Hermitian matrices.
Since the eigenvalues of a Hermitian matrix are real numbers, it makes sense

to define f(A) as
f(A) = fn)uiuag + -+ f(An)upuy,.

In particular, if A is positive semi-definite, we have A\; > 0 for 1 < i < n and

we can define
VA= VAiiuul 4 -+ Auul.

Definition 7.43. Let A € C"*" be a Hermitian matriz. The triple J(A) =
(ny(A),n_(A),no(A)), where ny(A) is the number of positive eigenvalues,
n_(A) is the number of negative eigenvalues, and no(A) is the number of zero
eigenvalues is the inertia of the matrix A.

The number sig(A) = ny(A) —n_(A) is the signature of A.
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Ezample 7.44. If A= diag(4,—1,0,0,1), then J(A) = (2,1,2) and sig(A) = 1.

Let A € C™*" be a Hermitian matrix. By Theorem 7.41 A can be written as
A =U"DU, where U is a unitary matrix and D = diag(\1,...,\,) is a diago-
nal matrix having the eigenvalues of A (which are real numbers) as its diagonal
elements. Without loss of generality we may assume that the positive eigenval-
ues of A are Aq,..., A\, , followed by the negative values A\, 41,..., An, 40,
and the zero eigenvalues A\, yn_y1,...,An.

Let 6; be the numbers defined by

VA 1< <ny,
9]': 1/—)\]‘ 1fn++1<]<n++n_,
1 ifny +n_4+1<j5<n

for 1 < j<n UT=diag(b,...,0,), then we can write D = T"GT, where
G is a diagonal matrix, G = (g1, ..., gn) defined by

1 if A >0,
g; =< —1 if )\ <0,
0 if\ =0,

for 1 < 7 < n. This allows us to write A = U"DU = U"T"GTU =
(TU)"G(TU). The matrix TU is nonsingular, so A ~ G. The matrix G defined
above is the inertia matriz of A and these definitions show that any Hermitian
matrix is congruent to its inertia matrix.

For a Hermitian matrix A € C"*" let S;(A) be the subspace of C" gen-
erated by n(A) orthonormal eigenvectors that correspond to the positive
eigenvalues of A. Clearly, we have dim(S4(A)) = n4(A). This notation is
used in the proof of the next theorem.

Theorem 7.45. (Sylvester’s Inertia Theorem) Let A, B be two Hermi-
tian matrices, A, B € C"*". We A ~ B if and only if J(A) = I(B).

Proof. It J(A) = IJ(B), then we have A = S"GS and B = T"GT, where both
S and T are nonsingular matrices. Since A =~ G and B ~ (G, we have A ~ B.

Conversely, suppose that A ~ B, that is, A = S"BS, where S is a nonsin-
gular matrix. We have rank(A) = rank(B), so no(A) = no(B). To prove that
J(A) = I(B) it suffices to show that ny(A) = ny(B).

Let m = ny(A) and let vyq,..., vy, be m orthonormal eigenvectors of A
that correspond to the m positive eigenvalues of this matrix, and let Sy (A)
be the subspace generated by these vectors. If v € S (A) — {0}, then we have
V=a1V]y+ -+ amVm, SO

H
m

v Av = iajvj A iajvj = Z la;|* > 0.
j=1 j=1

Jj=1
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Therefore, x"S*"BSx > 0, so if y = Sx, then y"By > 0, which means that
y € S4(B). This shows that S; (A) is isomorphic to a subspace of Sy (B), so
n4+(A) < ny(B). The reverse inequality can be shown in the same manner, so
ny(A) = ny(B).

We can add an interesting detail to the full-rank decomposition of a matrix.

Corollary 7.46. If A € C™*" and A = CR is the full-rank decomposition of
A with rank(A) = k, C € Cc™*k and R € C**", then C may be chosen to
have orthogonal columns and R to have orthogonal rows.

Proof. Since the matrix A"A € C™*" is Hermitian, by Theorem 7.41, there
exists an unitary matrix U € C"** such that A"A = U"DU, where D € CF**
is a non-negative diagonal matrix. Let C' = AU" € C"** and R = U. Clearly,
CR = A, and R has orthogonal rows because U is unitary. Let c,, cq be two
columns of C, where 1 < p,q < k and p # ¢. Since ¢, = Au, and ¢, = Aug,
where u,, u, are the corresponding columns of U, we have

H _ H AH _ H H _— AH —
c,¢q = u,A"Au, = w,U"DUu, = e,De, = 0,

because p # q.

7.5 Variational Characterizations of Spectra

Let A € C™™" be a Hermitian matrix. By the Spectral Theorem for Hermitian
Matrices (Theorem 7.41) A can be factored as A = UDU", where U is a
unitary matrix and D = diag(A1,...,An). We assume that Ay > -+ > A,.
The columns of U counstitute a family of orthonormal vectors {uy,...,u,}
and (A, uy) are the eigenpairs of A.

Theorem 7.47. Let A be a Hermitian matriz, \y = --- = A\, be its eigenval-
ues having the orthonormal eigenvectors wy, ..., u,, respectively.

Define the subspace M = (up,...,uy), wherel < p < g<n. Ifee M
and || = ||o= 1, we have Ay < Az < A,p.

Proof. If x is a unit vector in M, then x = apu, + -+ + aquy, so x"w; =@
for p < i < g. Since || x ||2= 1, we have |a,|? + - -+ + |ay4|> = 1. This allows us
to write:

x"Ax = x"(apAup, + - - - + agAuy)
= x"(apApup + - + agAquy)

= XH(|%|2)‘p +oe |aq|2>‘q)-

Since |ap|? + - -+ + |ag|?> = 1, the desired inequalities follow immediately.
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Corollary 7.48. Let A be a Hermitian matriz, \y > -+ > A, be its eigenval-
ues having the orthonormal eigenvectors uy, . .., u,, respectively. The follow-
ing statements hold for a unit vector x:

(i) if x € (w,...,u), then Az > \;;

(i) if & € (uy,...,u_1)", then Az < \;.

Proof. The first statement follows directly from Theorem 7.47.
For the second statement observe that x € (uy,..., ui_1>J‘ is equivalent
to x € (u;,...,u,); again, the second inequality follows from Theorem 7.47.

Theorem 7.49. (Rayleigh-Ritz Theorem) Let A be a Hermitian matriz
and let (A1, w),...,(An, uw,) be the eigenpairs of A, where A\ > -+ = A\,. If
x 1s a unit vector, we have A\, < Az < A\q.

Proof. This statement follows from Theorem 7.47 by observing that the sub-
space generated by uy,...,u, is the entire space C".

Next we discuss an important generalization of Rayleigh-Ritz Theorem.
Let 8 be the collection of p-dimensional subspaces of C". Note that 8§ =

{{0,}} and 87 = {C"}.

Theorem 7.50. (Courant-Fisher Theorem) Let A € C"*" be a Hermi-
tian matrix having the eigenvalues \y = -+ > \,,. We have

A = max min{z'Az | € U and || z|2= 1}
Uesy

min  max{z'Az | x€ U and || x|2=1}.
Uesl i

Proof. Let A = Utdiag(A1,...,A\n)U be the factorization of A provided by
Theorem 7.41), where U = (u; -+ u,).

If U € 8 and W = (ug,...,u,) € 8;_, |, then there is a non-zero
vector x € U NW because dim(U) + dim(W) = n + 1; we can assume that
|| x [[2= 1. Therefore, by Theorem 7.47 we have A\, > x"Ax, and, therefore,
for any U € 8%, Ay > min{x"Ax | x € U and || x ||2= 1}. This implies
Ak > maxyesy min{x"Ax | x € U and || x ||2=1}.

The same Theorem 7.47 implies that for a unit vector x € (uy,...,ux) €
87 we have x"Ax > Ay and uj{Auy = Ag. Therefore, for W = (uy,...,ug) €
8y we have min{x"Ax | x € W,[| x [[2= 1} > g, so maxwesp min{x"Ax |
x € W, || x ||2= 1} = Ar. The inequalities proved above yield

A = max min{x"Ax | x € U and || x [|2=1}.
Uesy
For the second equality, let U € 8 _, . If W = (uy,...,uy), there is

a non-zero unit vector x € U N W because dim(U) 4+ dim(W) > n + 1. By
Theorem 7.47 we have x"Ax < MAg. Therefore, for any U € 827k+1, A =
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max{x"Ax | x € U and || x ||2= 1}. This implies Ay > minyesn _
x € U and | x [|2=1}.

Theorem 7.47 implies that for a unit vector x € (ug,...,u,) €87, | we
have A\, < x"Ax and Ay = ufAug. Thus, Ay < max{x"Ax | x € U and ||
X |l2= 1}. Consequently, A\, < mingesr | max{x"Ax | x € U and || x ||2=
1}, which completes the proof of the second equality of the theorem.

max{x"Ax |
k+1

An equivalent formulation of Courant-Fisher Theorem is given next.

Theorem 7.51. Let A € C**™ be a Hermitian matriz having the eigenvalues
AL =2 Ay We have

A= max min{z'Az |z L w,...,z L w,_k and || z|2=1}
Wi, Wn —k
= min max{d’Ax | L wi,...,x L wy_1 and || z|2=1}.

Wiy, We—1

Proof. The equalities of the Theorem follow from the Courant-Fisher theorem

taking into account that if U € 87, then U+ = (wy,...,wW,_;) for some
vectors wy,...,wn —k,and if U € 8] _, |, then U = (wy,...w;_1) for some
vectors wi,...,wk —1in C".

Definition 7.52. Consider two mnon-increasing sequences of real numbers
Ay An) and (1, ...y i) with m < n. We say that the second sequence
interlace the first if \j = p; 2 Ap—mts for 1 <i<m.

The interlacing s tight if there exists k € N, 0 < k < m such that \; = p;
for0< i<k and \p_ppqy1 = for k+1<i<m.

An An—1 " Ancmtkdl 00 Akl Ak 0 A2 A
| | | | | | |

Hn Pm—1 - Hik+41 M --- p2 1

Fig. 7.1. Tight interlacing

The next statement is known as the Interlacing Theorem. The variant
included here was obtained in [81].

Theorem 7.53. (Interlacing Theorem) Let A € C"*" be a Hermitian
matriz, S € C™*™ be a matriz such that S"S = I,,, and let B = SYAS ¢
C™ ™ where m < n.

Assume that A has the eigenvalues \y = --- = A\, with the orthonormal
eigenvectors Uy, . . . , Wy,, respectively, and B has the eigenvalues py = -+ =
with the respective eigenvectors vy, ..., vm. The following statements hold:
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(i) if wi = Ai or py = An—myi for some i, 1 < i < m, then B has an
eigenvector v such that (u;,v) is an eigenpair of B and (p;, Sv) is an
eigenpair of A;

(iil) if for some integer £, p; = N; for 1 < @ < € (or gy = Ap—myq for £ <
i < m), then (ui,Sv;) are eigenpairs of A for 1 < i < £ (respectively,
L<i<m);

(iv) if the interlacing is tight SB = AS.

Proof. Note that B" = SPA"S = S"AS = B, so B is also Hermitian.

Since dim({v1,...,v;)) = i and dim((S*uy,...,S";_1)") = n —i+ 1,
there exist non-zero vectors in the intersection of these subspaces. Let t be a
unit vector in (vq,...,v;) N {S"uy,...,S"u;—1)

Since t € <S”u1,...,S“ui,1>J‘ we have t"S"u, = (St)"u, = 0 for 1 <
£ < i—1. Thus, St € (uy,.. .,ui_1>J‘, so, by Theorem 7.47, it follows that
Ai = (St)"A(St). On other hand,

(St)"A(St) = t*(S"AS)t = t"Bt

and t € (vyi,...,v;), which yield t"Bt > u;, again, by Theorem?7.47. Thus,
we conclude that
i = (St)"A(St) = t"Bt > ;. (7.6)

Note that the matrices —A and — B have the eigenvalues —\,, > -+ > — )\
and —py, = -+ =2 —p1. The ith eigenvalue in the list =\, > -+ > —)A1 is
—An—m-+i, S0, by applying the previous argument to the matrices —A and —B
we obtain: p; > A\p—m+i, which concludes the proof of (i).

If \; = p, since Bv; = p;vy, it follows that SYASv; = u;v;, so A(Sv;) =
i (Sv;) because S is a unitary matrix. Thus, (p;, Sv;) is an eigenpair of A,
which proves Part (ii).

Part (iii) follows directly from Part (ii) and its proof.

Finally, if the interlacing is tight, Svi,...,Sv,, is an orthonormal set of
eigenvectors of A corresponding to the eigenvalues 1, ..., tm, so SBv; =
w;Sv; = ASv; for 1 < i < m. Since SB,AS € C™™ and the vectors
Vi,..., Vs form a basis in C™, we have SB = AS.

Ezample 7.54. Let R = {r1,...,rm} be a subset of {1,...,n}. Define the
matrix Sg € C"*"™ by Sk = (e, - - e, ).
For example, if n = 4 and R = {2,4} we have the matrix

00
10
00
01

Sp =

It is immediate that S%Sr = I, and that S%ASg is the principal subma-
trix A [g}, defined by the intersection of rows r1,...,7, with the columns

T1yeoesTm-
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Corollary 7.55. Let A € C"*" be a Hermitian matriz and let B = A {g} €

C™ ™ be a principal submatriz of A. If A has the eigenvalues Ay > -+ = Ay,
and B has the eigenvalues p1 = -+ = pum, then \i = i =2 Ap_mai for
1<i<m.

Proof. This statement follows immediately from Theorem 7.53, by taking S =
Sg.

Theorem 7.56. Let A,B € C™* be two Hermitian matrices and let E =
B — A. Suppose that the eigenvalues of A, B, E these are ay = -+ = aun, b1 =
<o = B, and €1 = -+ - = €y, respectively. Then, we have €, < B; — a; < €1.

Proof. Note that F is also Hermitian, so all matrices involved have real eigen-
values. By Courant-Fisher Theorem,

Br = rr‘}[i/nmax{x“Bx [[|x]l2=1and wix=0for 1 <4< k—1},

where W = {w1,...,wi_1}. Thus,

Br < mgxx”Bx = m)f:mx(x”Ax + x"Ex). (7.7)
Let U be a unitary matrix such that U"AU = diag(a, . .., ay). Choose w; =
Ue; for 1 <i<k—1. We have wix =€/U"'x =0for 1 <i< k-1
Define y = U"x. Since U is an unitary matrix, || y ||2=|| x |[2= 1. Observe
that elly = y; = 0 for 1 < i < k. Therefore, Y., y? = 1. This, in turn implies
x"Ax = y"U" AUy = >0, ay? < ay.
From the Inequality (7.7) it follows that

Br < ap +maxx"Ex < ag + €,.
X

Since A = B — FE, by inverting the roles of A and B we have ay < S — €1, or
€1 < Bx — ay, which completes the argument.

Lemma 7.57. Let T € C™" be a upper triangular matriz and let X\ €
spec(T) be an eigenvalue such that the diagonal entries that equal X occur
i iyiys -5 tiyi,. Then, the invariant subspace St is the p-dimensional sub-
space generated by €;,, ..., €;,.

Proof. The argument is straightforward and is omitted.

Lemma 7.58. Let T € C™™" be an upper triangular matriz and let pr(\) =
A+ a A" 4ok an_ 1\ + a, be its characteristic polynomial. Then,

pr(T)=T" +a;T" ' + -+ an 1T+ anly, = Op .
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Proof. We have
pr(T) = (T —M1L,) - (T — A1)

Observe that for any matrix A € C"*", X\;, A\, € spec(A), and every eigen-
vector v of A in S4 ), we have

()\_]In - A)V = ()\] - )\k)V.
Therefore, for v € St 5, we have:
pT(T)V = ()\lln — T) tee ()\nln — T)V = O,

because (A —T)v = 0.
By Lemma 7.57, pr(T)e; =0 for 1 <i < n, 50 pr(T) = Op p.

Theorem 7.59. (Cayley-Hamilton Theorem) If A € C"*" is a matriz,
then pa(A) = Oy .

Proof. By Schur’s Triangularization Theorem there exists a unitary matrix
U € C*" and an upper-triangular matrix 7' € C™*" such that A = UTU"
and the diagonal elements of T" are the eigenvalues of A. Taking into account
that U is unitary we can write:

pa(A) = ML — ANaly — A) - (Ml — A)
= (MUU" = UTU")--- A\ UU" — UTU")
= U\ I, — T)U'U (NI, — TYU" - U(An 1, — T)U*
=UIL, —T)MaoIn —T) - (AuIn — T)U"
= Upr(T)U" = Oy .,

by Lemma 7.58.

Theorem 7.60. (Ky Fan’s Theorem) Let A € C"*" be a Hermitian matriz
such that spec(A) = {A1,..., n}, where A1 = Ao = -+ = A,. Also, let
V e C"*" be a matriz, V = (v1,...,v,) whose set of columns constitutes an
orthonormal set of eigenvectors of A.

For every q € N such that 1 < g < n, the sums Y ¢ X; and > % | Mj1—;

are the mazimum and minimum of Z?Zl zjAz;, where {x1,..., x4} is an
orthonormal set of vectors in C", respectively. The mazimum (minimum) is
achieved when @1, ..., xz, are the first (last) columns of V.

Proof. Let {x1,...,%,} be an orthonormal set of eigenvectors of A and let

X; = Zzzl brivi be the expression of x; using the columns of V' as a basis
for 1 <4 < n. Since each x; is a unit vector we have

n
% [1°=xx; = > |bal* = 1
k=1



7.5 Variational Characterizations of Spectra 359

for 1 < i < n. Also, note that

n
X;"Vr = <§ bki":) Vy = b'r'i;
k=1

due to the orthonormality of the set of columns of V. We have

n

n
XfAx; = X;'AZ brivi = Z brixi Av

k=1 k=1
= Z DriXi NV = Y Mibribri = > [bril A
k=1 k=1 k=1
=g > |bkil? +Z e = A bral® + D (A = Ag) bl
k=1 k=q+1
q
<A+ (A = Ag)bwil*.
k=1

The last inequality implies

q 7 q
ZX?AXi < ghg + ZZ (M — |bk1|
i=1

1=1 k=1

Therefore,

ixi —zq:xyAxi > zq:()\i -\ <1 Zq:|bki|2>. (7.8)
=1 =1 k=1

=1

By Inequality (6.10), we have > 7_, |bix|? < x; [|>=1, so

D (=) <1 -3 |bm—|2> =0
] k=1

The left member of Inequality 7.8 becomes 0 when x; = v;, so Zq 1 XAX; <
ZZ 1 Ai- The maximum of Z _, X' Ax; is obtained when x; = v; for 1 <i < g,
that is, when X consists of the first q columns of V.

The argument for te minimum is similar.

Theorem 7.61. Let A € C"*" be a Hermitian matriz. If A is positive
semidefinite, then all its eigenvalues are non-negative; if A is positive defi-
nite then its eigenvalues are positive.

Proof. Since A is Hermitian all its eigenvalues are real numbers. Suppose that
A is positive semidefinite, that is, x"Ax > 0 for x € C". If X € spec(A), then
Av = Av for some eigenvector v # 0. The positive semi-definiteness of A
implies V" Av = Avfv = X || v [|3= 0, which implies A > 0. It is easy to see
that if A is positive definite, then A > 0.
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Theorem 7.62. Let A € C™" be a Hermitian matriz. If A is positive
semidefinite, then all its principal minors are non-negative real numbers. If A
is positive definite then all its principal minors are positive real numbers.

Proof. Since A is positive semidefinite, every sub-matrix A L.l zk] is a
1 ik

Hermitian positive semidefinite matrix by Theorem 6.110, so every principal
minor is a non-negative real number. The second part of the theorem is proven
similarly.

Corollary 7.63. Let A € C"*" be a Hermitian matriz. The following state-
ments are equivalent.

(i) A is positive semidefinite;

(ii) all eigenvalues of A are non-negative numbers;

(iii) there exists a Hermitian matriz C' € C**" such that C? = A;

(iv) A is the Gram matriz of a sequence of vectors, that is, A = B"B for some

BeC™™,

Proof. (i) implies (ii): This was shown in Theorem 7.61.

(i) implies (iii): Suppose that A is a matrix such that all its eigenvalues
are the non-negative numbers Ay, ..., A,. By Theorem 7.41, A can be written
as A = U"DU, where U is a unitary matrix and

AM 0 -+ 0
0 M-+ 0
D=1 . . )
00 -\,

Define the matrix v/D as

\/)\_10...0

0 0 - vV
Clearly, we gave (v/D)? = D. Now we can write A = Uv/DU"U~+/DU", which
allows us to define the desired matrix C as C = UvDU".
(iii) implies (iv): Since C is itself a Hermitian matrix, this implication is
obvious.
(iv) implies (i): Suppose that A = B"B for some matrix B € C™*. Then,

for x € C" we have x"Ax = x"B"Bx = (Bx)"(Bx) =|| Bx [|3> 0, so A is
positive semidefinite.
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7.6 Matrix Norms and Spectral Radii

Definition 7.64. Let A € C"*". The spectral radius of A is the number
p(A) = max{|A| | X € spec(A)}.

If (A, x) is an eigenpair of A, then [Al|[x[| = [|Ax|| < [A[lx[, so [A] < [[Al;
which implies p(A) < ||A| for any matrix norm || - ||. Moreover, we can prove
the following statement.

Theorem 7.65. Let A € C"*". The spectral radius p(A) is the infimum of
the set that consists of numbers of the form ||A||, where || - || ranges over all
matriz norms defined on C™*".

Proof. Since we have shown that p(A) is a lower bound of the set of numbers
mentioned in the statement, we need to prove only that for every € > 0 there
exists a matrix norm || - || such that ||A| < p(4) +e.

By Schur’s Triangularization Theorem there exists a unitary matrix U and
an upper triangular matrix 7" such that A = UTU ! such that the diagonal
elements of T are A1,..., An.

For a € Rog let S, = diag(a, a?,...,a™). We have

A1 Oé_ltlg Oé_2t12 Oé_(n_l)tln
0 A1 a71t23 cee 0&7<n72)t2n
S, TSt =
An

If o is sufficiently large, [[SoaTS; 1 < p(A) + € because, in this case, the
sum of the absolute values of the supradiagonal elements can be arbitrarily
small. Let M = (US,)~!. For the matrix norm p(-) (see Exercise 7) we
have ppr(A) = [USLASPU |y If « is sufficiently large we have s (A) <
p(A) +e.

Let A, B € C"*". We leave to the reader to verify that if abs(A) < abs(B),
then || A [lo<|[ B [|2; also, || A [la=[| abs(A) [|a-

Theorem 7.66. Let A, B € C"*". If abs(A) < B, then p(A) < p(abs(A)) <
p(B).
Proof. By Theorem 5.62 we have abs(A¥) < (abs(A))* < B for every k € N.
Therefore, || abs(A*) [|< (abs(4))* < B*, so || A" [|2<]| abs(A)* [l2<]| B* |2,
1 1 1
which implies || A% 15 <] abs(A4)* [IF </l B 1}
By letting k tend to oo we obtain the double inequality of the theorem.

Corollary 7.67. If A, B € C"*" are two matrices such that O, , < A < B,
then p(A) < p(B).
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Proof. The corollary follows immediately from Theorem 7.66 by observing
that under the hypothesis, A = abs(A).

Theorem 7.68. Let A € C"*". We have limy_yoo = Oy if and only if
p(A) < 1.

Proof. Suppose that limg_,ooc = Opn . Let (A, x) be an eigenpair of A, so
x # 0, and Ax = Mx. This implies A*x = \¥x, so limj_,o, A*x = 0,,. Thus,
limy_, oo A¥*x = 0,,, which implies limy_,o, A¥ = 0. Thus, |\| < 1 for every
X € spec(A), so p(A4) < 1.

Conversely, suppose that p(A) < 1. By Theorem 7.65, there exists a matrix
norm | - || such that ||A|| < 1. Thus, limg_,o, A* = O, .

7.7 Singular Values of Matrices

Definition 7.69. Let A € C™*" be a matriz. A singular triplet of A is a
triplet (o, u, v) such that o € Rsg, u€ C", ve C™, Au=ov and A"v=ou.
The number o is a singular value of A, u is a left singular vector and v is a
right singular vector.

For a singular triplet (o,u,v) of A we have A"Au = ocA"v = o?u and
AAYY = gAu = o?v. Therefore, 02 is both an eigenvalue of AA" and an
eigenvalue of A"A.

Ezxzample 7.70. Let A be the real matrix

A - (Cosa sin o
~ \cosBsinf)"’
We have det(A) = sin(8 — «), so the eigenvalues of A’A are the roots of

the equation A% — 2\ + sin?(8 — a) = 0, that is, A\; = 1 4 cos( — ) and

B—«a
2

A2 = 1—cos( — ). Therefore, the singular values of A are o1 = \/5‘ cos
and oy = /2| sin 82|,
It is easy to see that a unit left singular vector that corresponds to the

2
eigenvalue 1 + cos(f — «) is
uo o ath
sin —Q;B ’

which corresponds to the average direction of the rows of A.

We noted that the eigenvalues of a positive semi-definite matrix are non-
negative numbers. Since both AA" and A" A are positive semi-definite matrices
for A € C™*" (see Example 6.109), the spectra of these matrices consist of
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non-negative numbers Aq,..., A,. Furthermore, AA" and A" A have the same
rank r and therefore, the same number r of non-zero eigenvalues A1, ..., ..
Accordingly, the singular values of A have the form vA; > --- > V.. W
will use the notation o; = /A; for 1 < i < r and will assume that o1 > --- >
o > 0.

Theorem 7.71. Let A € C™*" be a matriz having the singular values o >
<o 2 on. If Xis an eigenvalue value of A, then o, < |A| < o1.

Proof. Let u be an unit eigenvector for the eigenvalue A. Since Au = Au

it follows that (A"Au,u) = (Au, Au) = A\(u,u) = A\ = |A|2. The matrix
A"A is Hermitian and its largest and smallest eigenvalues are o? and o2,

respectively. Thus, o, < |A| < 07.

Theorem 7.72. (SVD Theorem) If A € C™*" is a matriz and rank(A) =
r, then A can be factored as A = UDV", where U € C™*™ and V € C**"
are unitary matrices, and D = diag(o1,...,0.,0,...,0) € R™*" where o1 >
... = o, are real positive numbers.

Proof. We saw that the square matrix A"A € C"*" has the same rank r
as the matrix A and is positive semidefinite. Therefore, there are r positive
eigenvalues of this matrix, denoted by 0%, ..., 02, where oy > 09 > -+ > 0, >
0 and let vy, ..., Vv, be the corresponding pairwise orthogonal unit eigenvectors
in C".

We have A"Av; = o2v; for 1 <i <r. Define V= (v1 -+ v, Vpp1 -+ V)
by completing the set {vi,...,v,} to an orthogonal basis

{Vla' "7v7‘7v7‘+17" -7Vn}

for C". If V4 = (vy -+- v)and Vo = (V1 -+ V), we can write V = (V] V4).
The equalities involving the eigenvectors can now be written as A*AV; =
V1 E?, where E = diag(oy,...,0,).
Define U; = AViE~! € C"™*". We have U} = STV A", so

Uity = STV A"AVE™ = ET'WVWVEET! = 1,

which shows that the columns of U; are pairwise orthogonal unit vectors.
Consequently, Uy AV, E~Y = I, so UAV; = E.

IftU; = (wg ---,u,), let Uz = (Wpg1,...,U,) be the matrix whose
columns constitute the extension of the set {u; ---,u,} to an orthogonal
basis of C™. Define U € C™*™ as U = (U; Us). Note that

W _ (U7 _ (U{AV; UT'AV;
vrAV = (Ug AL V2) = gwav, uyav,
- (UfAVl UfAVg) _ (UfAVl 0) - (E o)

USAV; USAV, o o) \oo

which is the desired decomposition.
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Corollary 7.73. Let A € C™ "™ be a matriz such that rank(A) = r. If o1 >
... = o, are non-zero singular values, then

A=oc1wmv!+ -+ oruvl, (7.9)
where (0;, w;, v;) are singular triplets of A for 1 <i < r.
Proof. This follows directly from Theorem 7.72.

The value of a unitarily invariant norm of a matrix depends only on its
singular values.
Corollary 7.74. Let A € C™*" be a matriz and let A = UDV" be the sin-
gular value decomposition of A. If || - || is a unitarily invariant norm, then

Il A ||=| D |=| diag(o1,...,00,0,...,0) | .

Proof. This statement is a direct consequence of Theorem 7.72 because the
matrices U € C™*™ and V € C™*™ are unitary.

As we saw in Theorem 6.86, || - ||z and || - || are unitarily invariant.
Therefore, the Frobenius norm can be written as

and ||All2 = o1.

Theorem 7.75. Let A and B be two matrices in C™*™. If A ~, B, then they
have the same singular values.

Proof. Suppose that A ~,, B, that is, A = W{'BWj for some unitary matrices
W1 and Wa. If A has the SVD A = U"diag(o1,...,0,,0,...,0)V, then

B = Wi AWY = (W U")diag(o1, ..., 07,0, ..., 0)(VIWE).

Since W1U" and VW4 are both unitary matrices, it follows that the singular
values of B are the same as the singular values of A.

Let v € C" be an eigenvector of the matrix A"A that corresponds to a

non-zero, positive eigenvalue o2, that is, A"Av = o?v.

Define u = %AV. We have Av = ou. Also,
1
A'u = A" (—Av) =ov.
o

This implies AA"u = o2u, so u is an eigenvector of AA" that corresponds to

the same eigenvalue o2.
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Conversely, if u € C™ is an eigenvector of the matrix AA" that corresponds
to a non-zero, positive eigenvalue o2, we have AA"u = o?u. Thus, if v = %Au
we have Av = ou and v is an eigenvector of A"A for the eigenvalue o2.

The Courant-Fisher Theorem (Theorem 7.50) allows the formulation of a

similar result for singular values.

Theorem 7.76. Let A € C™*" be a matriz such that o1 > 09 = -+ = 0, is
the non-increasing sequence of singular values of A. For 1 < k < r we have

in max{|| Az ||2| z€ S and || = |]2= 1}

g = mi
dim(S)=n—k+1

or = max min{|| Az|2| z€ T and | x|2= 1},
dim(T)=k

where S and T range over subspaces of C".
Proof. We give the argument only for the second equality of the theorem; the
first can be shown in a similar manner.

We saw that o, equals the square root of k*" largest absolute value of the
eigenvalue |\g| of the matrix A"A. By Courant-Fisher Theorem, we have

A= max min{x"A"Ax | x €T and || x|2=1}
dim(T)=k x

= in{|| Ax ||2| x € T and =1
diﬂgﬁkm’gn{ll x [[3] x and [ x [|2= 1},

which implies the second equality of the theorem.

The equalities established in Theorem 7.76 can be rewritten as

o= min max{|| Ax ||2| x L wi,...,x L wi_; and | x ||2=1}
Wi, s W —1

= max min{|| Ax 2| xLwi,...,x L w,_,and || x|2=1}.
Wi,y Wh

Corollary 7.77. The smallest singular value of a matriz A € C™*"™ equals

min{[| Az |2| z € C" and | z|]»= 1}.

(men

The largest singular value of a matriz A € equals

max{|| Az ||2| z€ C" and | x|]2= 1}.
Proof. The corollary is a direct consequence of Theorem 7.76.

The SVD allows us to find the best approximation of of a matrix by a
matrices of limited rank. The central result of this section is Theorem 7.79.

Lemma 7.78. Let A = 01w v] + - + oru,v; be the SVD of a matriz A €
R™™, where o1 > -+ 2 or > 0. For every k, 1 < k < r the matriz B(k) =
Zle o vy has rank k.
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Proof. The null space of the matrix B(k) consists of those vectors x such that
Zle o;u;vix = 0. The linear independence of the vectors u; and the fact
that o; > 0 for 1 <4 < r implies the equalities vix = 0 for 1 <7 < 7. Thus,

NullSp(B(k)) = NullSp ((vy --- vi)).

Since vy, ..., vy are linearly independent it follows that dim(NullSp(B(k)) =
n — k, which implies rank(B(k)) =k for 1 < k < r.

Theorem 7.79. (Eckhart-Young Theorem) Let A € C™*" be a matriz
whose sequence of non-zero singular values is (o1, ...,0.). Assume that o1 >
- >0, >0 and that A can be written as

H H
A=owmv! +- -+ o,uv).

Let B(k) € C™*™ be the matriz defined by
k
B(k) = Zaiuiv?.
i=1

Ifry =inf{|]A — X2 | X € C™*" and rank(X) < k}, then
1A= BE)ll2 = 7 = okt

for 1 < k < r, where 0,41 = 0 and B(k) is the best approzimation of A among
the matrices of rank no larger than k in the sense of the norm || - 2.

Proof. Observe that

A-— B(k) = Z UiuiV?a
i=k+1

and the largest singular value of the matrix Zzzk 41 0iu; vy is ogq1. Since
ok+1 1s the largest singular value of A — B(k) we have ||A — B(k)|2 = ok+1
for1<k<r.

We prove now that for every matrix X € C™*" such that rank(X) < k, we
have ||A — X||2 > ok41. Since dim(NullSp(X)) = n — rank(X), it follows that
dim(NullSp(X)) = n — k. If T is the subspace of R" spanned by vy, ..., Vi1,
we have dim(T") = k+1. Since dim(NullSp(X)) +dim(T) > n, the intersection
of these subspaces contains a non-zero vector and, without loss of generality,
we can assume that this vector is a unit vector x.

We have x = a1vi+- - apvi+ag+1Vvi+1 because x € T'. The orthogonality
of vi,...,Vk, Viy1 implies || x ||3= Zfill la;|? = 1.

Since x € NullSp(X), we have Xx = 0, so

k+1 k+1
(A-—X)x=Ax = Z a;Av; = Z a;o;u;.
i=1

i=1
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Thus, we have

k1 ket 1
I(A = X)xlI3 = lowail® > ofa Y lail* = o1,
i=1 i=1
because uy, ..., u, are also orthonormal. This implies |4 — X||2 > og+1 =

A= B2

It is interesting to observe that the matrix B(k) provides an optimal ap-
proximation of A not only with respect to || - |2 but also relative to the
Frobenius norm.

Theorem 7.80. Using the notations introduced in Theorem 7.79, B(k) is the
best approximation of A among matrices of rank no larger than k in the sense
of the Frobenius norm.

Proof. Note that | A — B(k) ||2=| A || —>2F , 62. Let X be a matrix of

i=1"1
rank k, which can be written as X = Zle x;y4. Without loss of generality
we may assume that the vectors xi,...,X; are orthonormal. If this is not

the case, we can use the Gram-Schmidt algorithm to express then as linear
combinations of orthonormal vectors, replace these expressions in Zle x;y4
and rearrange the terms. Now, the Frobenius norm of A — X can be written
as

k H k
= e (4= ) (4 3o
=1 =1

k k
= trace <A”A + Z(Y1 — A"x;)(y; — A"x)" — Z A”xix?A> )
i=1

i=1

Taking into account that Zle(yi — A"x;)(y; — A"x;)" is a real non-negative
number and that Zle Arx;xH A =|| Ax; |2 we have

k k
| A— X ||% > trace <A”A - ZAHXZ'X?A> =|| A ||% —trace <Z A“xix;‘A> .

=1 =1

Let A = Udiag(oy,...,0,)V" be the singular value decomposition of A. If
V = (Vi V,), where V4 has k columns vi,..., vy, D; = diag(oy,...,0r) and
Dy = diag(cg41,--.,0n), then we can write

D? O\ (Vf
H _ HTTH H __ 1 1
A"A = VDURUDVY = (Vi Va) <0 D§> <V2>
= ViD2V}' + Va D2V

and A"A = VD?VY. These equalities allow us to write:
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| Ax; |3 = trace(x} A" Ax;)
= trace (x{ V1 DIV'x; + xVo D3V3'x;)
= | DiVi'x: |F + || D2V | %
=i+ (I DV |5 —oit || Vi'xi ||7)
— (R Vs |F = || D2V3'xi [[7)) — o (1= || V"' |)).
Since || V*x; ||%= 1 (because x; is an unit vector and V is an unitary matrix)
and of || Va'x; |% — || D2V'x; [|%> 0, it follows that
I Ax; [5< ot + (I D1V |5 —oi || Vi |[%) -
Consequently,
k k
Do lAxi 7 < ko + 3 (I DV I3 —of || Vi [17)
i=1

=1

i=1 j=1
k
= Z (Ul% + (0]2' — 0%) Z vl )
j=1 i=1
k k
<D _(of+ (0] —af) =) o5,
Jj=1 Jj=1

which concludes the argument.

Definition 7.81. Let A € C™*"™. The numerical rank of A is the function
nra : [0,00) — N given by

nra(d) = min{rank(B) | ||A — B2 < d}
for d > 0.

Theorem 7.82. Let A € C™*™ be a matriz having the sequence of non-zero
singular values o1 > o9 > -+ = o,. Then, nra(d) = k < r if and only if
o >d> Ok+1-

Proof. Let d be a number such that o, > d > o;+1. Equivalently, by Eckhart-
Young Theorem, we have

IA—=B(k—=1ll2 >d > [|A— B(k)|2,

Since ||A — B(k — 1)||2 = min{||]A — X||2 | rank(X) =k — 1} > d, it follows
that min{rank(B) | ||A — Bll2 < d} =k, so nra(d) = k.

Conversely, suppose that nra(d) = k. This means that the minimal rank
of a matrix B such that |A — B||2 < d is k. Therefore, ||A — B(k —1)||2 > d.
On another hand, d > ||A — B(k)||2 because there exists a matrix C of rank k
such that d > ||A — C||2, so d > |A — B(k)||2 = 0k+1. Thus, o, > d > op41.
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Exercises and Supplements

1. Prove that if (a,x) is an eigenpair of a matrix A € C"*" if and only if (a —b,x)
is an eigenpair of the matrix A — b[,.
2. Let A € R™*"™ be a matrix and let (a,x) be an eigenpair of A and (a,y) be an
eigenpair of A’ such that x'y = 1. If L = xy’, prove that
a) every non-zero eigenvalue of A — aL is also an eigenvalue of A and every
eigenpair (A, t) of A — aL is an eigenpair of A;
b) if a # 0 is an eigenvalue of A with geomm(A,a) = 1, then a is not an
eigenvalue of A — alL.

Solution: Let A a non-zero eigenvalue of A — aL. We have (A — aL)t = At
for some t # 0,. By Part (d) of Exercise 24 of Chapter 5, L(A — aL) = On,n,
so ALt = 0,, so Lt = 0, which implies At = \t.

For the second part suppose that a # 0 were an eigenvalue of A — aL and
let (a,w) be an eigenpair of this matrix. By the first part, Aw = aw. Since
geomm(A, a) = 1, there exists b € C — {0} such that w = bx. This allows us to
write

aw = (A — aLl)w = (A — aLl)bx = abx — abLx = abx — ab(xy’')x
= abx — abx(y'x) = 0,

because y'x = 1. Since a # 0 and x # 0., this is impossible.
3. Let A € R™*™ be a matrix, (), x) be an eigenpair of A and (), y) be an eigenpair
of A’ such that:
(i) xX'y=1
(ii) A be an eigenvalue of A with |A\| = p(A) and X is unique with this property.
If L =xy’, and 6 € spec(A) is such that || < p(A) and |6] is maximal with this
property, prove that:
a) p(A—AL) <10 < p(A);
b) ($A)" =L+ (+A—L)™ and limm_ e (+A)™ = L.

Solution: By Part (a) of Supplement 2, every non-zero eigenvalue of A — AL
is an eigenvalue of A. Therefore, either p(A — AL) = 0 or p(A — AL) = |X| for
some )\ € spec(A). Therefore, in either case, p(A — AL) < |0] < p(A).

Since (A — AL)™ = A™ — X"L, we have (4)" = L+ (34-L)™.
Note that p(iA— L) = p(‘;‘(}’\)L) < % < 1. Therefore, by Theorem 7.68,
limm 00 ($A)™ = L.

4. Let A € R™ "™, where n is an odd number. Prove that A has at least one real
eigenvalue.

5. Prove that the eigenvalues of an upper triangular (or lower triangular) matrix
are its diagonal entries.

Let s, : C* — C be the k*™® symmetric function of n arguments defined by

k
sk(21,...,2n) = Z {Hzij|1<i1<~~-<ik<n},

i1, Uj=1

for zi,...,2n € C. For example, we have
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3
s7(z1, 22, 23) = 21 + 22 + 23,

3

s5(z1, 22, 23) = z122 + 2123 + 2223,
3

3

S (Z1,Z27Z3) = Z1Z2Z3.

6. Prove that
(t—z1)(t—2n) =t" =S (21,..., 2a)t" H55(21,. .., 20)t" 2 —
+(=1)"sp(21,- -, 2n).

Solution: The equality follows by observing that the coefficient of "% in
(t—z1)---(t — 2n) equals (—1)*sP(21,...,2n).

7. Let M € C™™™ be an invertible matrix and let ||-|| be a matrix norm. Prove that
the mapping uar : C"X™ — Rso given by pa(A) = |M~'AM| is a matrix
norm.

8. Let A € C™*™ be a matrix. Prove that:
a) if A € spec(A), then 1+ X € spec(l, + A);
b) algm(I, + A,14 \) = algm(A4, \);
¢) pIn +A) <1+ p(A).

Solution: Suppose that A € spec(A4) and algm(A,\) = k. Then X is root of
multiplicity k of pa(\) = det(Al, — A). Since pr,+a(A) = det(AL, — I, — A), it
follows that pr,+a(1+ X) = det(Al, — A) = pa(A). Thus 1 4+ X € spec(I, + A)
and algm(I, + A,1+ A) = algm(A, \).

We have p(I, + A) = max{|]1 + A] | X € spec(4)} < 1+ max{|A| | X €
spec(A) =1+ p(A).

9. Let A € R™™" be a symmetric matrix having the eigenvalues A1 > -+ > \,.

Prove that
)\1 + )\n

=M
2 2
10. Let A € R™*™ be a matrix and let ¢ € R. Prove that for x,y € R"” — {0,} we
have rala(x) — rala(y) = ralg(x) — ralg(y), where B = A+ cl,.
11. Let A € R™*" be a symmetric matrix having the eigenvalues A1 > --- > \,, and
let x and y be two vectors in R™ — {0, }. Prove that

la- I,

[rala(x) —rala(y)| < (A1 — An) sin Z(x,y).

Solution: Assume that || x ||=| y ||= 1 and let B = A — 21t2n ], By
Exercise 10, we have

Irala(x) —rala(y)| = |ralp(x) —ralp(y)| == [x'Bx—y'By| = [B(x—y) (x +)|-

By Cauchy-Schwarz Inequality we have

X — X+ .
By by <2 B YT ) an 2,y

12. Prove that if A is a unitary matrix and 1 ¢ spec(A), then there exists a skew-
Hermitian S such that A = (I, — S)(I» +S)™ "

13. Let f : R™™"™ — R be a function such that f(AB) = f(BA) for A,B € R™*".
Prove that if A ~ B, then f(A) = f(B).
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15.

16.

17.

18.

19.
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Let a,b € C — {0} and let B-(\,a) € C"™*" be the matrix defined by

Aa 0 --- 0

OXa -0
By(Aa)y=|1:. .ot fec™

000 ---a

000 --- A

Prove that
a) Bn(A,a) ~ Bn(A,b);
b) Br(A) is given by

P R A P

0 A\F II A1 :2 k-T2
B (- ()

c) if |A| < 1, then limg o0 B-(N)* = O.
Let A € R™*™ be a symmetric real matrix. Prove that

Vrala(x) = %(Ax —rala(x)x).

Also, show that the eigenvectors of A are the stationary points of the function

rala(x).

Let A,B € C"*" be two Hermitian matrices. Prove that AB is a Hermitian

matrix if and only if AB = BA.

Let A € R%*3 be a symmetric matrix. Prove that if trace(4) # 0, the sum of

principal minors of order 2 equals 0, and det(A) = 0, then rank(A) = 1.
Solution: The characteristic polynomial of A is p4(A\) = A\* — trace(A)A\* = 0.

Thus, spec(A) = {trace(A), 0}, where algm(A,0) = 2, so rank(A) = 1.

Let A € R**® be a symmetric matrix. Prove that if the sum of principal minors

of order 2 does not equal 0 but det(A4) = 0, then rank(A) = 2.

Let A € C"*™ be a Hermitian matrix, u € C" be a vector and let a be a complex

number. Define the Hermitian matrix B as

Au
5= (A7),

Let a1 < -+ < a, be the eigenvalues of A and let 81 < -+ < Bn < Bny1 be the
eigenvalues of B. Prove that

fr<ar < B2 < < B < an < Py
Solution: Since B € C("TV*("+1) by Courant-Fisher Theorem we have
Br+1 = mui/nmfx{xHBx [ x [l2=1 and x € (W)*}
= m?xm’zn{xHBx [ x|l2=1and x € (Z)"},

where W ranges of sets of k non-zero arbitrary vectors, and let Z be a subset
of C™ that consists of n — k non-zero arbitrary vectors in C***.
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Let U be a set of k non-zero vectors in C" and let Y be a set of n — k — 1
vectors in C". Define the subsets Wy and Zy of C™t! as

WU:{C)‘) ‘ueU}
Zy = {(g) ‘y e Y} U{enii).

By restricting the sets W and Z to sets of the form Wy and Zy we obtain the
double inequality

and

I%axmin{xHBx ||l x ]2=1 and x € <Zy>L}
vy %

< Brr1 < nﬂl/inmax{xHBx ||| x [[2=1 and x € (WU>l}.
U X

Note that, if x € (Zy )", then we have x L ey, 41, 50 Tn11 = 0. Therefore,

H _/oH Au Y\ _ . H
x'Bx = (y'0) (uH a) (0) =y Ay.

Consequently,
n}axmin{xHBx || x lo=1 and x € (Zy)"}
vy X
= mpxmin{y" Ay ||y o= 1 andy € ()"} = au.

This allows us to conclude that ay < Br41 for 1 < k < n.
On another hand, if x € (Wy)* and

oG

then x"Bx = u"Au and || x ||2=|| u ||2. Now we can write
min max{x"Bx ||| x o= 1 and x € (Wy)*}
Wy x
= nrbinmax{uHAu [ ulla=1and u e (U)"} = appa,
u

SO Br+1 S apy1 for 1 <k <n—1.
20. Let A, B € C™*" be two matrices such that AB = BA. Prove that A and B
have a common eigenvector.
Solution: Let A € spec(A) and let {x1,...,xx} be a basis for NullSp(A—\I,).
Observe that the matrices A — \I,, and B commute because

(A= AI,)B=AB — AB and B(A — \I,) = BA— \B.
Therefore, we have
(A= AI,)Bx; = B(A— \)x; =0,

so (A—AI,)BX = Op,n, where X = (x1,...,xx). Consequently, ABX = ABX.
Let yq,...,¥,, be the columns of the matrix BX. The last equality implies that
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22.
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Ay, = Ay;, so y, € NullSp(A — AI,). Since X is a basis of NullSp(A — AI,)
it follows that each y, is a linear combination of the columns of X so there
exists a matrix P such that (y, - y,,) = (x1---xx)P, which is equivalent to
BX = XP. Let w be an eigenvector of P. We have Pw = uw. Consequently,
BXw = XPw = puXw, which proves that Xw is an eigenvector of B. Also,
A(Xw) =A(BXw) = (ABX)w = A\uXw, so Xw is also an eigenvector of A.
Let A € C™*™ and B € C™*™ be two matrices. Prove that the set of non-zero
eigenvalues of the matrices AB € C™*™ and BA € C™*" are the same and
algm(AB, ) = algm(BA, \) for each such eigenvalue.
Solution: Consider the following straightforward equalities:

Im —A\ (M A\ _ (M —AB On
Onm A\, )\ B I,) =\ =AB AL
I Omn\ (Al A\ _ (A —A
-B M, )\ B I.) = \Opm \,—BA)"

Observe that

I, —A\ (A, A . —Im O\ (A A
e (o) (i ) =0 (%5 %) C 2))
and therefore,

My — AB Omn\ _ o (~Mm —A
det < YRV ) = det (on,m A, — BA) '

The last equality amounts to A"pap(A) = A™ppa(N). Thus, for A # 0 we have
paB(A) = ppa(A), which gives the desired conclusion.

Let a € C" — {0,}. Prove that the matrix aa” € C™*™ has one eigenvalue
distinct from 0, and this eigenvalue is equal to || a ||*.

Let A € R™™™ be a symmetric matrix such that a;; € {0,1} for 1 < 4,j < n. If
d= Hﬁ%ﬂ, prove that n\/E > A1 > nd, where A1 is the largest eigenvalue
of A.

Solution: By Rayleigh-Ritz Theorem (Theorem 7.49) we have \i1,1, >
1/, A1,. Since 1,1, = n and 1/, A1, = n%d it follows that A\; > nd. On another
hand we have 3.7 A7 <|| 4 [|7= n’d, so \1 < nVd.

Let U = (ui,...,u,) € C"*" be a matrix having an orthonormal set of columns.
For A € C"*™ define the matrix Ay € C"*" by Ay = U"AU.
a) Prove that if A is a Hermitian matrix, then Ay is also a Hermitian matrix.
b) If A is a Hermitian matrix having the eigenvalues A1 < --- < A, and Ay
has the eigenvalues p1 < - -+ < pr, prove that

Ak < Hi < /\k+n—r~
¢) Prove that
Z Xi = min{trace(Ay) | U'U = I..}
i=1

Z \i = max{trace(Ay) | U'U = I,.}.

i=n—r+1
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Solution: Observe that (Ay)" = U"AYU = U"AU = Ay, so Ay is indeed

Hermitian and its eigenvalues p1, ..., ur are real numbers.
Extend the set of columns uy,...,u, of U to an orthonormal basis
{ui,...,ur,Urt1,...,un}
and let W € C™*"™ be the matrix whose columns are uy,...,u,. Since W is a

unitary matrix, spec(W"AW) = spec(A) and Ay is a principal submatrix of
spec(W"AW). The second part follows from Theorem 7.53.
The first equality of the third part follows from the fact that the second part

implies
Z i Z i = trace(Av),
i=1

where Ay € C™*". If the columns uj,...,u, of U are chosen as orthonormal
eigenvectors the above inequality becomes an equality. In this case we have
U"U = I, and the first equality of the third part follows. The argument for the
second equality is similar.
25. Let A,B € C™*" be two Hermitian matrices, where spec(A) = {&1,...,&.},
spec( ) = {(1,...,(n}, and spec(A + B) = {A1,..., A\ }. Also, suppose that
< <€, 1 <o < Cnyand A1 < -+ < Ay Prove that for » < n we have

Z Ai < Zfz + Z G
i—1 i—1 i—1
and

Z Ai = Z &+ Z Gi-

i=n—r+1 i=n—r+1 i=n—r+1

Solution: Supplement 24 implies that

i)\i = min{trace((A + B)y) | U'U = I.}

WV

min{trace(Ay) | U"U = I} + min{trace(By) | U"U = I}
Z{i + ZQ
i=1 i=1

For the second part we can write

Zn: \i = max{trace((A+ B)y) | U"U = I,.}

i=n—r+1

N

max{tmce Ay) | U"U = I.} + max{trace(By) | U"U = I..}

Z &+ Z Gi-

i=n—r+1 i=n—r+1

A:(gg).

Prove that A is diagonalizable if and only if (a — d)? + 4bc # 0.

26. Let A € R?*? be the matrix
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27. Let A € C"*™ be a matrix. Prove that the following statements are equivalent:
a) A is arank 1 matrix;
b) A has exactly one non-zero eigenvalue A with algm(A, \) = 1;
c) There exist x,y € C" — {0} such that A = xy" and x"y is an eigenvalue of
A.
28. Prove that the characteristic polynomial of the companion matrix of a polyno-
mial p is p itself.
29. Let A € C"™", B € C*** and X € C"** be three matrices such that AX = XB.
Prove that
a) Ran(X) is an invariant subspace of A;
b) if v is an eigenvector of B, then Xv is an eigenvector of A;
¢) if rank(X) = k, then spec(B) C spec(A).

The next supplements present a result known as Weyl’s Theorem (Supplement 30)
and several of its important consequences. For a Hermitian matrix A € C"*" we
denote its eigenvalues arranged in increasing order as A\1(A4) < -+ - < A (A).

30. Let A and B be two Hermitian matrices in C"*". Prove that
A(B) < A(A+ B) — A (A4) < An(B)

for 1<k <n.
Solution: By the Rayleigh-Ritz Theorem we have

A1 (B) < x"Bx < M\ (B),
for x # 0 and || x ||2= 1. Then, by the Courant-Fisher Theorem,
A(A+ B) = minmax{x"(4 + B)x ||| x 2= 1 and x € (W)*},
where the minimum is taken over sets W that contain k — 1 vectors. Since
x"(A + B)x = x"Ax + x"Bx, it follows that
k(A + B) > min max{x"Ax + Aa(B) ||| x 2= 1 and x € (W)*+}
= X(A) + A (B).
Similarly, we have
k(A + B) < min max{x"Ax + A1(B) ||| x 2= 1 and x € (W)*+}
= A:(4) + M\ (B).

31. Let A and E be Hermitian matrices in C"*™. Prove that |\, (A + E) — Ap(A)|
p(E) = || Ell2 for 1 <p <mn.
Solution: By Weyl’s inequalities (Supplement 30) we have

/A

A(E) < Ap(A+ E) = Ap(A) < M(E)

By Definition 7.64, this implies |A,(A+ E) — A\p(A4)| < p(E) = || E||2 because A
is Hermitian.
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32. Let A € C"*" be a Hermitian matrix and let w € C". Then, Ax(A4 + ww")
Akt1(4) < Agpr2(A + ww') and Ar(A4) < App1(A + ww') < Apya(A) for 1
k<n-2.

Solution: Let W ranging over the subsets of C™ that consist of n — k — 2
vectors. By Courant-Fisher Theorem (Theorem 7.50),

<
<

)\k+2(A + WWH)

= rr‘}‘i/nmax{xH(A +ww')x ||| x l2=1 and x € (W)*}

WV

mwi/nmax{xH(A +wwh)x ||| x l2=1,x € (W) and x L w}
= mwi/nmax{xHAx [ % [lo=1,x € (W)" and x | w}
(because x"w = w''x = 0)

> Irvlvinmax{xHAx [|| x [[2=1 and x € <W1>J'} = Ai+1(A),
1 xX

where W1 ranges over the sets that contain n — k — 1 vectors.
For 2 < k < n — 2, the same Courant-Fisher Theorem yields

k(A +ww) = mgxmin{xH(A +ww')x ||| x|2=1and x € (Z)"},
where Z is a set that contains k — 1 vectors. This implies

e (A + WWH)

mgxmin{xH(AerwH)x [ x[l=1and x € (Z)" and x L w}

N

= mgxmin{xHAx [ x lo=1and x € (Z)" and x 1 w}

< rr}axmin{xHAx [ x lo=1and x € (Z1)*} = A(k + 1, A),
1 x

where Z; ranges over sets that contain k vectors.

33. Let A and B be two Hermitian matrices in C"*". If rank(B) < r, prove that
AM(A+ B) < Apgr(A) € Mpg2r(A+ B) for 1 < k < n—2r and M\(4) <
/\Ic+r(A + B) < /\k+2r(A)~

Solution: If B is a Hermitian matrix of rank no larger than r, then B =
Udiag(B1, ..., Br,0,...,0)U" where U = (u; --- u,) is a unitary matrix. This
amounts to B = Siuiu} + - - - + Bruru,.. Conversely, every Hermitian matrix of
rank no larger than r can be written in this form.

Let W range over the subsets of R™ that consist of n — k — 2r vectors. We
have

Ait2r(A+ B)
= rr‘}‘i/nmax{xH(A +B)x ||| x ||lo=1and x € (W)"}

> mwi/nmax{xH(A +B)x ||| x|lo=1,x€ (WU{ui,...,u.})"}
= mwi/nmax{xHAx [ x [Jlo=1,x € (W U {uy,.. .,ur}>L}

(because x"u; = uj'x = 0)
> Irvlvinmax{xHAx ||| x [[2=1and x € <W1>J'} = Akt (A),
1%



34.

35.
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where W7 ranges over the subsets of R that contain n — k — r vectors.

The proof of the remaining inequalities follows the same pattern as above and
generalize the results and proofs of Supplement 32.
Let A be a Hermitian matrix in C"*™ such that A = UDU", where U =
(u1 -+ un) is an unitary matrix and D = (A1(A),..., A (A)). If A; =
i i (A)u;u} for 0 < j < n — 1, prove that the largest eigenvalue of the
matrix A — A,_k is An—r(4).

Solution: Since A — A,,_, = Zf:_lk Ai(A)u;u) the statement follows imme-
diately.
Let A and B be two Hermitian matrices in C"*™. Using the same notations as
in Supplement 30 prove that for any 7, j such that 1 <i,j <nandi+j>n+1
we have

Aj+k—n(A+ B) < Aj(A) + Ax(B).

Also, if i+ j <n+ 1, then

Aj(A) + A(B) < Ajye-1(A+ B).

The field of values of a matriz A € C™*"™ is the set of numbers F(A) = {xAx" |
x € C" and | x [l2=1}.

36.
37.
38.

39.

40.

41.

42.

43.

Prove that spec(A) C F(A) for any A € C"*".

If U € C™*" is a unitary matrix and A € C"*", prove that F(UAU") = F(A).
Prove that A ~ B implies f(A) ~ f(B) for every A,B € C"*" and every
polynomial f.

Let A € C™™™ be a matrix such that spec(A) = {A1,...,A,}. Prove that
DU DY ) SN > |a;;|?; furthermore, prove that A is normal if and only
i 300 Nl? = 00 X lag

Let A € C"*™ such that A > On,,. Prove that if 1,, is an eigenvector of A, then
p(A) = ||Allo and if 1, is an eigenvector of A, then p(A) = ||A4]:.

Solution: If 1,, is an eigenvector of A, then Al,, = A1, so Z?ﬂ ai; = A for
every i, 1 < i < n. This means that all rows of A have the same sum \ and,
therefore, A = ||A|, as we saw in Example 6.84. This implies p(A) = || Ao -

The argument for the second part is similar.

Prove that the matrix A € C"*™ is normal if and only if there exists a polynomial
p such that p(A) = A".

Prove that the matrix A € C"*™ is normal if and only if there exist B,C € C"*"
such that A = B 4 iC and BC = CB.

Let A € C™*™ be a matrix and let spec(A) = {A1,..., A, }. Prove that

a) Yooy el® <ILA I

b) the equality >, [Ap> =|| A ||% holds if and only if A is normal.

Solution: By Schur’s Triangularization Theorem there exists a unitary ma-
trix U € C"*™ and an upper-triangular matrix T' € C"*™ such that A = U"TU
and the diagonal elements of T" are the eigenvalues of A. Thus,

2 2 2 2
IANE=IT =D ol + D It
p=1 1<J

which implies the desired inequality.
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44.

45.

46.

47.
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The equality of the second part follows from the Spectral Theorem for Normal
Matrices. The converse implication can be obtained noting that by the first part,
the equality of the second part implies ¢;; = 0 for ¢ < j, which means that T is
actually a diagonal matrix.

Let A and B be two normal matrices in C"*". Prove that if AB is a normal
matrix, then so is BA.

Solution: By Supplement 21 the matrices AB and BA have the same non-
zero eigenvalues. Since A and B are normal we have A"A = AA" and B"B =
BB". Thus, we can write

| AB ||F= trace((AB)"AB) = trace(B" A" AB) = trace(B"AA"B)
(because A is a normal matrix)
= trace((B"A)(A"B)) = trace((A"B)(B"A))
(by the third part of Theorem 5.51)
= trace(A"(BB")A)) = trace(A"(B"B)A))
(because B is a normal matrix)
= trace((BA)"BA) =|| BA |% .

Since AB is a normal matrix, if spec(AB) = {A1,..., Ap}, we have 377, Al =]
AB ||z=[| BA ||

Taking into account the equalities shown above, it follows that BA is a normal
matrix by Supplement 43.

Let A € C™*" be a matrix with spec(A) = {A1,..., An}. Prove that A is normal
if and only if its singular values are |A1], ..., |An].
Let A be a non-negative matrix in C"*™ and let u = A1, and v = A’1,,. Prove
that

max{min u;, minv; } < p(A) < min{max u;, maxv; }.

Solution: Note that ||A|cc = maxu; and ||A|l; = maxv;. By Theorem 7.65,
we have p(A) < min{max u;, maxv;}.

Let a = minw;. If a > 0 define the non-negative matrix B € R™*" as b;; =
az% We have A > B > Oy . By Corollary 7.67 we have p(A) > p(B) = a; the
same equality, p(A) > a holds trivially when a = 0. In a similar manner, one
could prove that minv; < p(A), so max{minu;, minv;} < p(4).

Let A be a non-negative matrix in C"*™ and let x € R™ be a vector such that
x > 0,. Prove that
a) min{(Ax—’;)j | 1 gjgn} < p(A) gmax{—

b) min{szn 24 1<j<n}<p(A)<max{ij" 24 1<j<n}.

=1 w; =1 x;
Solution: Define the diagonal matrix S = diag(z1,...,zn). Its inverse is
STt = diag(i7 e z%) The matrix B = S™*AS is non-negative and we have
T;aq; . . .
bi; = TJL This implies
no aij Tl wiag (Ax)q
T Zj:l Zj 9101 T
u=B1l, = : and v=B'l, = : =
n Qnj n_ Qi AX)n
n 3 T e

Thus, by applying the inequalities of Supplement 46 we obtain the desired in-
equalities.



48.

49.

50.

51.

52.
53.

54.

55.

56.
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Let A € R™™ and x € R” such that A > O, and x > 0. Prove that if
a,b € Ry are such that ax < Ax < bx, then a < p(A) <b.

Solution: Since ax < Ax we have a < minigicn (‘1’:_)7', so a < p(A) by
)i b, so p(A) < b.
Let A € C"*™ be a matrix such that A > O, . Prove that if there exists k € N
such that A* > O, ,, then p(A4) > 0.
Let A € C"*™ be a matrix such that A > O, n. If A # O, and there exists an
eigenvector x of A such that x > 0,, prove that p(A) > 0.
Prove that A € C™*" is positive semidefinite if and only if there is a set U =
{vi,...,va} C C" such that A = Y | v;v}. Furthermore, prove that A is
positive definite if and only if there exists a linearly independent set U as above.
Prove that A is positive definite if and only if A™! is positive definite.
Prove that if A € C"*" is a positive semidefinite matrix, then A* is positive
semidefinite for every k > 1
Let A € C™*™ be a Hermitian matrix and let pa(\) = A AN e AT
be its characteristic polynomial, where ¢,, # 0. Then, A is positive semidefinite
if and only if ¢; # 0 for 0 < k < m (where ¢¢ = 1) and cjcj+1 < 0 for
0<j<m—-1.
Let A € C"*" be a positive semidefinite matrix. Prove that for every k > 1
there exists a positive semidefinite matrix B having the same rank as A such
that
a) BF = A;
b) AB = BA;
¢) B can be expressed as a polynomial in A.

Solution: Since A is Hermitian, its eigenvalues are real nonnegative num-
bers and, by the Spectral Theorem for Hermitian matrices, there exists a
unitary matrlx U e ¢cvn such that A = U"diag(A1,...,\)U. Let B =

UHdlag(Al’C ey )U where /\’c is a non-negative root of order k of A;. Thus,
B* = A, B is clearly positive sermdeﬁmte, rank(B) = rank(A), and AB = BA.

Let
-y 1 A_

j=1 k=1,k#j

Supplement 47. Similarly, we hace maxi<i<n (4

Sl

be a Lagrange interpolation polynomial such that p(A;) = A
Then,

(see Exercise 67).

p(diag(M,. .., An)) = diag(AF, ..., AF),
SO
p(A) = p(U'diag(A1, ..., A\)U) = Up(diag(A1, ..., An))U
1 1
= U"diag(\F,...,\})U = B.

Let A € R™*™ be a symmetric matrix. Prove that there exists b € R such that
A+ (11’ — I,,) is positive semi-definite, where 1 € R™.
Solution: We need to find b such that for every x € R™ we will have

x/(A + b(ll/ —I,)x > 0.
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57.

58.

59.

60.

61.

62.

63.
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We have x'(A +b(11’ — I,))x = x’ Ax + bx'11'x — bx'x > 0, which amounts to

n 2
X' Ax+b <<Zx> — % |§> > 0.
i=1

Since A is symmetric, by Rayleigh-Ritz Theorem, we have x'Ax > A || x ||3,
where A1 is the least eigenvalue of A. Therefore, it suffices to take b < A1 to
satisfy the equality for every x.
If A € R"™" is a positive definite matrix prove that there exist ¢,d > 0 such
that ¢ || x ||3< x'Ax < d || x ||3, for every x € R™.
Let A = diag(Ai,...,Ap) and B = (Bu, ..., Bq) be two block-diagonal matrices.
Prove that sepp(A, B) = min{sepp(A4;,B;) | 1<i<pand1<j<q}
Let A € C"*" be a Hermitian matrix. Prove that if for any A € spec(A) we have
A > —a, then the matrix A + al is positive-semidefinite.
Let A € C™*™ and B € C™*" be two matrices that have the eigenvalues
Alyevoy Am and pa, ..., tn, respectively. Prove that:

a) if A and B are positive definite, then so is A ® B;

b) if m =n and A, B are symmetric positive definite, the Hadamard product

A ©® B is positive definite.

Solution: For the second part recall that the Hadamard product A ® B of
two square matrices of the same format is a principal submatrix of A® B. Then,
apply Theorem 7.53.

Let A € C"*" be a Hermitian matrix. Prove that if A is positive semidefi-
nite, then all its eigenvalues are non-negative; if A is positive definite then its
eigenvalues are positive.

Solution: Since A is Hermitian, all its eigenvalues are real numbers. Suppose
that A is positive semidefinite, that is, x"Ax > 0 for x € C™. If A € spec(4),
then Av = Av for some eigenvector v # 0. The positive semi-definiteness of A
implies v" Av = Av"'v = X || v ||3> 0, which implies X > 0. It is easy to see that
if A is positive definite, then A > 0.

Let A € C"*™ be a Hermitian matrix. Prove that if A is positive semidefinite,
then all its principal minors are non-negative real numbers; if A is positive
definite then all its principal minors are positive real numbers.

i g
a Hermitian positive semidefinite matrix by Theorem 6.110, so every principal
minor is a non-negative real number. The second part is proven similarly.
Let A € C"*™ be a Hermitian matrix. Prove that he following statements are
equivalent:
a) A is positive semidefinite;
b) all eigenvalues of A are non-negative numbers;
c) there exists a Hermitian matrix C' € C"*" such that C* = A;
d) A is the Gram matrix of a sequence of vectors, that is, A = B"B for some
Becr ™,

Solution: (a) implies (b): This is stated in Exercise 61.

(b) implies (c): Suppose that A is a matrix such that all its eigenvalues are
the non-negative numbers A1, ..., An,. By Theorem 7.41, A can be written as
A = U"DU, where U is a unitary matrix and

Solution: Since A is positive semidefinite, every sub-matrix A {“ Zk] is



64.

65.

66.

67.

68.
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A1 O - 0

0 Az - 0
D= .

00 - X

0 0 --- \/E
Clearly, we gave (\/5)2 = D. Now we can write A = U/ DU"U+/DU", which
allows us to define the desired matrix C' as C' = Uv/DU".

(c) implies (d): Since C is itself a Hermitian matrix, this implication is obvious.

(d) implies (a): Suppose that A = B"B for some matrix B € C***. Then, for
x € C™ we have x"Ax = x"B"Bx = (Bx)"(Bx) =|| Bx ||3> 0, so A is positive
semidefinite.

Let A € R"™™ be a real matrix that is symmetric and positive semidefinite such
that Al, = 0n. Prove that 2 maxi<i<n /i < D07_; /aj;-

Solution: By Supplement 63(d), A is the Gram matrix of a sequence of
vectors B = (bi,...,b,), so A = B’B. Since Al, = O0,, it follows that
(B1,)(Bl,) = 0, so Bl, = 0,. Thus, >I"  b; = 0,. Then, we have
[ bi ll2= 1l = 2,2 billa < 3, Il by ll2, which implies 2maxici<n || bi [l2<
>-7—1 [Ibj [|2. This, is equivalent to the inequality to be shown.

Let A € R™™ be a matrix and let (A, x) be an eigenpair of A. Prove that
a) 28(\) = x"(A - A')x;
b) if @ = 3 max{|ai; — aji| | 1 <i,j <n}, then

28N <aX {|§:mj - xﬁ:jwl <i,j<n,i #j};

¢) S| < ay/ 2

The inequality of Part (c) is known as Bendizon Inequality.

Hint: apply the results of Exercise 5 of Chapter 6.
Let A € C™*™ and B € C™ " be two matrices that have the eigenvalues
A, .oy Am and g1, . .., fin, respectively. Prove that the Kronecker product AQ B
has the eigenvalues i1, ..., Afbn, s Amfbly -y Amfln.

Solution: Suppose that Av; = \;v; and Bu; = pju;. Then, (A® B)(v; ®
u;) = (Avi) ® (Buy) = Aiptj (vi X 1j).
Let A € C"*™ and B € C™*™. Prove that trace(A ® B) = trace(A)trace(B) =
trace(B ® A) and det(A ® B) = (det(A))™(det(B))™ = det(B ® A).
Let A € C™*™ and B € C™*™ be two matrices. If spec(A) = {A1,..., An} and
spec(B) = {u1,...,m}, prove that spec(A@® B) = {X\i+pu; | 1 <i<n,1<
j<m}andspec(AOB)={Xi—p; | 1<i<n,1<j<m}

Solution: Let x and y be two eigenvectors of A and B that correspond to
the eigenvalues A and p, respectively. Since A@® B = (A® I,) + (In ® B) we
have
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(A B)(x®y) = (A01,)(x®y)+ (I, ®B)(x®Yy)
= (Ax®y) + (x ® By)
=AMx®y)+tuxey)
= A+ u(xey).

By replacing B by —B we obtain the spectrum of A © B.
69. Let A € C™*" be matrix and let 7, = > {a;; | 1 < j < nandj # i}, for
1 <4 < n. Prove that spec(A) C U, {z € C | |z — awu| < r}.
A disk of the form D;(A) = {z € C | |z — aii| < r4} is called a Gershgorin disk.
Solution: Let A € spec(A) and let suppose that Ax = Ax, where x # 0. Let
p be such that |vp| = max{|zi| | 1 <4< n}. Then, 37, apjz; = Azp, which
is the same as D27, ap;T; = (A — app)@p. This, in turn, implies

n n
|Zp||A — app| = Z ApjTj| < Z lap; ||z
Jj=1,j#p Jj=1,j#p
n
< |2y Z lapi| = |zp|p.

Jj=1,j#p

Therefore, |\ — app| < 1 for some p.
70. If A, B € R™*™ is a symmetric matrices and A ~ B, prove that J(A) = I(B).
71. If A is a symmetric block diagonal matrix, A = diag(Au,..., Ax), then J(A) =
Ef:1 I(Aq).
Bec
72. Let A = (c' b
such that there exists u € R™ ' for which Bu = 0,,—1 and c¢’u # 0. Prove that
J(A)=I3(B)+(1,1,-1).
Solution: It is clear that u # 0,,,—1 and we may assume that u; # 0. We can

write ,
_f(w (b d _(a
u_<v)’B_(d D)’ andc—<e)7

where v € R™ 2 D € R™2*(m=2) gnd d,e € R™ 2. Define k = c'u =
ciu1 +€'v # 0 and

) € R™*™ be a symmetric matrix, where B € R(m~Dx(m—1)

u v 0
P = 0m—2 Im—2 0m—2
0 ;7,(72 1

The equality Bu = 0,,_1 can be written as bjju; +d’'v = 0 and du; + Dv =
0.,—2. With these notations, A can be written as

b11 d/ C1
A=|d D e
ci e b
and we have
0 Om2ok
PAP' =0, D e
k e b

For
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1 0 0
Q = %e Im—2 0m—2
—2p 0y, 1

00, o k
(QP)AQP) = (0 D 0m2> :
k0, 5 O

we have

Let R be the permutation matrix

0 0, , 1
R= 1 0,5, 0
0m72 Im72 0771,72

Observe that
0 E 0,_,

RQP)AQPYR' =| k 0 03|,
0m—2 0m—2 D
which implies that J(A) = J(D) + (1, 1, 0) because the eigenvalues of the matrix

ko) ate k and —k.
On the other hand, if

_ Ul v
5= (OWL72 [m72) ’

/ 0 0;7172
we have SDS’ = 0., D
yields J(A) =J(B) + (1,1, -1).
Let A € C™™ and let U € C™*™ an unitary matrix and 7' an upper-triangular
matrix T € C"*" such that A = U"TU whose existence follows by Schur’s
Triangularition Theorem. Let B = % (A+AH) and C = % (A — AH) be the
matrices introduced in Exercise 18 of Chapter 5.

Prove that

), which implies J(B) = J(D) + (0,0, 1). This

SRV < B3 and 3 S0 <) C I3
=1 i=1
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