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Spectral Properties of Matrices

7.1 Introduction

The existence of directions that are preserved by linear transformations (which
are referred to as eigenvectors) has been discovered by L. Euler in his study
of movements of rigid bodies. This work was continued by Lagrange, Cauchy,
Fourier, and Hermite. The study of eigenvectors and eigenvalues acquired in-
creasing significance through its applications in heat propagation and stability
theory. Later, Hilbert initiated the study of eigenvalue in functional analysis
(in the theory of integral operators). He introduced the terms of eigenvalue
and eigenvector. The term eigenvalue is a German-English hybrid formed from
the German word eigen which means “own” and the English word “value”.
It is interesting that Cauchy referred to the same concept as characteristic
value and the term characteristic polynomial of a matrix (which we introduce
in Definition 7.1) was derived from this naming.

We present the notions of geometric and algebraic multiplicities of eigen-
values, examine properties of spectra of special matrices, discuss variational
characterizations of spectra and the relationships between matrix norms and
eigenvalues. We conclude this chapter with a section dedicated to singular
values of matrices.

7.2 Eigenvalues and Eigenvectors

Let A ∈ C
n×n be a square matrix. An eigenpair of A is a pair (λ,x) ∈

C × (Cn − {0}) such that Ax = λx. We refer to λ is an eigenvalue and to x
is an eigenvector. The set of eigenvalues of A is the spectrum of A and will be
denoted by spec(A).

If (λ,x) is an eigenpair of A, the linear system Ax = λx has a non-trivial
solution in x. An equivalent homogeneous system is (λIn −A)x = 0 and this
system has a non-trivial solution only if det(λIn −A) = 0.
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Definition 7.1. The characteristic polynomial of the matrix A is the polyno-
mial pA defined by pA(λ) = det(λIn −A) for λ ∈ C.

Thus, the eigenvalues of A are the roots of the characteristic polynomial of A.

Lemma 7.2. Let A = (a1 · · · an) ∈ C
n and let B be the matrix obtained

from A by replacing the column aj by ej. Then, we have

det(B) = det

(

A

[

1 · · · j − 1 j + 1 · · ·n
1 · · · j − 1 j + 1 · · ·n

])

.

Proof. The result follows immediately by expanding B on the jth column.

The result obtained in Lemma 7.2 can be easily extended as follows. If
B is the matrix obtained from A by replacing the columns aj1 , . . . , ajk by
ej1 , . . . , ejk and {i1, . . . , ip} = {1, . . . , n} − {j1, . . . , jk}, then

det(B) = det

(

A

[

i1 · · · ip
i1 · · · ip

])

. (7.1)

In other words, det(B) equals a principal p-minor of A.

Theorem 7.3. Let A ∈ C
n×n be a matrix. Its characteristic polynomial pA

can be written as

pA(λ) =
n
∑

k=0

(−1)kakλ
n−k,

where ak is the sum of the principal minors of order k of A.

Proof. By Theorem 5.146 the determinant

pA(λ) = det(λIn −A) = (−1)n det(A− λIn)

can be written as a sum of 2n determinants of matrices obtained by replacing
each subset of the columns of A by the corresponding subset of columns of
−λIn. If the subset of columns of −λIn involved are −λej1 , . . . ,−λejk the

result of the substitution is (−1)kλk det

(

A

[

i1 · · · ip
i1 · · · ip

])

, where {i1, . . . , ip} =

{1, . . . , n}− {j1, . . . , jk}. The total contribution of sets of k columns of −λIn
is (−1)kλkan−k. Therefore,

pA(λ) = (−1)n
n
∑

k=0

(−1)kλkan−k.

Replacing k by n− k as the summation index yields

pA(λ) = (−1)n
n
∑

k=0

(−1)n−kλn−kak =
n
∑

k=0

(−1)kakλ
n−k.
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Definition 7.4. Two matrices A,B ∈ C
n×n are similar if there exists an

invertible matrix P ∈ C
n×n such that B = PAP−1. This is denoted by A ∼ B.

If there exists a unitary matrix U such that B = UAU−1, then A is uni-
tarily similar to B. This is denoted by A ∼u B.

The matrices A,B are congruent if B = SASH for some non-singular
matrix S. This is denoted by A ≈ B. If A,B ∈ R

n×n, we say that they are
t-congruent if B = SAS′ for some invertible matrix S; this is denoted by
A ≈t B.

For real matrices the notions of t-congruence and congruence are identical.
It is easy to verify that ∼,∼u and ≈ are equivalence relations on C

n×n

and ≈t is an equivalence on R
n×n.

Similar matrices have the same characteristic polynomial. Indeed, suppose
that B = PAP−1. We have

pB(λ) = det(λIn −B) = det(λIn − PAP−1)

= det(λPInP
−1 − PAP−1) = det(P (λIn −A)P−1)

= det(P ) det(λIn −A) det(P−1) = det(λIn −A) = pA(λ),

because det(P ) det(P−1) = 1. Thus, similar matrices have the same eigenval-
ues.

Example 7.5. Let A be the matrix

A =

(

cos θ − sin θ
sin θ cos θ

)

.

We have

pA = det(λI2 −A) = (λ − cos θ)2 + sin2 θ = λ2 − 2λ cos θ + 1.

The roots of this polynomial are λ1 = cos θ + i sin θ and λ2 = cos θ − i sin θ,
so they are complex numbers.

We regard A as a complex matrix with real entries. If we were to consider
A as a real matrix, we would not be able to find real eigenvalues for A unless
θ were equal to 0.

Definition 7.6. The algebraic multiplicity of the eigenvalue λ of a matrix
A ∈ C

n×n is the multiplicity of λ as a root of the characteristic polynomial
pA of A.

The algebraic multiplicity of λ is denoted by algm(A, λ). If algm(A, λ) = 1
we say that λ is a simple eigenvalue.

Example 7.7. Let A ∈ R
2×2 be the matrix

A =

(

0 −1
1 2

)
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The characteristic polynomial of A is

pA(λ) =

∣

∣

∣

∣

λ 1
−1 λ− 2

∣

∣

∣

∣

= λ2 − 2λ+ 1.

Therefore, A has the eigenvalue 1 with algm(A, 1) = 2.

Example 7.8. Let P (a) ∈ C
n×n be the matrix P (a) = (a− 1)In + Jn. To find

the eigenvalues of P (a) we need to solve the equation

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ− a −1 · · · −1
−1 λ− a · · · −1
...

... · · ·
...

−1 −1 · · · λ− a

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0.

By adding the first n−1 columns to the last and factoring out λ− (a+n−1),
we obtain the equivalent equation

(λ− (a+ n− 1))

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ− a −1 · · · 1
−1 λ− a · · · 1
...

... · · ·
...

−1 −1 · · · 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0.

Adding the last column to the first n− 1 columns and expanding the deter-
minant yields the equation (λ− (a+ n− 1))(λ− a+ 1)n−1 = 0, which shows
that P (a) has the eigenvalue a+n− 1 with algm(P (a), a+n− 1) = 1 and the
eigenvalue a− 1 with algm(P (a), a− 1) = n− 1.

In the special case when a = 1 we have P (1) = Jn,n. Thus, Jn,n has the
eigenvalue λ1 = n with algebraic multiplicity 1 and the eigenvalue 0 with
algebraic multiplicity n− 1.

Theorem 7.9. The eigenvalues of Hermitian complex matrices are real num-
bers.

Proof. Let A ∈ C
n×n be a Hermitian matrix and let λ be an eigenvalue of A.

We have Ax = λx for some x ∈ C
n −{0n}, so xHAH = λxH. Since AH = A, we

have
λxHx = xHAx = xHAHx = λxHx.

Since x 6= 0 implies xHx 6= 0, it follows that λ = λ. Thus, λ is a real number.

Corollary 7.10. The eigenvalues of symmetric real matrices are real num-
bers.

Proof. This is a direct consequence of Theorem 7.9.
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Theorem 7.11. The eigenvectors of a complex Hermitian matrix correspond-
ing to distinct eigenvalues are orthogonal to each other.

Proof. Let (λ,u) and (µ,v) be two eigenpairs of the Hermitian matrix A ∈
C

n×n, where λ 6= µ. Since A is Hermitian, λ, µ ∈ R. Since Au = λu we have
vHAu = λvHu. The last equality can be written as (Av)Hu = λvHu, or as
µvHu = λvHu. Since µ 6= λ, vHu = 0, so u and v are orthogonal.

The statement clearly holds if we replace complex Hermitian matrices by
real symmetric matrices.

Corollary 7.12. The eigenvectors of a Hermitian matrix corresponding to
distinct eigenvalues form a linearly independent set.

Proof. This statement follows from Theorems 6.41 and 7.11.

The next statement is a result of Issai Schur (1875-1941), a mathematician
born in Russia, who studied and worked in Germany.

Theorem 7.13. (Schur’s Triangularization Theorem) Let A ∈ C
n×n be

a square matrix. There exists an upper-triangular matrix T ∈ C
n×n such that

A =∼u T .
The diagonal elements of T are the eigenvalues of A; moreover, each eigen-

value λ of A occurs in the sequence of diagonal elements of T a number of
algm(A, λ) times. The columns of U are unit eigenvectors of A.

Proof. The argument is by induction on n. The base case, n = 1, is immediate.
Suppose that the statement holds for matrices in C

(n−1)×(n−1) and let A ∈
C

n×n. If (λ,x) is an eigenpair of A with ‖ x ‖2= 1, let Hv be a Householder
matrix that transforms x into e1. Since we also have Hve1 = x, x is the
first column of Hv and we can write Hv = (x K), where K ∈ C

n×(n−1).
Consequently,

HvAHv = HvA(x K) = Hv(λx HvAK) = (λe1 HvAK).

Since Hv is Hermitian and Hv = (x K), it follows that

HH

v
=

(

xH

KH

)

= Hv.

Therefore,

HvAHv =

(

λ xHAK

0n−1 KHAK

)

.

Since KHAK ∈ C
(n−1)×(n−1), by the inductive hypothesis, there exists a uni-

tary matrix W and an upper triangular matrix S such that W H(KHAK)W =
S. Note that the matrix
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U = Hv

(

1 0′
n−1

0n−1 W

)

is unitary and

U HAU H =

(

λ xHAKW

0n−1 W HKHAKW

)

=

(

λ xHAKW

0n−1 S

)

.

The last matrix is clearly upper triangular.
Since A ∼u T , A and T have the same characteristic polynomials and,

therefore, the same eigenvalues, with identical multiplicities. Note that the
factorization of A can be written as A = UDU H because U−1 = U H. Since
AU = UD, each column ui of U is an eigenvector of A that corresponds to
the eigenvalue λi for 1 6 i 6 n.

Corollary 7.14. If A ∈ R
n×n is a matrix such that spec(A) = {0}, then A is

nilpotent.

Proof. By Schur’s Triangularization Theorem, A is unitarily similar to a
strictly upper triangular matrix, A = UTU H, so An = UT nU H. Since
spec(T ) = {0}, we have T n = O, so An = O.

Corollary 7.15. Let A ∈ C
n×n and let f be a polynomial. If spec(A) =

{λ1, . . . , λn} (including multiplicities), then spec(f(A)) = {f(λ1), . . . , f(λn)}.

Proof. By Schur’s Triangularization Theorem there exists a unitary matrix
U ∈ C

n×n and an upper-triangular matrix T ∈ C
n×n such that A = UTU H

and the diagonal elements of T are the eigenvalues of A, λ1, . . . , λn. Therefore
f(A) = Uf(T )U H, and by Theorem 5.49, the diagonal elements of f(T ) are
f(λ1), , . . . , f(λm). Since f(A) ∼u f(T ), we obtain the desired conclusion be-
cause two similar matrices have the same eigenvalues with the same algebraic
multiplicities.

Definition 7.16. A matrix A ∈ C
n×n is diagonalizable (unitarily diagonaliz-

able) if there exists a diagonal matrix D = diag(d1, . . . , dn) such that A ∼ D

(A ∼u D).

Theorem 7.17. A matrix A ∈ C
n×n is diagonalizable if and only if there

exists a linearly independent set {v1, . . . , vn} of n eigenvectors of A.

Proof. Let A ∈ C
n×n such that there exists a set {v1, . . . ,vn} of n eigenvec-

tors of A that is linearly independent and let P be the matrix (v1 v2 · · · vn)
that is clearly invertible. We have:

P−1AP = P−1(Av1 Av2 · · · Avn) = P−1(λ1v1 λ2v2 · · · λnvn)

= P−1P











λ1 0 · · · 0
0 λ2 · · · 0
...

... · · ·
...

0 0 · · · λn











=











λ1 0 · · · 0
0 λ2 · · · 0
...

... · · ·
...

0 0 · · · λn











.
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Therefore, we have A = PDP−1, where

D =











λ1 0 · · · 0
0 λ2 · · · 0
...

... · · ·
...

0 0 · · · λn











,

so A ∼ D.
Conversely, suppose that A is diagonalizable, so AP = PD, where D is

a diagonal matrix and P is an invertible matrix, and let v1, . . . ,vn be the
columns of the matrix P . We have Avi = diivi for 1 6 i 6 n, so each vi is an
eigenvector of A. Since P is invertible, its columns are linear independent.

Corollary 7.18. If A ∈ C
n×n is diagonalizable then the columns of any ma-

trix P such that D = P−1AP is a diagonal matrix are eigenvectors of A.
Furthermore, the diagonal entries of D are the eigenvalues that correspond to
the columns of P .

Proof. This statement follows from the proof of Theorem 7.17.

Corollary 7.19. A matrix A ∈ C
n×n is unitarily diagonalizable if and only

if there exists a set {v1, . . . , vn} of n orthonormal eigenvectors of A.

Proof. This statement follows from the proof of Theorem 7.17 by observ-
ing that if {v1, . . . ,vn} is a set n orthonormal eigenvectors of A, then
P = (v1, . . . ,vn) is a unitary matrix that gives a unitary diagonalization
of A. Conversely, if P is an unitary matrix such that A = PDP−1 its set of
columns consists of orthogonal unitary eigenvectors of A.

Corollary 7.20. Let A ∈ R
n×n be a symmetric matrix. There exists a or-

thonormal matrix U and a diagonal matrix T such that A = UTU−1. The
diagonal elements of T are the eigenvalues of A; moreover, each eigenvalue λ

of A occurs in the sequence of diagonal elements of T a number of algm(A, λ)
times.

Proof. As the previous corollary, this follows from the proof of Theorem 7.17.

Theorem 7.21. Let A ∈ C
n×n be a block diagonal matrix,

A =











A11 O · · · O

O A22 · · · O
...

... · · ·
...

O O · · · Amm











.

A is diagonalizable if and only if every matrix Aii is diagonalizable for 1 6

i 6 m.
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Proof. Suppose that A is a block diagonal matrix which is diagonalizable.
Furthermore, suppose that Aii ∈ C

ni×ni for 1 6 i 6 n and
∑m

i=1 ni = n.
There exists an invertible matrix P ∈ C

n×n such that P−1AP is a diagonal
matrix D = diag(λ1, . . . , λn). Let p1, . . . ,pn be the columns of P , which are
eigenvectors of A. Each vector pi is divided into m blocks pj

i with 1 6 j 6 m,

where pj
i ∈ C

nj . Thus, P can be written as

P =











p1
1 p1

2 · · · p1
n

p2
1 p2

2 · · · p2
n

...
... · · ·

...
pm
1 pm

2 · · · pm
n











.

The equality Api = λipi can be expressed as











A11 O · · · O

O A22 · · · O
...

... · · ·
...

O O · · · Amm





















p1
i

p2
i

...
pm
i











= λi











p1
i

p2
i

...
pm
i











,

which shows that Ajjp
j
i = λip

j
i for 1 6 j 6 m. Let M j = (pj

1 pj
2 · · · pj

n) ∈
C

nj×n. We claim that rank(M j) = nj . Indeed if rank(M j) were less than
nj , we would have fewer that n independent rows M j for 1 6 j 6 m. This,
however, would imply that the rank of P is less then n, which contradicts the
invertibility of P . Since there are nj linearly independent eigenvectors of Ajj ,
it follows that each block Ajj is diagonalizable.

Conversely, suppose that each Ajj is diagonalizable, that is, there exists
a invertible matrix Qj such that Q−1

j AjjQj is a diagonal matrix. Then, it is
immediate to verify that the block diagonal matrix

Q =











Q1 O · · · O

O Q2 · · · O
...

... · · ·
...

O O · · · Qm











is invertible and Q−1AQ is a diagonal matrix.

Theorem 7.22. Let A ∈ C
n×n be a matrix and let (λ1, v1), . . . , (λk, vk) be k

eigenpairs of A, where λ1, . . . , λk are pairwise distinct. Then, {v1, . . . , vk} is
a linearly independent set.

Proof. Suppose that {v1, . . . ,vk} is not linearly independent. Then, there
exists a linear combination of this set that equals 0, that is

c1vi1 + · · ·+ crvir = 0n, (7.2)
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at least one coefficient is not 0, and r > 1. Choose this linear combination to
involve the minimal number of terms. We have

A(c1vi1 + c2vi2 + · · ·+ crvir ) = c1λi1v1 + c2λi2vi2 + · · ·+ crλirvir = 0n.

By multiplying Equality (7.2) by λi1 we have

c1λi1vi1 + c2λi1vi2 + · · ·+ crλi1vir = 0n.

It follows that c2(λi2 −λi1)vi2 + · · ·+ cr(λir −λi1)vir = 0n. Since there exists
a coefficient λip − λi1 that is non-zero, this contradicts the minimality of r.

Corollary 7.23. If A ∈ C
n×n has n distinct eigenvalues, then A is diagonal-

izable.

Proof. If spec(A) = {λ1, . . . , λn} consists of n complex numbers and v1, . . . ,vn

are corresponding eigenvectors, then, by Theorem 7.22, {v1, . . . ,vn} is linearly
independent. The statement follows immediately from Theorem 7.17.

7.3 Geometric and Algebraic Multiplicities of

Eigenvalues

For a matrix A ∈ C
n×n let SA,λ be the subspace NullSp(λIn − A). We refer

to SA,λ as invariant subspace of A and λ or as the eigenspace of λ.

Definition 7.24. Let A ∈ C
n×n and let λ ∈ spec(A). The geometric multi-

plicity of λ is the dimension geomm(A, λ) of SA,λ.

Example 7.25. The geometric multiplicity of 1 as an eigenvalue of the matrix

A =

(

0 −1
1 2

)

,

considered in Example 7.7, is 1. Indeed if x is an eigenvector that corresponds
to this value we have −x2 = x1 and x1 + 2x2 = x2, which means that any
such eigenvector has the form a12. Thus, dim(SA,1) = 1.

The definition of the geometric multiplicity of λ ∈ spec(A) implies

geomm(A, λ) = dim(NullSp(A− λIn)) = n− rank(A− λIn). (7.3)

Theorem 7.26. Let A ∈ R
n×n. We have 0 ∈ spec(A) if and only if A is

a singular matrix. Moreover, in this case, geomm(A, 0) = n − rank(A) =
dim(NullSp(A)). If algm(A, 0) = 1, then rank(A) = n− 1.

Proof. The statement is an immediate consequence of Equality (7.3).
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Theorem 7.27. Let A ∈ C
n×n be a square matrix and let λ ∈ spec(A). We

have geomm(A, λ) 6 algm(A, λ).

Proof. By the definition of geomm(A, λ) we have

geomm(A, λ) = dim(NullSp(λIn −A)) = n− rank(λIn −A).

Let u1, . . . ,um be an orthonormal basis of SA,λ, where m = geomm(A, λ) and
let U = (u1 · · · um). We have (λIn − A)U = On,n, so AU = λU = U(λIm).
Thus, by Theorem 6.57 there exists a matrix V such that we have

A ∼
(

λIm U HAV

O V HAV

)

,

where U ∈ C
n×m and V ∈ C

n×(n−m). Therefore, A has the same characteristic
polynomial as

B =

(

λIm U HAV

O V HAV

)

,

which implies algm(A, λ) = algm(B, λ). Since the algebraic multiplicity of λ
in B is at least equal to m it follows that algm(A, λ) > m = geomm(A, λ).

Definition 7.28. An eigenvalue λ of a matrix A is simple if algm(A, λ) = 1.
If geomm(A, λ) = algm(A, λ), then we refer to λ as a semisimple eigenvalue.

The matrix A is defective if there exists at least one eigenvalue that is not
semisimple. Otherwise, A is said to be non-defective.

A is a non-derogatory matrix if geomm(A, λ) = 1 for every eigenvalue λ.

Note that if λ is a simple eigenvalue ofA, then geomm(A, λ) = algm(A, λ) =
1, so λ is semi-simple.

Theorem 7.29. Each eigenvalue of a symmetric matrix A ∈ R
n×n is semi-

simple.

Proof. We saw that each symmetric matrix has real eigenvalues and is or-
thonormally diagonalizable (by Corollary 7.20). Starting from the real Schur
factorization A = UTU−1, where U is an orthonormal matrix and T =
diag(t11, . . . , tnn) is a diagonal matrix we can write AU = UT . If we denote
the columns of U by u1, . . . ,un, then we can write

(Au1, . . . , Aun) = (t11u1, . . . , tnnun),

so Aui = tiiui for 1 6 i 6 n. Thus, the diagonal elements of T are the
eigenvalues of A and the columns of U are corresponding eigenvectors. Since
these eigenvectors are pairwise orthogonal, the dimension of the invariant
subspace that corresponds to an eigenvalue equals the algebraic multiplicity
of the eigenvalue, so each eigenvalue is semi-simple.
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Example 7.30. Let A ∈ R
2×2 be the matrix

A =

(

a b

0 a

)

,

where a, b ∈ R are such that ab 6= 0. The characteristic polynomial of A is
pA(λ) = (a− λ)2, so spec(A) = {a} and algm(A, a) = 2.

Let x be a characteristic vector of A that corresponds to a. We have
ax1 + bx2 = ax1 and ax2 = x2, which implies x2 = 0. Thus, the invariant
subspace is

{(

x1

x2

)

∈ R
2
∣

∣

∣x2 = 0

}

,

which is one-dimensional, so geomm(A, a) = 1. Thus, a is not semi-simple.

7.4 Spectra of Special Matrices

Theorem 7.31. Let A be an block upper triangular partitioned matrix given
by

A =











A11 A12 · · · A1m

O A22 · · · A2m

...
... · · ·

...
O O · · · Amm











,

where Aii ∈ R
pi×pi for 1 6 i 6 m. Then, spec(A) =

⋃m

i=1 spec(Aii).
If A is a block lower triangular matrix

A =











A11 O · · · O

A21 A22 · · · O
...

... · · ·
...

Am1 Am2 · · · Amm











,

the same equality holds.

Proof. Let A be a block upper triangular matrix. Its characteristic equation
is det(λIn −A) = 0. Observe that the matrix λIn −A is also an block upper
triangular matrix:

λIn −A =











λIp1
−A11 O · · · O

−A21 λIp2
−A22 · · · O

...
... · · ·

...
−Am1 −Am2 · · · λIpm

−Amm











.

By Theorem 5.153 the characteristic polynomial of A can be written as



348 7 Spectral Properties of Matrices

pA(λ) =
m
∏

i=1

det(λIpi
−Aii) =

m
∏

i=1

pAii
(λ).

Therefore, spec(A) =
⋃m

i=1 spec(Aii).
The argument for block lower triangular matrices is similar.

Corollary 7.32. Let A ∈ R
n×n be a block diagonal matrix given by

A =











A11 O · · · O

O A22 · · · O
...

... · · ·
...

O O · · · Amm











,

where Aii ∈ R
ni×ni for 1 6 i 6 m. We have spec(A) =

⋃m

i=1 spec(Aii) and
algm(A, λ) =

∑m

i=1 algm(Ai, λ). Moreover, v 6= 0n is an eigenvector of A if
and only if we can write

v =







v1

...
vm






,

where each vector vi is either an eigenvector of Ai or 0ni
for 1 6 i 6 m and

there exists i such that vi 6= 0ni
.

Proof. This statement follows immediately from Theorem 7.31.

Theorem 7.33. Let A = (aij) ∈ C
n×n be an upper (lower) triangular matrix.

Then, spec(A) = {aii | 1 6 i 6 n}.

Proof. It is easy to see that the the characteristic polynomial of A is pA(λ) =
(λ− a11) · · · (λ− ann), which implies immediately the theorem.

Corollary 7.34. If A ∈ C
n×n is an upper triangular matrix and λ is an eigen-

value such that the diagonal entries of A that equal λ occur in ai1i1 , . . . , aipip ,
then SA,λ is a p-dimensional subspace of Cn generated by ei1 , . . .eip .

Proof. This statement is immediate.

Corollary 7.35. We have

spec(diag(d1, . . . , dn)) = {d1, . . . , dn}.

Proof. This statement is a direct consequence of Theorem 7.33.

Note that if λ ∈ spec(A) we have Ax = λx, A2x = λ2x and, in general,
Akx = λkx for k > 1. Thus, λ ∈ spec(A) implies λk ∈ spec(Ak) for k > 1.
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Theorem 7.36. If A ∈ C
n×n is a nilpotent matrix, then spec(A) = {0}.

Proof. Let A ∈ C
n×n be a nilpotent matrix such that nilp(A) = k. By a

previous observation if λ ∈ spec(A), then λk ∈ spec(Ak) = spec(On,n) = {0}.
Thus, λ = 0.

Theorem 7.37. If A ∈ C
n×n is an idempotent matrix, then spec(A) ⊆ {0, 1}.

Proof. Let A ∈ C
n×n be an idempotent matrix, λ be an eigenvalue of A,

and let x be an eigenvector of λ. We have P 2x = Px = λx; on another
hand, P 2x = P (Px) = P (λx) = λP (x) = λ2x, so λ2 = λ, which means that
λ ∈ {0, 1}.

Theorem 7.38. At least one eigenvalue of a stochastic matrix is equal to 1
and all eigenvalues lie on or inside the unit circle.

Proof. Let A ∈ R
n×n be a stochastic matrix. Then, 1 ∈ spec(A) and 1 is

an eigenvector that corresponds to the eigenvalue 1 as the reader can easily
verify.

If λ is an eigenvalue of A and Ax = λx, then λxi =
∑n

i=1 aijxj for
1 6 n 6 n, which implies

|λ||xi| 6
n
∑

i=1

aij |xj |.

Since x 6= 0, let xp be a component of x such that |xp| = max{|xi| | 1 6 i 6

n}. Choosing i = p we have

|λ| 6
n
∑

i=1

aij
|xj |
|xp

6

n
∑

i=1

aij = 1,

which shows that all eigenvalues of A lie on or inside the unit circle.

Theorem 7.39. All eigenvalues of a unitary matrix are located on the unit
circle.

Proof. Let A ∈ R
n×n be an unitary matrix and let λ be an eigenvalue of A.

By Theorem 6.86, if x is an eigenvector that corresponds to λ we have

‖ x ‖=‖ Ax ‖=‖ λx ‖= |λ| ‖ x ‖,

which implies |λ| = 1.

Next, we show that unitary diagonalizability is a characteristic property
of normal matrices.
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Theorem 7.40. (Spectral Theorem for Normal Matrices) A matrix
A ∈ C

n×n is normal if and only if there exists a unitary matrix U and a
diagonal matrix D such that

A = UDU H, (7.4)

the columns of U are unit eigenvectors and the diagonal elements of D are
the eigenvalues of A that correspond to these eigenvectors.

Proof. Suppose that A is a normal matrix. By Schur’s Triangularization The-
orem there exists a unitary matrix U ∈ C

n×n and an upper-triangular ma-
trix T ∈ C

n×n such that A = UTU−1. Thus, T = U−1AU = U HAU and
T H = U HAHU . Therefore,

T HT = U HAHUU HAU = U HAHAU

(because U is unitary)

= U HAAHU

(because A is normal)

= U HAUU HAHU = TT H,

so T is a normal matrix. By Theorem 5.60, T is a diagonal matrix, so D’s role
is played by T .

We leave the proof of the converse implication to the reader.
Let U = (u1 · · ·un). Since

A = UDU H = (u1 · · · un)











λ1 0 · · · 0
0 λ2 · · · 0
...

... · · ·
...

0 0 · · · λn

















uH

1
...
uH

n







= λ1u1u
H

1 + · · ·+ λnunu
H

n, (7.5)

it follows that Aui = λiui for 1 6 i 6 n, which proves the statement.

The equivalent Equalities (7.4) or (7.5) are referred to as spectral decom-
positions of the normal matrix A.

Theorem 7.41. (Spectral Theorem for Hermitian Matrices) If the
matrix A ∈ C

n×n is Hermitian or skew-Hermitian, A can be written as
A = UDU H, where U is a unitary matrix and D is a diagonal matrix having
the eigenvalues of A as its diagonal elements.

Proof. This statement follows from Theorem 7.40 because any Hermitian or
skew-Hermitian matrix is normal.

Corollary 7.42. The rank of a Hermitian matrix is equal to the number of
non-zero eigenvalues.



7.4 Spectra of Special Matrices 351

Proof. The statement of the corollary obviously holds for any diagonal matrix.
If A is a Hermitian matrix, by Theorem 7.41, we have rank(A) = rank(D),
where D is a diagonal matrix having the eigenvalues of A as its diagonal
elements. This implies the statement of the corollary.

Let A ∈ C
n×n be a Hermitian matrix of rank p. By Theorem 7.41

A can be written as A = UDU H, where U is a unitary matrix, D =
diag(λ1, . . . , λp, 0, . . . , 0) having as non-zero diagonal elements λ1, . . . , λp the
eigenvalues of A and λ1 > · · · > λp > 0. Thus, if W ∈ C

n×p is a matrix that
consists of the first p columns of U we can write

A = W











λ1 0 · · · 0
0 λ2 · · · 0
...

...
...

...
0 0 · · · λp











W ′

= (u1 . . . up)











λ1 0 · · · 0
0 λ2 · · · 0
...

...
...

...
0 0 · · · λp

















uH

1
...
uH

p







= λ1u1u
H

1 + · · ·+ λpupu
H

p.

If A is not Hermitian, rank(A) may differ from the number of non-zero-
eigenvalues. For example, the matrix

A =

(

0 1
0 0

)

has no non-zero eigenvalues. However, its rank is 1.
The spectral decomposition (7.5) of Hermitian matrices,

A = λ1u1u
H

1 + · · ·+ λnunu
H

n

allows us to extend functions of the form f : R −→ R to Hermitian matrices.
Since the eigenvalues of a Hermitian matrix are real numbers, it makes sense
to define f(A) as

f(A) = f(λ1)u1u
H

1 + · · ·+ f(λn)unu
H

n.

In particular, if A is positive semi-definite, we have λi > 0 for 1 6 i 6 n and
we can define √

A =
√

λ1u1u
H

1 + · · ·+
√

λnunu
H

n.

Definition 7.43. Let A ∈ C
n×n be a Hermitian matrix. The triple I(A) =

(n+(A), n−(A), n0(A)), where n+(A) is the number of positive eigenvalues,
n−(A) is the number of negative eigenvalues, and n0(A) is the number of zero
eigenvalues is the inertia of the matrix A.

The number sig(A) = n+(A) − n−(A) is the signature of A.
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Example 7.44. If A = diag(4,−1, 0, 0, 1), then I(A) = (2, 1, 2) and sig(A) = 1.

LetA ∈ C
n×n be a Hermitian matrix. By Theorem 7.41A can be written as

A = U HDU , where U is a unitary matrix and D = diag(λ1, . . . , λn) is a diago-
nal matrix having the eigenvalues of A (which are real numbers) as its diagonal
elements. Without loss of generality we may assume that the positive eigenval-
ues of A are λ1, . . . , λn+

, followed by the negative values λn++1, . . . , λn++n
−

,
and the zero eigenvalues λn++n

−
+1, . . . , λn.

Let θj be the numbers defined by

θj =











√

λj if 1 6 j 6 n+,
√

−λj if n+ + 1 6 j 6 n+ + n−,

1 if n+ + n− + 1 6 j 6 n

for 1 6 j 6 n. If T = diag(θ1, . . . , θn), then we can write D = T HGT , where
G is a diagonal matrix, G = (g1, . . . , gn) defined by

gj =











1 if λj > 0,

−1 if λj < 0,

0 if λj = 0,

for 1 6 j 6 n. This allows us to write A = U HDU = U HT HGTU =
(TU)HG(TU). The matrix TU is nonsingular, so A ≈ G. The matrix G defined
above is the inertia matrix of A and these definitions show that any Hermitian
matrix is congruent to its inertia matrix.

For a Hermitian matrix A ∈ C
n×n let S+(A) be the subspace of Cn gen-

erated by n+(A) orthonormal eigenvectors that correspond to the positive
eigenvalues of A. Clearly, we have dim(S+(A)) = n+(A). This notation is
used in the proof of the next theorem.

Theorem 7.45. (Sylvester’s Inertia Theorem) Let A,B be two Hermi-
tian matrices, A,B ∈ C

n×n. We A ≈ B if and only if I(A) = I(B).

Proof. If I(A) = I(B), then we have A = SHGS and B = T HGT , where both
S and T are nonsingular matrices. Since A ≈ G and B ≈ G, we have A ≈ B.

Conversely, suppose that A ≈ B, that is, A = SHBS, where S is a nonsin-
gular matrix. We have rank(A) = rank(B), so n0(A) = n0(B). To prove that
I(A) = I(B) it suffices to show that n+(A) = n+(B).

Let m = n+(A) and let v1, . . . ,vm be m orthonormal eigenvectors of A
that correspond to the m positive eigenvalues of this matrix, and let S+(A)
be the subspace generated by these vectors. If v ∈ S+(A)−{0}, then we have
v = a1v1 + · · ·+ amvm, so

vHAv =





m
∑

j=1

ajvj





H

A





m
∑

j=1

ajvj



 =

m
∑

j=1

|aj |2 > 0.
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Therefore, xHSHBSx > 0, so if y = Sx, then yHBy > 0, which means that
y ∈ S+(B). This shows that S+(A) is isomorphic to a subspace of S+(B), so
n+(A) 6 n+(B). The reverse inequality can be shown in the same manner, so
n+(A) = n+(B).

We can add an interesting detail to the full-rank decomposition of a matrix.

Corollary 7.46. If A ∈ C
m×n and A = CR is the full-rank decomposition of

A with rank(A) = k, C ∈ C
m×k, and R ∈ C

k×n, then C may be chosen to
have orthogonal columns and R to have orthogonal rows.

Proof. Since the matrix AHA ∈ C
n×n is Hermitian, by Theorem 7.41, there

exists an unitary matrix U ∈ C
n×k such that AHA = U HDU , where D ∈ C

k×k

is a non-negative diagonal matrix. Let C = AU H ∈ Cn×k and R = U . Clearly,
CR = A, and R has orthogonal rows because U is unitary. Let cp, cq be two
columns of C, where 1 6 p, q 6 k and p 6= q. Since cp = Aup and cq = Auq,
where up,uq are the corresponding columns of U , we have

cH

pcq = uH

pA
HAuq = uH

pU
HDUuq = eH

pDeq = 0,

because p 6= q.

7.5 Variational Characterizations of Spectra

Let A ∈ C
n×n be a Hermitian matrix. By the Spectral Theorem for Hermitian

Matrices (Theorem 7.41) A can be factored as A = UDU H, where U is a
unitary matrix and D = diag(λ1, . . . , λn). We assume that λ1 > · · · > λn.
The columns of U constitute a family of orthonormal vectors {u1, . . . ,un}
and (λk,uk) are the eigenpairs of A.

Theorem 7.47. Let A be a Hermitian matrix, λ1 > · · · > λn be its eigenval-
ues having the orthonormal eigenvectors u1, . . . ,un, respectively.

Define the subspace M = 〈up, . . . ,uq〉, where 1 6 p 6 q 6 n. If x ∈ M

and ‖ x ‖2= 1, we have λq 6 x
HAx 6 λp.

Proof. If x is a unit vector in M , then x = apup + · · · + aquq, so xHui = ai
for p 6 i 6 q. Since ‖ x ‖2= 1, we have |ap|2 + · · ·+ |aq|2 = 1. This allows us
to write:

xHAx = xH(apAup + · · ·+ aqAuq)

= xH(apλpup + · · ·+ aqλquq)

= xH(|ap|2λp + · · ·+ |aq|2λq).

Since |ap|2 + · · ·+ |aq|2 = 1, the desired inequalities follow immediately.



354 7 Spectral Properties of Matrices

Corollary 7.48. Let A be a Hermitian matrix, λ1 > · · · > λn be its eigenval-
ues having the orthonormal eigenvectors u1, . . . ,un, respectively. The follow-
ing statements hold for a unit vector x:
(i) if x ∈ 〈u1, . . . ,ui〉, then x

HAx > λi;

(ii) if x ∈ 〈u1, . . . ,ui−1〉⊥, then x
HAx 6 λi.

Proof. The first statement follows directly from Theorem 7.47.
For the second statement observe that x ∈ 〈u1, . . . ,ui−1〉⊥ is equivalent

to x ∈ 〈ui, . . . ,un〉; again, the second inequality follows from Theorem 7.47.

Theorem 7.49. (Rayleigh-Ritz Theorem) Let A be a Hermitian matrix
and let (λ1,u1), . . . , (λn,un) be the eigenpairs of A, where λ1 > · · · > λn. If
x is a unit vector, we have λn 6 x

HAx 6 λ1.

Proof. This statement follows from Theorem 7.47 by observing that the sub-
space generated by u1, . . . ,un is the entire space C

n.

Next we discuss an important generalization of Rayleigh-Ritz Theorem.
Let Snp be the collection of p-dimensional subspaces of Cn. Note that Sn0 =

{{0n}} and S
n
n = {Cn}.

Theorem 7.50. (Courant-Fisher Theorem) Let A ∈ C
n×n be a Hermi-

tian matrix having the eigenvalues λ1 > · · · > λn. We have

λk = max
U∈Sn

k

min{xHAx | x ∈ U and ‖ x ‖2= 1}

= min
U∈Sn

n−k+1

max{xHAx | x ∈ U and ‖ x ‖2= 1}.

Proof. Let A = U Hdiag(λ1, . . . , λn)U be the factorization of A provided by
Theorem 7.41), where U = (u1 · · · un).

If U ∈ S
n
k and W = 〈uk, . . . ,un〉 ∈ S

n
n−k+1, then there is a non-zero

vector x ∈ U ∩W because dim(U) + dim(W ) = n + 1; we can assume that
‖ x ‖2= 1. Therefore, by Theorem 7.47 we have λk > xHAx, and, therefore,
for any U ∈ S

n
k , λk > min{xHAx | x ∈ U and ‖ x ‖2= 1}. This implies

λk > maxU∈Sn
k
min{xHAx | x ∈ U and ‖ x ‖2= 1}.

The same Theorem 7.47 implies that for a unit vector x ∈ 〈u1, . . . ,uk〉 ∈
S
n
k we have xHAx > λk and uH

kAuk = λk. Therefore, for W = 〈u1, . . . ,uk〉 ∈
S
n
k we have min{xHAx | x ∈ W, ‖ x ‖2= 1} > λk, so maxW∈Sn

k
min{xHAx |

x ∈ W, ‖ x ‖2= 1} > λk. The inequalities proved above yield

λk = max
U∈Sn

k

min{xHAx | x ∈ U and ‖ x ‖2= 1}.

For the second equality, let U ∈ S
n
n−k+1. If W = 〈u1, . . . ,uk〉, there is

a non-zero unit vector x ∈ U ∩ W because dim(U) + dim(W ) > n + 1. By
Theorem 7.47 we have xHAx 6 λk. Therefore, for any U ∈ S

n
n−k+1, λk >
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max{xHAx | x ∈ U and ‖ x ‖2= 1}. This implies λk > minU∈Sn
n−k+1

max{xHAx |
x ∈ U and ‖ x ‖2= 1}.

Theorem 7.47 implies that for a unit vector x ∈ 〈uk, . . . ,un〉 ∈ S
n
n−k+1 we

have λk 6 xHAx and λk = uH

kAuk. Thus, λk 6 max{xHAx | x ∈ U and ‖
x ‖2= 1}. Consequently, λk 6 minU∈Sn

n−k+1
max{xHAx | x ∈ U and ‖ x ‖2=

1}, which completes the proof of the second equality of the theorem.

An equivalent formulation of Courant-Fisher Theorem is given next.

Theorem 7.51. Let A ∈ C
n×n be a Hermitian matrix having the eigenvalues

λ1 > · · · > λn. We have

λk = max
w1,...,wn−k

min{xHAx | x ⊥ w1, . . . , x ⊥ wn−k and ‖ x ‖2= 1}

= min
w1,...,wk−1

max{xHAx | x ⊥ w1, . . . , x ⊥ wk−1 and ‖ x ‖2= 1}.

Proof. The equalities of the Theorem follow from the Courant-Fisher theorem
taking into account that if U ∈ S

n
k , then U⊥ = 〈w1, . . . ,wn−k〉 for some

vectors w1, . . . ,wn− k, and if U ∈ S
n
n−k+1, then U = 〈w1, . . .wk−1〉 for some

vectors w1, . . . ,wk − 1 in C
n.

Definition 7.52. Consider two non-increasing sequences of real numbers
(λ1, . . . , λn) and (µ1, . . . , µm) with m < n. We say that the second sequence
interlace the first if λi > µi > λn−m+i for 1 6 i 6 m.

The interlacing is tight if there exists k ∈ N, 0 6 k 6 m such that λi = µi

for 0 6 i 6 k and λn−m+1 = µi for k + 1 6 i 6 m.

λn λn−m+k+1 λk+1

µn µk+1

λn−1

µm−1

· · · · · · · · ·

· · · · · ·

λk

µk

λ2

µ2

λ1

µ1

✲

Fig. 7.1. Tight interlacing

The next statement is known as the Interlacing Theorem. The variant
included here was obtained in [81].

Theorem 7.53. (Interlacing Theorem) Let A ∈ C
n×n be a Hermitian

matrix, S ∈ C
n×m be a matrix such that SHS = Im, and let B = SHAS ∈

C
m×m, where m 6 n.
Assume that A has the eigenvalues λ1 > · · · > λn with the orthonormal

eigenvectors u1, . . . ,un, respectively, and B has the eigenvalues µ1 > · · · > µm

with the respective eigenvectors v1, . . . , vm. The following statements hold:
(i) λi > µi > λn−m+i;
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(ii) if µi = λi or µi = λn−m+i for some i, 1 6 i 6 m, then B has an
eigenvector v such that (µi, v) is an eigenpair of B and (µi, Sv) is an
eigenpair of A;

(iii) if for some integer ℓ, µi = λi for 1 6 i 6 ℓ (or µi = λn−m+i for ℓ 6

i 6 m), then (µi, Svi) are eigenpairs of A for 1 6 i 6 ℓ (respectively,
ℓ 6 i 6 m);

(iv) if the interlacing is tight SB = AS.

Proof. Note that BH = SHAHS = SHAS = B, so B is also Hermitian.
Since dim(〈v1, . . . ,vi〉) = i and dim(〈SHu1, . . . , S

Hui−1〉⊥) = n − i + 1,
there exist non-zero vectors in the intersection of these subspaces. Let t be a
unit vector in 〈v1, . . . ,vi〉 ∩ 〈SHu1, . . . , S

Hui−1〉⊥.
Since t ∈ 〈SHu1, . . . , S

Hui−1〉⊥ we have tHSHuℓ = (St)Huℓ = 0 for 1 6

ℓ 6 i − 1. Thus, St ∈ 〈u1, . . . ,ui−1〉⊥, so, by Theorem 7.47, it follows that
λi > (St)HA(St). On other hand,

(St)HA(St) = tH(SHAS)t = tHBt

and t ∈ 〈v1, . . . ,vi〉, which yield tHBt > µi, again, by Theorem7.47. Thus,
we conclude that

λi > (St)HA(St) = tHBt > µi. (7.6)

Note that the matrices −A and −B have the eigenvalues −λn > · · · > −λ1

and −µm > · · · > −µ1. The ith eigenvalue in the list −λn > · · · > −λ1 is
−λn−m+i, so, by applying the previous argument to the matrices −A and −B

we obtain: µi > λn−m+i, which concludes the proof of (i).
If λi = µi, since Bvi = µivi, it follows that S

HASvi = µivi, so A(Svi) =
µi(Svi) because S is a unitary matrix. Thus, (µi, Svi) is an eigenpair of A,
which proves Part (ii).

Part (iii) follows directly from Part (ii) and its proof.
Finally, if the interlacing is tight, Sv1, . . . , Svm is an orthonormal set of

eigenvectors of A corresponding to the eigenvalues µ1, . . . , µm, so SBvi =
µiSvi = ASvi for 1 6 i 6 m. Since SB,AS ∈ C

n×m and the vectors
v1, . . . ,vm form a basis in C

m, we have SB = AS.

Example 7.54. Let R = {r1, . . . , rm} be a subset of {1, . . . , n}. Define the
matrix SR ∈ C

n×m by SR = (er1 · · · erm).
For example, if n = 4 and R = {2, 4} we have the matrix

SR =









0 0
1 0
0 0
0 1









.

It is immediate that SH

RSR = Im and that SH

RASR is the principal subma-

trix A

[

R

R

]

, defined by the intersection of rows r1, . . . , rm with the columns

r1, . . . , rm.
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Corollary 7.55. Let A ∈ C
n×n be a Hermitian matrix and let B = A

[

R

R

]

∈

C
m×m be a principal submatrix of A. If A has the eigenvalues λ1 > · · · > λn

and B has the eigenvalues µ1 > · · · > µm, then λi > µi > λn−m+i for
1 6 i 6 m.

Proof. This statement follows immediately from Theorem 7.53, by taking S =
SR.

Theorem 7.56. Let A,B ∈ C
n× be two Hermitian matrices and let E =

B−A. Suppose that the eigenvalues of A,B,E these are α1 > · · · > αn, β1 >

· · · > βn, and ǫ1 > · · · > ǫn, respectively. Then, we have ǫn 6 βi − αi 6 ǫ1.

Proof. Note that E is also Hermitian, so all matrices involved have real eigen-
values. By Courant-Fisher Theorem,

βk = min
W

max
x

{xHBx | ‖ x ‖2= 1 and wH

ix = 0 for 1 6 i 6 k − 1},

where W = {w1, . . . ,wk−1}. Thus,

βk 6 max
x

xHBx = max
x

(xHAx+ xHEx). (7.7)

Let U be a unitary matrix such that U HAU = diag(α1, . . . , αn). Choose wi =
Uei for 1 6 i 6 k − 1. We have wH

ix = eH

iU
Hx = 0 for 1 6 i 6 k − 1.

Define y = U Hx. Since U is an unitary matrix, ‖ y ‖2=‖ x ‖2= 1. Observe
that eH

iy = yi = 0 for 1 6 i 6 k. Therefore,
∑n

i=k y
2
i = 1. This, in turn implies

xHAx = yHU HAUy =
∑n

i=k αiy
2
i 6 αk.

From the Inequality (7.7) it follows that

βk 6 αk +max
x

xHEx 6 αk + ǫn.

Since A = B −E, by inverting the roles of A and B we have αk 6 βk − ǫ1, or
ǫ1 6 βk − αk, which completes the argument.

Lemma 7.57. Let T ∈ C
n×n be a upper triangular matrix and let λ ∈

spec(T ) be an eigenvalue such that the diagonal entries that equal λ occur
in ti1i1 , . . . , tipip . Then, the invariant subspace ST,λ is the p-dimensional sub-
space generated by ei1 , . . . , eip .

Proof. The argument is straightforward and is omitted.

Lemma 7.58. Let T ∈ C
n×n be an upper triangular matrix and let pT (λ) =

λn + a1λ
n−1 + · · ·+ an−1λ+ an be its characteristic polynomial. Then,

pT (T ) = T n + a1T
n−1 + · · ·+ an−1T + anIn = On,n.
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Proof. We have
pT (T ) = (T − λ1In) · · · (T − λnIn).

Observe that for any matrix A ∈ C
n×n, λj , λk ∈ spec(A), and every eigen-

vector v of A in SA,λk
we have

(λjIn −A)v = (λj − λk)v.

Therefore, for v ∈ ST,λk
we have:

pT (T )v = (λ1In − T ) · · · (λnIn − T )v = 0,

because (λkI − T )v = 0.
By Lemma 7.57, pT (T )ei = 0 for 1 6 i 6 n, so pT (T ) = On,n.

Theorem 7.59. (Cayley-Hamilton Theorem) If A ∈ C
n×n is a matrix,

then pA(A) = On,n.

Proof. By Schur’s Triangularization Theorem there exists a unitary matrix
U ∈ C

n×n and an upper-triangular matrix T ∈ C
n×n such that A = UTU H

and the diagonal elements of T are the eigenvalues of A. Taking into account
that U is unitary we can write:

pA(A) = (λ1In −A)(λ2In −A) · · · (λnIn −A)

= (λ1UU H − UTU H) · · · (λnUU H − UTU H)

= U(λ1In − T )U HU(λ2In − T )U H · · ·U(λnIn − T )U H

= U(λ1In − T )(λ2In − T ) · · · (λnIn − T )U H

= UpT (T )U
H = On,n,

by Lemma 7.58.

Theorem 7.60. (Ky Fan’s Theorem) Let A ∈ C
n×n be a Hermitian matrix

such that spec(A) = {λ1, . . . , λn}, where λ1 > λ2 > · · · > λn. Also, let
V ∈ C

n×n be a matrix, V = (v1, . . . , vn) whose set of columns constitutes an
orthonormal set of eigenvectors of A.

For every q ∈ N such that 1 6 q 6 n, the sums
∑q

i=1 λi and
∑q

i=1 λn+1−i

are the maximum and minimum of
∑q

j=1 x
H

jAxj, where {x1, . . . , xq} is an
orthonormal set of vectors in C

n, respectively. The maximum (minimum) is
achieved when x1, . . . , xq are the first (last) columns of V .

Proof. Let {x1, . . . ,xn} be an orthonormal set of eigenvectors of A and let
xi =

∑n

k=1 bkivk be the expression of xi using the columns of V as a basis
for 1 6 i 6 n. Since each xi is a unit vector we have

‖ xi ‖2= xH

ixi =

n
∑

k=1

|bki|2 = 1



7.5 Variational Characterizations of Spectra 359

for 1 6 i 6 n. Also, note that

xH

ivr =

(

n
∑

k=1

bkiv
H

k

)

vr = bri,

due to the orthonormality of the set of columns of V . We have

xH

iAxi = xH

iA

n
∑

k=1

bkivk =
n
∑

k=1

bkix
H

iAvk

=

n
∑

k=1

bkix
H

iλkvk =

n
∑

k=1

λkbkibki =

n
∑

k=1

|bki|2λk

= λq

n
∑

k=1

|bki|2 +
q
∑

k=1

(λk − λq)|bki|2 +
n
∑

k=q+1

(λk − λq)|bki|2

6 λq +

q
∑

k=1

(λk − λq)|bki|2.

The last inequality implies

q
∑

i=1

xH

iAxi 6 qλq +

q
∑

i=1

q
∑

k=1

(λk − λq)|bki|2.

Therefore,

q
∑

i=1

λi −
q
∑

i=1

xH

iAxi >

q
∑

i=1

(λi − λq)

(

1−
q
∑

k=1

|bki|2
)

. (7.8)

By Inequality (6.10), we have
∑q

k=1 |bik|2 6‖ xi ‖2= 1, so

q
∑

i=1

(λi − λq)

(

1−
q
∑

k=1

|bki|2
)

> 0.

The left member of Inequality 7.8 becomes 0 when xi = vi, so
∑q

i=1 x
H

iAxi 6
∑q

i=1 λi. The maximum of
∑q

i=1 x
H

iAxi is obtained when xi = vi for 1 6 i 6 q,
that is, when X consists of the first q columns of V .

The argument for te minimum is similar.

Theorem 7.61. Let A ∈ C
n×n be a Hermitian matrix. If A is positive

semidefinite, then all its eigenvalues are non-negative; if A is positive defi-
nite then its eigenvalues are positive.

Proof. Since A is Hermitian all its eigenvalues are real numbers. Suppose that
A is positive semidefinite, that is, xHAx > 0 for x ∈ C

n. If λ ∈ spec(A), then
Av = λv for some eigenvector v 6= 0. The positive semi-definiteness of A
implies vHAv = λvHv = λ ‖ v ‖22> 0, which implies λ > 0. It is easy to see
that if A is positive definite, then λ > 0.
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Theorem 7.62. Let A ∈ C
n×n be a Hermitian matrix. If A is positive

semidefinite, then all its principal minors are non-negative real numbers. If A
is positive definite then all its principal minors are positive real numbers.

Proof. Since A is positive semidefinite, every sub-matrix A

[

i1 · · · ik
i1 · · · ik

]

is a

Hermitian positive semidefinite matrix by Theorem 6.110, so every principal
minor is a non-negative real number. The second part of the theorem is proven
similarly.

Corollary 7.63. Let A ∈ C
n×n be a Hermitian matrix. The following state-

ments are equivalent.
(i) A is positive semidefinite;
(ii) all eigenvalues of A are non-negative numbers;
(iii) there exists a Hermitian matrix C ∈ C

n×n such that C2 = A;
(iv) A is the Gram matrix of a sequence of vectors, that is, A = BHB for some

B ∈ C
n×n.

Proof. (i) implies (ii): This was shown in Theorem 7.61.
(ii) implies (iii): Suppose that A is a matrix such that all its eigenvalues

are the non-negative numbers λ1, . . . , λn. By Theorem 7.41, A can be written
as A = U HDU , where U is a unitary matrix and

D =











λ1 0 · · · 0
0 λ2 · · · 0
...

... · · ·
...

0 0 · · · λn











.

Define the matrix
√
D as

√
D =











√
λ1 0 · · · 0
0

√
λ2 · · · 0

...
... · · ·

...
0 0 · · ·

√
λn











.

Clearly, we gave (
√
D)2 = D. Now we can write A = U

√
DU HU

√
DU H, which

allows us to define the desired matrix C as C = U
√
DU H.

(iii) implies (iv): Since C is itself a Hermitian matrix, this implication is
obvious.

(iv) implies (i): Suppose that A = BHB for some matrix B ∈ C
n×k. Then,

for x ∈ C
n we have xHAx = xHBHBx = (Bx)H(Bx) =‖ Bx ‖22> 0, so A is

positive semidefinite.
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7.6 Matrix Norms and Spectral Radii

Definition 7.64. Let A ∈ C
n×n. The spectral radius of A is the number

ρ(A) = max{|λ| | λ ∈ spec(A)}.

If (λ,x) is an eigenpair of A, then |λ||||x||| = |||Ax||| 6 |||A||||||x|||, so |λ| 6 |||A|||,
which implies ρ(A) 6 |||A||| for any matrix norm ||| · |||. Moreover, we can prove
the following statement.

Theorem 7.65. Let A ∈ C
n×n. The spectral radius ρ(A) is the infimum of

the set that consists of numbers of the form |||A|||, where ||| · ||| ranges over all
matrix norms defined on C

n×n.

Proof. Since we have shown that ρ(A) is a lower bound of the set of numbers
mentioned in the statement, we need to prove only that for every ǫ > 0 there
exists a matrix norm ||| · ||| such that |||A||| 6 ρ(A) + ǫ.

By Schur’s Triangularization Theorem there exists a unitary matrix U and
an upper triangular matrix T such that A = UTU−1 such that the diagonal
elements of T are λ1, . . . , λn.

For α ∈ R>0 let Sα = diag(α, α2, . . . , αn). We have

SαTS
−1
α =













λ1 α−1t12 α−2t12 · · · α−(n−1)t1n
0 λ1 α−1t23 · · · α−(n−2)t2n
...

...
... · · ·

...
...

...
... · · · λn













.

If α is sufficiently large, |||SαTS
−1
α |||1 6 ρ(A) + ǫ because, in this case, the

sum of the absolute values of the supradiagonal elements can be arbitrarily
small. Let M = (USα)

−1. For the matrix norm µM (·) (see Exercise 7) we
have µM (A) = |||USαAS

−1
α U−1|||1. If α is sufficiently large we have µM (A) 6

ρ(A) + ǫ.

Let A,B ∈ C
n×n. We leave to the reader to verify that if abs(A) 6 abs(B),

then ‖ A ‖26‖ B ‖2; also, ‖ A ‖2=‖ abs(A) ‖2.

Theorem 7.66. Let A,B ∈ C
n×n. If abs(A) 6 B, then ρ(A) 6 ρ(abs(A)) 6

ρ(B).

Proof. By Theorem 5.62 we have abs(Ak) 6 (abs(A))k 6 Bk for every k ∈ N.
Therefore, ‖ abs(Ak) ‖6 (abs(A))k 6 Bk, so ‖ Ak ‖26‖ abs(A)k ‖26‖ Bk ‖2,
which implies ‖ Ak ‖

1
k

2 6‖ abs(A)k ‖
1
k

2 6‖ Bk ‖
1
k

2 .
By letting k tend to ∞ we obtain the double inequality of the theorem.

Corollary 7.67. If A,B ∈ C
n×n are two matrices such that On,n 6 A 6 B,

then ρ(A) 6 ρ(B).
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Proof. The corollary follows immediately from Theorem 7.66 by observing
that under the hypothesis, A = abs(A).

Theorem 7.68. Let A ∈ C
n×n. We have limk→∞ = On,n if and only if

ρ(A) < 1.

Proof. Suppose that limk→∞ = On,n. Let (λ,x) be an eigenpair of A, so
x 6= 0n and Ax = λx. This implies Akx = λkx, so limk→∞ λkx = 0n. Thus,
limk→∞ λkx = 0n, which implies limk→∞ λk = 0. Thus, |λ| < 1 for every
λ ∈ spec(A), so ρ(A) < 1.

Conversely, suppose that ρ(A) < 1. By Theorem 7.65, there exists a matrix
norm ||| · ||| such that |||A||| < 1. Thus, limk→∞ Ak = On,n.

7.7 Singular Values of Matrices

Definition 7.69. Let A ∈ C
m×n be a matrix. A singular triplet of A is a

triplet (σ,u, v) such that σ ∈ R>0, u ∈ C
n, v ∈ C

m, Au = σv and AH
v = σu.

The number σ is a singular value of A, u is a left singular vector and v is a
right singular vector.

For a singular triplet (σ,u,v) of A we have AHAu = σAHv = σ2u and
AAHv = σAu = σ2v. Therefore, σ2 is both an eigenvalue of AAH and an
eigenvalue of AHA.

Example 7.70. Let A be the real matrix

A =

(

cosα sinα
cosβ sinβ

)

.

We have det(A) = sin(β − α), so the eigenvalues of A′A are the roots of
the equation λ2 − 2λ + sin2(β − α) = 0, that is, λ1 = 1 + cos(β − α) and

λ2 = 1−cos(β−α). Therefore, the singular values of A are σ1 =
√
2
∣

∣

∣ cos β−α
2

∣

∣

∣

and σ2 =
√
2
∣

∣

∣ sin β−α
2

∣

∣

∣.

It is easy to see that a unit left singular vector that corresponds to the
eigenvalue 1 + cos(β − α) is

u =

(

cos α+β
2

sin α+β
2

)

,

which corresponds to the average direction of the rows of A.

We noted that the eigenvalues of a positive semi-definite matrix are non-
negative numbers. Since both AAH and AHA are positive semi-definite matrices
for A ∈ C

m×n (see Example 6.109), the spectra of these matrices consist of
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non-negative numbers λ1, . . . , λn. Furthermore, AAH and AHA have the same
rank r and therefore, the same number r of non-zero eigenvalues λ1, . . . , λr .
Accordingly, the singular values of A have the form

√
λ1 > · · · >

√
λr . We

will use the notation σi =
√
λi for 1 6 i 6 r and will assume that σ1 > · · · >

σr > 0.

Theorem 7.71. Let A ∈ C
n×n be a matrix having the singular values σ1 >

· · · > σn. If λ is an eigenvalue value of A, then σn 6 |λ| 6 σ1.

Proof. Let u be an unit eigenvector for the eigenvalue λ. Since Au = λu
it follows that (AHAu,u) = (Au, Au) = λλ(u,u) = λλ = |λ|2. The matrix
AHA is Hermitian and its largest and smallest eigenvalues are σ2

1 and σ2
n,

respectively. Thus, σn 6 |λ| 6 σ1.

Theorem 7.72. (SVD Theorem) If A ∈ C
m×n is a matrix and rank(A) =

r, then A can be factored as A = UDV H, where U ∈ C
m×m and V ∈ C

n×n

are unitary matrices, and D = diag(σ1, . . . , σr, 0, . . . , 0) ∈ R
m×n, where σ1 >

. . . > σr are real positive numbers.

Proof. We saw that the square matrix AHA ∈ C
n×n has the same rank r

as the matrix A and is positive semidefinite. Therefore, there are r positive
eigenvalues of this matrix, denoted by σ2

1 , . . . , σ
2
r , where σ1 > σ2 > · · · > σr >

0 and let v1, . . . ,vr be the corresponding pairwise orthogonal unit eigenvectors
in C

n.
We have AHAvi = σ2

i vi for 1 6 i 6 r. Define V = (v1 · · · vr vr+1 · · · vn)
by completing the set {v1, . . . ,vr} to an orthogonal basis

{v1, . . . ,vr,vr+1, . . . ,vn}

for Cn. If V1 = (v1 · · · vr) and V2 = (vr+1 · · · vn), we can write V = (V1 V2).
The equalities involving the eigenvectors can now be written as AHAV1 =

V1E
2, where E = diag(σ1, . . . , σr).
Define U1 = AV1E

−1 ∈ C
m×r. We have U H

1 = S−1V H

1 A
H, so

U H

1U1 = S−1V H

1 A
HAV1E

−1 = E−1V H

1 V1E
2E−1 = Ir,

which shows that the columns of U1 are pairwise orthogonal unit vectors.
Consequently, U H

1AV1E
−1 = Ir, so U H

1AV1 = E.
If U1 = (u1 · · · ,ur), let U2 = (ur+1, . . . ,um) be the matrix whose

columns constitute the extension of the set {u1 · · · ,ur} to an orthogonal
basis of Cm. Define U ∈ C

m×m as U = (U1 U2). Note that

U HAV =

(

U H

1

U H

2

)

A(V1 V2) =

(

U H

1AV1 U H

1AV2

U H

2AV1 U H

2AV2

)

=

(

U H

1AV1 U H

1AV2

U H

2AV1 U H

2AV2

)

=

(

U H

1AV1 O

O O

)

=

(

E O

O O

)

,

which is the desired decomposition.
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Corollary 7.73. Let A ∈ C
m×n be a matrix such that rank(A) = r. If σ1 >

. . . > σr are non-zero singular values, then

A = σ1u1v
H

1 + · · ·+ σrurv
H

r, (7.9)

where (σi,ui, vi) are singular triplets of A for 1 6 i 6 r.

Proof. This follows directly from Theorem 7.72.

The value of a unitarily invariant norm of a matrix depends only on its
singular values.

Corollary 7.74. Let A ∈ C
m×n be a matrix and let A = UDV H be the sin-

gular value decomposition of A. If ‖ · ‖ is a unitarily invariant norm, then

‖ A ‖=‖ D ‖=‖ diag(σ1, . . . , σr, 0, . . . , 0) ‖ .

Proof. This statement is a direct consequence of Theorem 7.72 because the
matrices U ∈ C

m×m and V ∈ C
n×n are unitary.

As we saw in Theorem 6.86, ||| · |||2 and ‖ · ‖F are unitarily invariant.
Therefore, the Frobenius norm can be written as

‖ A ‖F=

√

√

√

√

r
∑

i=1

σ2
r .

and |||A|||2 = σ1.

Theorem 7.75. Let A and B be two matrices in C
m×n. If A ∼u B, then they

have the same singular values.

Proof. Suppose that A ∼u B, that is, A = W H

1BW2 for some unitary matrices
W1 and W2. If A has the SVD A = U Hdiag(σ1, . . . , σr, 0, . . . , 0)V , then

B = W1AW
H

2 = (W1U
H)diag(σ1, . . . , σr, 0, . . . , 0)(VW H

2 ).

Since W1U
H and VW H

2 are both unitary matrices, it follows that the singular
values of B are the same as the singular values of A.

Let v ∈ C
n be an eigenvector of the matrix AHA that corresponds to a

non-zero, positive eigenvalue σ2, that is, AHAv = σ2v.
Define u = 1

σ
Av. We have Av = σu. Also,

AHu = AH

(

1

σ
Av

)

= σv.

This implies AAHu = σ2u, so u is an eigenvector of AAH that corresponds to
the same eigenvalue σ2.
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Conversely, if u ∈ C
m is an eigenvector of the matrix AAH that corresponds

to a non-zero, positive eigenvalue σ2, we have AAHu = σ2u. Thus, if v = 1
σ
Au

we have Av = σu and v is an eigenvector of AHA for the eigenvalue σ2.
The Courant-Fisher Theorem (Theorem 7.50) allows the formulation of a

similar result for singular values.

Theorem 7.76. Let A ∈ C
m×n be a matrix such that σ1 > σ2 > · · · > σr is

the non-increasing sequence of singular values of A. For 1 6 k 6 r we have

σk = min
dim(S)=n−k+1

max{‖ Ax ‖2 | x ∈ S and ‖ x ‖2= 1}

σk = max
dim(T )=k

min{‖ Ax ‖2 | x ∈ T and ‖ x ‖2= 1},

where S and T range over subspaces of Cn.

Proof. We give the argument only for the second equality of the theorem; the
first can be shown in a similar manner.

We saw that σk equals the square root of kth largest absolute value of the
eigenvalue |λk| of the matrix AHA. By Courant-Fisher Theorem, we have

λk = max
dim(T )=k

min
x

{xHAHAx | x ∈ T and ‖ x ‖2= 1}

= max
dim(T )=k

min
x

{‖ Ax ‖22 | x ∈ T and ‖ x ‖2= 1},

which implies the second equality of the theorem.

The equalities established in Theorem 7.76 can be rewritten as

σk = min
w1,...,wk−1

max{‖ Ax ‖2 | x ⊥ w1, . . . ,x ⊥ wk−1 and ‖ x ‖2= 1}

= max
w1,...,wn−k

min{‖ Ax ‖2 | x ⊥ w1, . . . ,x ⊥ wn−k and ‖ x ‖2= 1}.

Corollary 7.77. The smallest singular value of a matrix A ∈ C
m×n equals

min{‖ Ax ‖2 | x ∈ C
n and ‖ x ‖2= 1}.

The largest singular value of a matrix A ∈ C
m×n equals

max{‖ Ax ‖2 | x ∈ C
n and ‖ x ‖2= 1}.

Proof. The corollary is a direct consequence of Theorem 7.76.

The SVD allows us to find the best approximation of of a matrix by a
matrices of limited rank. The central result of this section is Theorem 7.79.

Lemma 7.78. Let A = σ1u1v
H

1 + · · · + σrurv
H

r be the SVD of a matrix A ∈
R

m×n, where σ1 > · · · > σr > 0. For every k, 1 6 k 6 r the matrix B(k) =
∑k

i=1 σiuiv
H

i has rank k.
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Proof. The null space of the matrix B(k) consists of those vectors x such that
∑k

i=1 σiuiv
H

ix = 0. The linear independence of the vectors ui and the fact
that σi > 0 for 1 6 i 6 r implies the equalities vH

ix = 0 for 1 6 i 6 r. Thus,

NullSp(B(k)) = NullSp ((v1 · · · vk)) .

Since v1, . . . ,vk are linearly independent it follows that dim(NullSp(B(k)) =
n− k, which implies rank(B(k)) = k for 1 6 k 6 r.

Theorem 7.79. (Eckhart-Young Theorem) Let A ∈ C
m×n be a matrix

whose sequence of non-zero singular values is (σ1, . . . , σr). Assume that σ1 >

· · · > σr > 0 and that A can be written as

A = σ1u1v
H

1 + · · ·+ σrurv
H

r.

Let B(k) ∈ C
m×n be the matrix defined by

B(k) =

k
∑

i=1

σiuiv
H

i .

If rk = inf{|||A−X |||2 | X ∈ C
m×n and rank(X) 6 k}, then

|||A −B(k)|||2 = rk = σk+1,

for 1 6 k 6 r, where σr+1 = 0 and B(k) is the best approximation of A among
the matrices of rank no larger than k in the sense of the norm ||| · |||2.

Proof. Observe that

A−B(k) =

r
∑

i=k+1

σiuiv
H

i ,

and the largest singular value of the matrix
∑r

i=k+1 σiuiv
H

i is σk+1. Since
σk+1 is the largest singular value of A − B(k) we have |||A − B(k)|||2 = σk+1

for 1 6 k 6 r.
We prove now that for every matrix X ∈ C

m×n such that rank(X) 6 k, we
have |||A−X |||2 > σk+1. Since dim(NullSp(X)) = n− rank(X), it follows that
dim(NullSp(X)) > n− k. If T is the subspace of Rn spanned by v1, . . . ,vk+1,
we have dim(T ) = k+1. Since dim(NullSp(X))+dim(T ) > n, the intersection
of these subspaces contains a non-zero vector and, without loss of generality,
we can assume that this vector is a unit vector x.

We have x = a1v1+· · ·akvk+ak+1vk+1 because x ∈ T . The orthogonality

of v1, . . . ,vk,vk+1 implies ‖ x ‖22=
∑k+1

i=1 |ai|2 = 1.
Since x ∈ NullSp(X), we have Xx = 0, so

(A−X)x = Ax =

k+1
∑

i=1

aiAvi =

k+1
∑

i=1

aiσiui.
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Thus, we have

|||(A−X)x|||22 =

k+1
∑

i=1

|σiai|2 > σ2
k+1

k+1
∑

i=1

|ai|2 = σ2
k+1,

because u1, . . . ,uk are also orthonormal. This implies |||A − X |||2 > σk+1 =
|||A−B(k)|||2.

It is interesting to observe that the matrix B(k) provides an optimal ap-
proximation of A not only with respect to ||| · |||2 but also relative to the
Frobenius norm.

Theorem 7.80. Using the notations introduced in Theorem 7.79, B(k) is the
best approximation of A among matrices of rank no larger than k in the sense
of the Frobenius norm.

Proof. Note that ‖ A − B(k) ‖2F=‖ A ‖2F −∑k
i=1 σ

2
i . Let X be a matrix of

rank k, which can be written as X =
∑k

i=1 xiy
H

i . Without loss of generality
we may assume that the vectors x1, . . . ,xk are orthonormal. If this is not
the case, we can use the Gram-Schmidt algorithm to express then as linear
combinations of orthonormal vectors, replace these expressions in

∑k

i=1 xiy
H

i

and rearrange the terms. Now, the Frobenius norm of A −X can be written
as

‖ A−X ‖2F = trace





(

A−
k
∑

i=1

xiy
H

)H(

A−
k
∑

i=1

xiy
H

)





= trace

(

AHA+

k
∑

i=1

(yi −AHxi)(yi −AHxi)
H −

k
∑

i=1

AHxix
H

iA

)

.

Taking into account that
∑k

i=1(yi −AHxi)(yi −AHxi)
H is a real non-negative

number and that
∑k

i=1 A
Hxix

H

iA =‖ Axi ‖2F we have

‖ A−X ‖2F ≥ trace

(

AHA−
k
∑

i=1

AHxix
H

iA

)

=‖ A ‖2F −trace

(

k
∑

i=1

AHxix
H

iA

)

.

Let A = Udiag(σ1, . . . , σn)V
H be the singular value decomposition of A. If

V = (V1 V2), where V1 has k columns v1, . . . ,vk, D1 = diag(σ1, . . . , σk) and
D2 = diag(σk+1, . . . , σn), then we can write

AHA = V DHU HUDV H = (V1 V2)

(

D2
1 O

O D2
2

)(

V H

1

V H

2

)

= V1D
2
1V

H

1 + V2D
2
2V

H

2 .

and AHA = V D2V H. These equalities allow us to write:
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‖ Axi ‖2F = trace(xH

iA
HAxi)

= trace
(

xH

iV1D
2
1V

H

1 xi + xH

iV2D
2
2V

H

2 xi

)

= ‖ D1V
H

1 xi ‖2F + ‖ D2V
H

2 xi ‖2F
= σ2

k +
(

‖ D1V
H

1 xi ‖2F −σ2
k ‖ V H

1 xi ‖2F
)

−
(

σ2
k ‖ V H

2 xi ‖2F − ‖ D2V
H

2 xi ‖2F )
)

− σ2
k(1− ‖ V Hxi ‖).

Since ‖ V Hxi ‖1F= 1 (because xi is an unit vector and V is an unitary matrix)
and σ2

k ‖ V H

2 xi ‖2F − ‖ D2V
H

2 xi ‖2F> 0, it follows that

‖ Axi ‖2F6 σ2
k +

(

‖ D1V
H

1 xi ‖2F −σ2
k ‖ V H

1 xi ‖2F
)

.

Consequently,

k
∑

i=1

‖ Axi ‖2F 6 kσ2
k +

k
∑

i=1

(

‖ D1V
H

1 xi ‖2F −σ2
k ‖ V H

1 xi ‖2F
)

= kσ2
k +

k
∑

i=1

k
∑

j=1

(σ2
j − σ2

k)|vH

jxi|2

=
k
∑

j=1

(

σ2
k + (σ2

j − σ2
k)

k
∑

i=1

|vjxi|2
)

6

k
∑

j=1

(σ2
k + (σ2

j − σ2
k)) =

k
∑

j=1

σ2
j ,

which concludes the argument.

Definition 7.81. Let A ∈ C
m×n. The numerical rank of A is the function

nrA : [0,∞) −→ N given by

nrA(d) = min{rank(B) | |||A−B|||2 6 d}
for d > 0.

Theorem 7.82. Let A ∈ C
m×n be a matrix having the sequence of non-zero

singular values σ1 > σ2 > · · · > σr. Then, nrA(d) = k < r if and only if
σk > d > σk+1.

Proof. Let d be a number such that σk > d > σk+1. Equivalently, by Eckhart-
Young Theorem, we have

|||A−B(k − 1)|||2 > d > |||A−B(k)|||2,
Since |||A − B(k − 1)|||2 = min{|||A −X |||2 | rank(X) = k − 1} > d, it follows
that min{rank(B) | |||A −B|||2 6 d} = k, so nrA(d) = k.

Conversely, suppose that nrA(d) = k. This means that the minimal rank
of a matrix B such that |||A−B|||2 6 d is k. Therefore, |||A−B(k − 1)|||2 > d.
On another hand, d > |||A−B(k)|||2 because there exists a matrix C of rank k

such that d > |||A− C|||2, so d > |||A−B(k)|||2 = σk+1. Thus, σk > d > σk+1.
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Exercises and Supplements

1. Prove that if (a,x) is an eigenpair of a matrix A ∈ C
n×n if and only if (a− b,x)

is an eigenpair of the matrix A− bIn.
2. Let A ∈ R

n×n be a matrix and let (a,x) be an eigenpair of A and (a,y) be an
eigenpair of A′ such that x′y = 1. If L = xy′, prove that
a) every non-zero eigenvalue of A − aL is also an eigenvalue of A and every

eigenpair (λ, t) of A− aL is an eigenpair of A;
b) if a 6= 0 is an eigenvalue of A with geomm(A, a) = 1, then a is not an

eigenvalue of A− aL.
Solution: Let λ a non-zero eigenvalue of A − aL. We have (A − aL)t = λt

for some t 6= 0n. By Part (d) of Exercise 24 of Chapter 5, L(A − aL) = On,n,
so λLt = 0n, so Lt = 0, which implies At = λt.

For the second part suppose that a 6= 0 were an eigenvalue of A − aL and
let (a,w) be an eigenpair of this matrix. By the first part, Aw = aw. Since
geomm(A, a) = 1, there exists b ∈ C− {0} such that w = bx. This allows us to
write

aw = (A− aL)w = (A− aL)bx = abx− abLx = abx− ab(xy′)x

= abx− abx(y′
x) = 0n,

because y′x = 1. Since a 6= 0 and x 6= 0n, this is impossible.
3. Let A ∈ R

n×n be a matrix, (λ,x) be an eigenpair of A and (λ,y) be an eigenpair
of A′ such that:
(i) x′y = 1;
(ii) λ be an eigenvalue of A with |λ| = ρ(A) and λ is unique with this property.
If L = xy′, and θ ∈ spec(A) is such that |θ| < ρ(A) and |θ| is maximal with this
property, prove that:
a) ρ(A− λL) 6 |θ| < ρ(A);
b)
(

1
λ
A
)m

= L+
(

1
λ
A− L

)m
and limm→∞

(

1
λ
A
)m

= L.
Solution: By Part (a) of Supplement 2, every non-zero eigenvalue of A− λL

is an eigenvalue of A. Therefore, either ρ(A− λL) = 0 or ρ(A− λL) = |λ′| for
some λ′ ∈ spec(A). Therefore, in either case, ρ(A− λL) 6 |θ| < ρ(A).

Since (A − λL)m = Am − λmL, we have
(

1
λ
A
)m

= L +
(

1
λ
A− L

)m
.

Note that ρ
(

1
λ
A− L

)

= ρ(A−λL)
ρ(A)

6
|θ|

ρ(A)
< 1. Therefore, by Theorem 7.68,

limm→∞

(

1
λ
A
)m

= L.
4. Let A ∈ R

n×n, where n is an odd number. Prove that A has at least one real
eigenvalue.

5. Prove that the eigenvalues of an upper triangular (or lower triangular) matrix
are its diagonal entries.

Let sk : Cn −→ C be the kth symmetric function of n arguments defined by

snk (z1, . . . , zn) =
∑

i1,...,ik

{

k
∏

j=1

zij | 1 6 i1 < · · · < ik 6 n

}

,

for z1, . . . , zn ∈ C. For example, we have
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s31(z1, z2, z3) = z1 + z2 + z3,

s32(z1, z2, z3) = z1z2 + z1z3 + z2z3,

s33(z1, z2, z3) = z1z2z3.

6. Prove that

(t− z1) · · · (t− zn) = t
n − sn1 (z1, . . . , zn)t

n−1 + sn2 (z1, . . . , zn)t
n−2 − · · ·

+(−1)n snn(z1, . . . , zn).

Solution: The equality follows by observing that the coefficient of tn−k in
(t− z1) · · · (t− zn) equals (−1)k snk (z1, . . . , zn).

7. Let M ∈ C
n×n be an invertible matrix and let ||| · ||| be a matrix norm. Prove that

the mapping µM : C
n×n −→ R>0 given by µM (A) = |||M−1AM ||| is a matrix

norm.
8. Let A ∈ C

n×n be a matrix. Prove that:
a) if λ ∈ spec(A), then 1 + λ ∈ spec(In + A);
b) algm(In + A, 1 + λ) = algm(A, λ);
c) ρ(In + A) 6 1 + ρ(A).
Solution: Suppose that λ ∈ spec(A) and algm(A,λ) = k. Then λ is root of

multiplicity k of pA(λ) = det(λIn −A). Since pIn+A(λ) = det(λIn − In −A), it
follows that pIn+A(1 + λ) = det(λIn − A) = pA(λ). Thus 1 + λ ∈ spec(In + A)
and algm(In + A, 1 + λ) = algm(A,λ).

We have ρ(In + A) = max{|1 + λ| | λ ∈ spec(A)} 6 1 + max{|λ| | λ ∈
spec(A) = 1 + ρ(A).

9. Let A ∈ R
n×n be a symmetric matrix having the eigenvalues λ1 > · · · > λn.

Prove that
∣

∣

∣

∣

∣

∣

∣

∣

∣A− λ1 + λn

2
In

∣

∣

∣

∣

∣

∣

∣

∣

∣

2
=

λ1 − λn

2
.

10. Let A ∈ R
n×n be a matrix and let c ∈ R. Prove that for x,y ∈ R

n − {0n} we
have ralA(x)− ralA(y) = ralB(x)− ralB(y), where B = A+ cIn.

11. Let A ∈ R
n×n be a symmetric matrix having the eigenvalues λ1 > · · · > λn and

let x and y be two vectors in R
n − {0n}. Prove that

|ralA(x)− ralA(y)| 6 (λ1 − λn) sin∠(x,y).

Solution: Assume that ‖ x ‖=‖ y ‖= 1 and let B = A − λ1+λn

2
In. By

Exercise 10, we have

|ralA(x)− ralA(y)| = |ralB(x)− ralB(y)| == |x′
Bx−y

′
By| = |B(x−y)′(x+y)|.

By Cauchy-Schwarz Inequality we have

|B(x− y)′(x+ y)| 6 2 ‖ B ‖ ‖ x− y ‖ ‖ x+ y ‖
2

= (λ1 − λn) sin∠(x,y).

12. Prove that if A is a unitary matrix and 1 6∈ spec(A), then there exists a skew-
Hermitian S such that A = (In − S)(In + S)−1.

13. Let f : Rn×n −→ R be a function such that f(AB) = f(BA) for A,B ∈ R
n×n.

Prove that if A ∼ B, then f(A) = f(B).
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14. Let a, b ∈ C− {0} and let Br(λ, a) ∈ C
r×r be the matrix defined by

Br(λ, a) =















λ a 0 · · · 0
0 λ a · · · 0
...
...
. . .

. . .
...

0 0 0 · · · a

0 0 0 · · · λ















∈ C
r×r

.

Prove that
a) Bn(λ, a) ∼ Bn(λ, b);
b) Br(λ) is given by

(Br(λ)
k =













λk
(

k

1

)

λk−1
(

k

2

)

λk−2 · · ·
(

k

r−1

)

λk−r+1

0 λk
(

k

1

)

λk−1 · · ·
(

k

r−2

)

λk−r+2

...
...

... · · ·
...

0 0 0 · · · λk













;

c) if |λ| < 1, then limk→∞ Br(λ)
k = O.

15. Let A ∈ R
n×n be a symmetric real matrix. Prove that

∇ralA(x) =
2

x′x
(Ax− ralA(x)x).

Also, show that the eigenvectors of A are the stationary points of the function
ralA(x).

16. Let A,B ∈ C
n×n be two Hermitian matrices. Prove that AB is a Hermitian

matrix if and only if AB = BA.
17. Let A ∈ R

3×3 be a symmetric matrix. Prove that if trace(A) 6= 0, the sum of
principal minors of order 2 equals 0, and det(A) = 0, then rank(A) = 1.

Solution: The characteristic polynomial of A is pA(λ) = λ3−trace(A)λ2 = 0.
Thus, spec(A) = {trace(A), 0}, where algm(A, 0) = 2, so rank(A) = 1.

18. Let A ∈ R
3×3 be a symmetric matrix. Prove that if the sum of principal minors

of order 2 does not equal 0 but det(A) = 0, then rank(A) = 2.
19. Let A ∈ C

n×n be a Hermitian matrix, u ∈ C
n be a vector and let a be a complex

number. Define the Hermitian matrix B as

B =

(

A u

uH a

)

.

Let α1 6 · · · 6 αn be the eigenvalues of A and let β1 6 · · · 6 βn 6 βn+1 be the
eigenvalues of B. Prove that

β1 6 α1 6 β2 6 · · · 6 βn 6 αn 6 βn+1.

Solution: Since B ∈ C
(n+1)×(n+1), by Courant-Fisher Theorem we have

βk+1 = min
W

max
x

{xH
Bx | ‖ x ‖2= 1 and x ∈ 〈W 〉⊥}

= max
Z

min
x

{xH
Bx | ‖ x ‖2= 1 and x ∈ 〈Z〉⊥},

where W ranges of sets of k non-zero arbitrary vectors, and let Z be a subset
of Cn that consists of n− k non-zero arbitrary vectors in C

n+1.
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Let U be a set of k non-zero vectors in C
n and let Y be a set of n − k − 1

vectors in C
n. Define the subsets WU and ZY of Cn+1 as

WU =

{(

u

0

)

∣

∣

∣
u ∈ U

}

and

ZY =

{(

y

0

)

∣

∣

∣
y ∈ Y

}

∪ {en+1}.

By restricting the sets W and Z to sets of the form WU and ZY we obtain the
double inequality

max
ZY

min
x

{xH
Bx | ‖ x ‖2= 1 and x ∈ 〈ZY 〉⊥}

6 βk+1 6 min
WU

max
x

{xH
Bx | ‖ x ‖2= 1 and x ∈ 〈WU 〉⊥}.

Note that, if x ∈ 〈ZY 〉⊥, then we have x ⊥ en+1, so xn+1 = 0. Therefore,

x
H
Bx = (yH0)

(

A u

uH a

)(

y

0

)

= y
H
Ay.

Consequently,

max
ZY

min
x

{xH
Bx | ‖ x ‖2= 1 and x ∈ 〈ZY 〉⊥}

= max
Y

min
y

{yH
Ay | ‖ y ‖2= 1 and y ∈ 〈Y 〉⊥} = αk.

This allows us to conclude that αk 6 βk+1 for 1 6 k 6 n.
On another hand, if x ∈ 〈WU 〉⊥ and

x =

(

u

0

)

then xHBx = uHAu and ‖ x ‖2=‖ u ‖2. Now we can write

min
WU

max
x

{xH
Bx | ‖ x ‖2= 1 and x ∈ 〈WU〉⊥}

= min
U

max
u

{uH
Au | ‖ u ‖2= 1 and u ∈ 〈U〉⊥} = αk+1,

so βk+1 6 αk+1 for 1 6 k 6 n− 1.
20. Let A,B ∈ C

n×n be two matrices such that AB = BA. Prove that A and B

have a common eigenvector.
Solution: Let λ ∈ spec(A) and let {x1, . . . ,xk} be a basis for NullSp(A−λIn).

Observe that the matrices A− λIn and B commute because

(A− λIn)B = AB − λB and B(A− λIn) = BA− λB.

Therefore, we have

(A− λIn)Bxi = B(A− λIn)xi = 0,

so (A−λIn)BX = On,n, where X = (x1, . . . ,xk). Consequently, ABX = λBX.
Let y1, . . . ,ym be the columns of the matrix BX. The last equality implies that
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Ayi = λyi, so yi ∈ NullSp(A − λIn). Since X is a basis of NullSp(A − λIn)
it follows that each yi is a linear combination of the columns of X so there
exists a matrix P such that (y1 · · ·ym) = (x1 · · ·xk)P , which is equivalent to
BX = XP . Let w be an eigenvector of P . We have Pw = µw. Consequently,
BXw = XPw = µXw, which proves that Xw is an eigenvector of B. Also,
A(Xw) = A(BXw) = (λBX)w = λµXw, so Xw is also an eigenvector of A.

21. Let A ∈ C
m×n and B ∈ C

n×m be two matrices. Prove that the set of non-zero
eigenvalues of the matrices AB ∈ C

m×m and BA ∈ C
n×n are the same and

algm(AB,λ) = algm(BA,λ) for each such eigenvalue.
Solution: Consider the following straightforward equalities:

(

Im −A

On,m λIn

)(

λIm A

B In

)

=

(

λIm − AB Om,n

−λB λIn

)

(

−Im Om,n

−B λIn

)(

λIm A

B In

)

=

(

−λIm −A

On,m λIn −BA

)

.

Observe that

det

((

Im −A

On,m λIn

)(

λIm A

B In

))

= det

((

−Im Om,n

−B λIn

)(

λIm A

B In

))

,

and therefore,

det

(

λIm − AB Om,n

−λB λIn

)

= det

(

−λIm −A

On,m λIn −BA

)

.

The last equality amounts to λnpAB(λ) = λmpBA(λ). Thus, for λ 6= 0 we have
pAB(λ) = pBA(λ), which gives the desired conclusion.

22. Let a ∈ C
n − {0n}. Prove that the matrix aaH ∈ C

n×n has one eigenvalue
distinct from 0, and this eigenvalue is equal to ‖ a ‖2.

23. Let A ∈ R
n×n be a symmetric matrix such that aij ∈ {0, 1} for 1 6 i, j 6 n. If

d =
|{aij | aij=1}|

n2 , prove that n
√
d > λ1 > nd, where λ1 is the largest eigenvalue

of A.
Solution: By Rayleigh-Ritz Theorem (Theorem 7.49) we have λ11

′
n1n >

1′
nA1n. Since 1′

n1n = n and 1′
nA1n = n2d it follows that λ1 > nd. On another

hand we have
∑n

i=1 λ
2
i 6‖ A ‖2F= n2d, so λ1 6 n

√
d.

24. Let U = (u1, . . . ,ur) ∈ C
n×r be a matrix having an orthonormal set of columns.

For A ∈ C
n×n define the matrix AU ∈ C

r×r by AU = UHAU .
a) Prove that if A is a Hermitian matrix, then AU is also a Hermitian matrix.
b) If A is a Hermitian matrix having the eigenvalues λ1 6 · · · 6 λn and AU

has the eigenvalues µ1 6 · · · 6 µr, prove that

λk 6 µk 6 λk+n−r.

c) Prove that

r
∑

i=1

λi = min{trace(AU ) | UH
U = Ir}

n
∑

i=n−r+1

λi = max{trace(AU ) | UH
U = Ir}.
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Solution: Observe that (AU )
H = UHAHU = UHAU = AU , so AU is indeed

Hermitian and its eigenvalues µ1, . . . , µr are real numbers.
Extend the set of columns u1, . . . ,ur of U to an orthonormal basis

{u1, . . . ,ur,ur+1, . . . ,un}

and let W ∈ C
n×n be the matrix whose columns are u1, . . . ,un. Since W is a

unitary matrix, spec(W HAW ) = spec(A) and AU is a principal submatrix of
spec(W HAW ). The second part follows from Theorem 7.53.

The first equality of the third part follows from the fact that the second part
implies

r
∑

i=1

λi 6

r
∑

i=1

µi = trace(AU ),

where AU ∈ C
r×r. If the columns u1, . . . ,ur of U are chosen as orthonormal

eigenvectors the above inequality becomes an equality. In this case we have
UHU = Ir and the first equality of the third part follows. The argument for the
second equality is similar.

25. Let A,B ∈ C
n×n be two Hermitian matrices, where spec(A) = {ξ1, . . . , ξn},

spec(B) = {ζ1, . . . , ζn}, and spec(A + B) = {λ1, . . . , λn}. Also, suppose that
ξ1 6 · · · 6 ξn, ζ1 6 · · · 6 ζn, and λ1 6 · · · 6 λn. Prove that for r 6 n we have

r
∑

i=1

λi 6

r
∑

i=1

ξi +

r
∑

i=1

ζi

and
n
∑

i=n−r+1

λi >

n
∑

i=n−r+1

ξi +
n
∑

i=n−r+1

ζi.

Solution: Supplement 24 implies that

r
∑

i=1

λi = min{trace((A+B)U ) | UH
U = Ir}

> min{trace(AU ) | UH
U = Ir}+min{trace(BU ) | UH

U = Ir}

=
r
∑

i=1

ξi +
r
∑

i=1

ζi.

For the second part we can write

n
∑

i=n−r+1

λi = max{trace((A+B)U ) | UH
U = Ir}

6 max{trace(AU ) | UH
U = Ir}+max{trace(BU ) | UH

U = Ir}

=

n
∑

i=n−r+1

ξi +

n
∑

i=n−r+1

ζi.

26. Let A ∈ R
2×2 be the matrix

A =

(

a b

c d

)

.

Prove that A is diagonalizable if and only if (a− d)2 + 4bc 6= 0.
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27. Let A ∈ C
n×n be a matrix. Prove that the following statements are equivalent:

a) A is a rank 1 matrix;
b) A has exactly one non-zero eigenvalue λ with algm(A, λ) = 1;
c) There exist x,y ∈ C

n −{0} such that A = xyH and xHy is an eigenvalue of
A.

28. Prove that the characteristic polynomial of the companion matrix of a polyno-
mial p is p itself.

29. Let A ∈ C
n×n, B ∈ C

k×k, andX ∈ C
n×k be three matrices such that AX = XB.

Prove that
a) Ran(X) is an invariant subspace of A;
b) if v is an eigenvector of B, then Xv is an eigenvector of A;
c) if rank(X) = k, then spec(B) ⊆ spec(A).

The next supplements present a result known as Weyl’s Theorem (Supplement 30)
and several of its important consequences. For a Hermitian matrix A ∈ C

n×n we
denote its eigenvalues arranged in increasing order as λ1(A) 6 · · · 6 λn(A).

30. Let A and B be two Hermitian matrices in C
n×n. Prove that

λ1(B) 6 λk(A+B)− λk(A) 6 λn(B)

for 1 6 k 6 n.
Solution: By the Rayleigh-Ritz Theorem we have

λ1(B) 6 x
H
Bx 6 λn(B),

for x 6= 0 and ‖ x ‖2= 1. Then, by the Courant-Fisher Theorem,

λk(A+B) = min
W

max
x

{xH(A+B)x | ‖ x ‖2= 1 and x ∈ 〈W 〉⊥},

where the minimum is taken over sets W that contain k − 1 vectors. Since
xH(A+B)x = xHAx+ xHBx, it follows that

λk(A+B) > min
W

max
x

{xH
Ax+ λn(B) | ‖ x ‖2= 1 and x ∈ 〈W 〉⊥}

= λk(A) + λn(B).

Similarly, we have

λk(A+B) 6 min
W

max
x

{xH
Ax+ λ1(B) | ‖ x ‖2= 1 and x ∈ 〈W 〉⊥}

= λk(A) + λ1(B).

31. Let A and E be Hermitian matrices in C
n×n. Prove that |λp(A+E)−λp(A)| 6

ρ(E) = |||E|||2 for 1 6 p 6 n.
Solution: By Weyl’s inequalities (Supplement 30) we have

λ1(E) 6 λp(A+ E)− λp(A) 6 λn(E)

By Definition 7.64, this implies |λp(A+E)− λp(A)| 6 ρ(E) = |||E|||2 because A

is Hermitian.
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32. Let A ∈ C
n×n be a Hermitian matrix and let w ∈ C

n. Then, λk(A + wwH) 6
λk+1(A) 6 λk+2(A + wwH) and λk(A) 6 λk+1(A + wwH) 6 λk+2(A) for 1 6

k 6 n− 2.
Solution: Let W ranging over the subsets of C

n that consist of n − k − 2
vectors. By Courant-Fisher Theorem (Theorem 7.50),

λk+2(A+ww
H)

= min
W

max
x

{xH(A+ww
H)x | ‖ x ‖2= 1 and x ∈ 〈W 〉⊥}

> min
W

max
x

{xH(A+ww
H)x | ‖ x ‖2= 1,x ∈ 〈W 〉⊥ and x ⊥ w}

= min
W

max
x

{xH
Ax | ‖ x ‖2= 1,x ∈ 〈W 〉⊥ and x ⊥ w}

(because xHw = wHx = 0)

> min
W1

max
x

{xH
Ax | ‖ x ‖2= 1 and x ∈ 〈W1〉⊥} = λk+1(A),

where W1 ranges over the sets that contain n− k − 1 vectors.
For 2 6 k 6 n− 2, the same Courant-Fisher Theorem yields

λk(A+ww
H) = max

Z
min
x

{xH(A+ww
H)x | ‖ x ‖2= 1 and x ∈ 〈Z〉⊥},

where Z is a set that contains k − 1 vectors. This implies

λk(A+ww
H)

6 max
Z

min
x

{xH(A+ww
H)x | ‖ x ‖2= 1 and x ∈ 〈Z〉⊥ and x ⊥ w}

= max
Z

min
x

{xH
Ax | ‖ x ‖2= 1 and x ∈ 〈Z〉⊥ and x ⊥ w}

6 max
Z1

min
x

{xH
Ax | ‖ x ‖2= 1 and x ∈ 〈Z1〉⊥} = λ(k + 1, A),

where Z1 ranges over sets that contain k vectors.
33. Let A and B be two Hermitian matrices in C

n×n. If rank(B) 6 r, prove that
λk(A + B) 6 λk+r(A) 6 λk+2r(A + B) for 1 6 k 6 n − 2r and λk(A) 6

λk+r(A+B) 6 λk+2r(A).
Solution: If B is a Hermitian matrix of rank no larger than r, then B =

Udiag(β1, . . . , βr, 0, . . . , 0)U
H, where U = (u1 · · · un) is a unitary matrix. This

amounts to B = β1u1u
′
1 + · · ·+ βruru

′
r. Conversely, every Hermitian matrix of

rank no larger than r can be written in this form.
Let W range over the subsets of R

n that consist of n − k − 2r vectors. We
have

λk+2r(A+B)

= min
W

max
x

{xH(A+B)x | ‖ x ‖2= 1 and x ∈ 〈W 〉⊥}

> min
W

max
x

{xH(A+B)x | ‖ x ‖2= 1,x ∈ 〈W ∪ {u1, . . . ,ur}〉⊥}

= min
W

max
x

{xH
Ax | ‖ x ‖2= 1,x ∈ 〈W ∪ {u1, . . . ,ur}〉⊥}

(because xHui = uH

ix = 0)

> min
W1

max
x

{xH
Ax | ‖ x ‖2= 1 and x ∈ 〈W1〉⊥} = λk+r(A),
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where W1 ranges over the subsets of Rn that contain n− k − r vectors.
The proof of the remaining inequalities follows the same pattern as above and

generalize the results and proofs of Supplement 32.
34. Let A be a Hermitian matrix in C

n×n such that A = UDUH, where U =
(u1 · · · un) is an unitary matrix and D = (λ1(A), . . . , λn(A)). If Aj =
∑n

i=j+1 λi(A)uiu
′
i for 0 6 j 6 n − 1, prove that the largest eigenvalue of the

matrix A−An−k is λn−k(A).
Solution: Since A − An−k =

∑n−k

i=1 λi(A)uiu
′
i the statement follows imme-

diately.
35. Let A and B be two Hermitian matrices in C

n×n. Using the same notations as
in Supplement 30 prove that for any i, j such that 1 6 i, j 6 n and i+ j > n+1
we have

λj+k−n(A+B) 6 λj(A) + λk(B).

Also, if i+ j 6 n+ 1, then

λj(A) + λk(B) 6 λj+k−1(A+B).

The field of values of a matrix A ∈ C
n×n is the set of numbers F (A) = {xAxH |

x ∈ C
n and ‖ x ‖2= 1}.

36. Prove that spec(A) ⊆ F (A) for any A ∈ C
n×n.

37. If U ∈ C
n×n is a unitary matrix and A ∈ C

n×n, prove that F (UAUH) = F (A).
38. Prove that A ∼ B implies f(A) ∼ f(B) for every A,B ∈ C

n×n and every
polynomial f .

39. Let A ∈ C
n×n be a matrix such that spec(A) = {λ1, . . . , λn}. Prove that

∑n

i=1 |λi|2 6
∑n

i=1

∑n

j=1 |aij |2; furthermore, prove that A is normal if and only

if
∑n

i=1 |λi|2 =
∑n

i=1

∑n

j=1 |aij |2.
40. Let A ∈ C

n×n such that A > On,n. Prove that if 1n is an eigenvector of A, then
ρ(A) = |||A|||∞ and if 1n is an eigenvector of A′, then ρ(A) = |||A|||1 .

Solution: If 1n is an eigenvector of A, then A1n = λ1n, so
∑n

j=1 aij = λ for
every i, 1 6 i 6 n. This means that all rows of A have the same sum λ and,
therefore, λ = |||A|||∞ , as we saw in Example 6.84. This implies ρ(A) = |||A|||∞.

The argument for the second part is similar.
41. Prove that the matrix A ∈ C

n×n is normal if and only if there exists a polynomial
p such that p(A) = AH.

42. Prove that the matrix A ∈ C
n×n is normal if and only if there exist B,C ∈ C

n×n

such that A = B + iC and BC = CB.
43. Let A ∈ C

n×n be a matrix and let spec(A) = {λ1, . . . , λn}. Prove that
a)
∑n

p=1 |λp|2 6‖ A ‖2F ;
b) the equality

∑n

p=1 |λp|2 =‖ A ‖2F holds if and only if A is normal.
Solution: By Schur’s Triangularization Theorem there exists a unitary ma-

trix U ∈ C
n×n and an upper-triangular matrix T ∈ C

n×n such that A = UHTU

and the diagonal elements of T are the eigenvalues of A. Thus,

‖ A ‖2F=‖ T ‖2F=
n
∑

p=1

|λp|2 +
∑

i<j

|tij |2,

which implies the desired inequality.
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The equality of the second part follows from the Spectral Theorem for Normal
Matrices. The converse implication can be obtained noting that by the first part,
the equality of the second part implies tij = 0 for i < j, which means that T is
actually a diagonal matrix.

44. Let A and B be two normal matrices in C
n×n. Prove that if AB is a normal

matrix, then so is BA.
Solution: By Supplement 21 the matrices AB and BA have the same non-

zero eigenvalues. Since A and B are normal we have AHA = AAH and BHB =
BBH. Thus, we can write

‖ AB ‖2F= trace((AB)HAB) = trace(BH
A

H
AB) = trace(BH

AA
H
B)

(because A is a normal matrix)

= trace((BH
A)(AH

B)) = trace((AH
B)(BH

A))

(by the third part of Theorem 5.51)

= trace(AH(BB
H)A)) = trace(AH(BH

B)A))

(because B is a normal matrix)

= trace((BA)HBA) =‖ BA ‖2F .

SinceAB is a normal matrix, if spec(AB) = {λ1, . . . , λp}, we have
∑n

p=1 |λp|2 =‖
AB ‖2F=‖ BA ‖2F .

Taking into account the equalities shown above, it follows that BA is a normal
matrix by Supplement 43.

45. Let A ∈ C
n×n be a matrix with spec(A) = {λ1, . . . , λn}. Prove that A is normal

if and only if its singular values are |λ1|, . . . , |λn|.
46. Let A be a non-negative matrix in C

n×n and let u = A1n and v = A′1n. Prove
that

max{min ui,min vj} 6 ρ(A) 6 min{max ui,max vj}.
Solution: Note that |||A|||∞ = max ui and |||A|||1 = max vj . By Theorem 7.65,

we have ρ(A) 6 min{max ui,max vj}.
Let a = min ui. If a > 0 define the non-negative matrix B ∈ R

n×n as bij =
aaij

ui
. We have A > B > On,n. By Corollary 7.67 we have ρ(A) > ρ(B) = a; the

same equality, ρ(A) > a holds trivially when a = 0. In a similar manner, one
could prove that min vj 6 ρ(A), so max{min ui,min vj} 6 ρ(A).

47. Let A be a non-negative matrix in C
n×n and let x ∈ R

n be a vector such that
x > 0n. Prove that

a) min
{

(Ax)j
xj

| 1 6 j 6 n
}

6 ρ(A) 6 max
{

(Ax)j
xj

| 1 6 j 6 n
}

;

b) min
{

xj

∑n

i=1

aij

xj
| 1 6 j 6 n

}

6 ρ(A) 6 max
{

xj

∑n

i=1

aij

xj
| 1 6 j 6 n

}

.

Solution: Define the diagonal matrix S = diag(x1, . . . , xn). Its inverse is
S−1 = diag( 1

x1
, . . . , 1

xn
). The matrix B = S−1AS is non-negative and we have

bij =
xiaij

xj
. This implies

u = B1n =









x1

∑n

j=1

a1j

xj

...
xn

∑n

j=1

anj

xj









and v = B
′
1n =









∑n
i=1 xia1i

x1

...
∑n

i=1 xiani

xn









=









(Ax)1
x1

...
(Ax)n
xn









.

Thus, by applying the inequalities of Supplement 46 we obtain the desired in-
equalities.
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48. Let A ∈ R
n×n and x ∈ R

n such that A > On,n and x > 0. Prove that if
a, b ∈ R>0 are such that ax 6 Ax 6 bx, then a 6 ρ(A) 6 b.

Solution: Since ax 6 Ax we have a 6 min16i6n
(Ax)i
xi

, so a 6 ρ(A) by

Supplement 47. Similarly, we hace max16i6n
(Ax)i
xi

6 b, so ρ(A) 6 b.

49. Let A ∈ C
n×n be a matrix such that A > On,n. Prove that if there exists k ∈ N

such that Ak > On,n, then ρ(A) > 0.
50. Let A ∈ C

n×n be a matrix such that A > On,n. If A 6= On,n and there exists an
eigenvector x of A such that x > 0n, prove that ρ(A) > 0.

51. Prove that A ∈ C
n×n is positive semidefinite if and only if there is a set U =

{v1, . . . ,vn} ⊆ C
n such that A =

∑n

i=1 viv
H

i . Furthermore, prove that A is
positive definite if and only if there exists a linearly independent set U as above.

52. Prove that A is positive definite if and only if A−1 is positive definite.
53. Prove that if A ∈ C

n×n is a positive semidefinite matrix, then Ak is positive
semidefinite for every k > 1.

54. Let A ∈ C
n×n be a Hermitian matrix and let pA(λ) = λn+c1λ

n−1+· · ·+cmλn−m

be its characteristic polynomial, where cm 6= 0. Then, A is positive semidefinite
if and only if ci 6= 0 for 0 6 k 6 m (where c0 = 1) and cjcj+1 < 0 for
0 6 j 6 m− 1.

55. Let A ∈ C
n×n be a positive semidefinite matrix. Prove that for every k > 1

there exists a positive semidefinite matrix B having the same rank as A such
that
a) Bk = A;
b) AB = BA;
c) B can be expressed as a polynomial in A.
Solution: Since A is Hermitian, its eigenvalues are real nonnegative num-

bers and, by the Spectral Theorem for Hermitian matrices, there exists a
unitary matrix U ∈ C

n×n such that A = UHdiag(λ1, . . . , λn)U . Let B =

UHdiag(λ
1
k
1 , . . . , λ

1
k
n )U , where λ

1
k
i is a non-negative root of order k of λi. Thus,

Bk = A, B is clearly positive semidefinite, rank(B) = rank(A), and AB = BA.
Let

p(x) =

n
∑

j=1

λ
1
k
j

n
∏

k=1,k 6=j

x− λk

λj − λk

be a Lagrange interpolation polynomial such that p(λj) = λ
1
k
j (see Exercise 67).

Then,

p(diag(λ1, . . . , λn)) = diag(λ
1
k
1 , . . . , λ

1
k
n ),

so

p(A) = p(UHdiag(λ1, . . . , λn)U) = U
H
p(diag(λ1, . . . , λn))U

= U
Hdiag(λ

1
k
1 , . . . , λ

1
k
n )U = B.

56. Let A ∈ R
n×n be a symmetric matrix. Prove that there exists b ∈ R such that

A+ b(11′ − In) is positive semi-definite, where 1 ∈ R
n.

Solution: We need to find b such that for every x ∈ R
n we will have

x
′(A+ b(11′ − In))x > 0.
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We have x′(A+ b(11′ − In))x = x′Ax+ bx′11′x− bx′x > 0, which amounts to

x
′
Ax+ b

((

n
∑

i=1

xi

)2

− ‖ x ‖22
)

> 0.

Since A is symmetric, by Rayleigh-Ritz Theorem, we have x′Ax > λ1 ‖ x ‖22,
where λ1 is the least eigenvalue of A. Therefore, it suffices to take b 6 λ1 to
satisfy the equality for every x.

57. If A ∈ R
n×n is a positive definite matrix prove that there exist c, d > 0 such

that c ‖ x ‖226 x′Ax 6 d ‖ x ‖22, for every x ∈ R
n.

58. Let A = diag(A1, . . . , Ap) and B = (B1, . . . , Bq) be two block-diagonal matrices.
Prove that sepF (A,B) = min{sepF (Ai, Bj) | 1 6 i 6 p and 1 6 j 6 q}.

59. Let A ∈ C
n×n be a Hermitian matrix. Prove that if for any λ ∈ spec(A) we have

λ > −a, then the matrix A+ aI is positive-semidefinite.
60. Let A ∈ C

m×m and B ∈ C
n×n be two matrices that have the eigenvalues

λ1, . . . , λm and µ1, . . . , µn, respectively. Prove that:
a) if A and B are positive definite, then so is A⊗B;
b) if m = n and A,B are symmetric positive definite, the Hadamard product

A⊙B is positive definite.
Solution: For the second part recall that the Hadamard product A ⊙ B of

two square matrices of the same format is a principal submatrix of A⊗B. Then,
apply Theorem 7.53.

61. Let A ∈ C
n×n be a Hermitian matrix. Prove that if A is positive semidefi-

nite, then all its eigenvalues are non-negative; if A is positive definite then its
eigenvalues are positive.

Solution: Since A is Hermitian, all its eigenvalues are real numbers. Suppose
that A is positive semidefinite, that is, xHAx > 0 for x ∈ C

n. If λ ∈ spec(A),
then Av = λv for some eigenvector v 6= 0. The positive semi-definiteness of A
implies vHAv = λvHv = λ ‖ v ‖22> 0, which implies λ > 0. It is easy to see that
if A is positive definite, then λ > 0.

62. Let A ∈ C
n×n be a Hermitian matrix. Prove that if A is positive semidefinite,

then all its principal minors are non-negative real numbers; if A is positive
definite then all its principal minors are positive real numbers.

Solution: Since A is positive semidefinite, every sub-matrix A

[

i1 · · · ik
i1 · · · ik

]

is

a Hermitian positive semidefinite matrix by Theorem 6.110, so every principal
minor is a non-negative real number. The second part is proven similarly.

63. Let A ∈ C
n×n be a Hermitian matrix. Prove that he following statements are

equivalent:
a) A is positive semidefinite;
b) all eigenvalues of A are non-negative numbers;
c) there exists a Hermitian matrix C ∈ C

n×n such that C2 = A;
d) A is the Gram matrix of a sequence of vectors, that is, A = BHB for some

B ∈ C
n×n.

Solution: (a) implies (b): This is stated in Exercise 61.
(b) implies (c): Suppose that A is a matrix such that all its eigenvalues are

the non-negative numbers λ1, . . . , λn. By Theorem 7.41, A can be written as
A = UHDU , where U is a unitary matrix and



Exercises and Supplements 381

D =











λ1 0 · · · 0
0 λ2 · · · 0
...

... · · ·
...

0 0 · · · λn











.

Define the matrix
√
D as

√
D =











√
λ1 0 · · · 0

0
√
λ2 · · · 0

...
... · · ·

...

0 0 · · ·
√
λn











.

Clearly, we gave (
√
D)2 = D. Now we can write A = U

√
DUHU

√
DUH, which

allows us to define the desired matrix C as C = U
√
DUH.

(c) implies (d): Since C is itself a Hermitian matrix, this implication is obvious.
(d) implies (a): Suppose that A = BHB for some matrix B ∈ C

n×k. Then, for
x ∈ C

n we have xHAx = xHBHBx = (Bx)H(Bx) =‖ Bx ‖22> 0, so A is positive
semidefinite.

64. Let A ∈ R
n×n be a real matrix that is symmetric and positive semidefinite such

that A1n = 0n. Prove that 2max16i6n

√
aii 6

∑n

j=1

√
ajj .

Solution: By Supplement 63(d), A is the Gram matrix of a sequence of
vectors B = (b1, . . . ,bn), so A = B′B. Since A1n = 0n, it follows that
(B1n)

′(B1n) = 0, so B1n = 0n. Thus,
∑n

i=1 bi = 0n. Then, we have
‖ bi ‖2= ||| −∑j 6=i bj |||2 6

∑

j 6=i ‖ bj ‖2, which implies 2max16i6n ‖ bi ‖26
∑n

j=1 ‖ bj ‖2. This, is equivalent to the inequality to be shown.

65. Let A ∈ R
n×n be a matrix and let (λ,x) be an eigenpair of A. Prove that

a) 2ℑ(λ) = xH(A−A′)x;
b) if α = 1

2
max{|aij − aji| | 1 6 i, j 6 n}, then

2|ℑ(λ)| 6 α
∑

{

|x̄ixj − xix̄j |
∣

∣

∣
1 6 i, j 6 n, i 6= j

}

;

c) |ℑ(λ)| 6 α

√

n(n−1)
2

.

The inequality of Part (c) is known as Bendixon Inequality.
Hint: apply the results of Exercise 5 of Chapter 6.

66. Let A ∈ C
m×m and B ∈ C

n×n be two matrices that have the eigenvalues
λ1, . . . , λm and µ1, . . . , µn, respectively. Prove that the Kronecker product A⊗B

has the eigenvalues λ1µ1, . . . , λ1µn, . . . , λmµ1, . . . , λmµn.
Solution: Suppose that Avi = λivi and Buj = µjuj . Then, (A ⊗ B)(vi ⊗

uj) = (Avi)⊗ (Buj) = λiµj(vi × uj).
67. Let A ∈ C

n×n and B ∈ C
m×m. Prove that trace(A ⊗ B) = trace(A)trace(B) =

trace(B ⊗A) and det(A⊗B) = (det(A))m(det(B))n = det(B ⊗A).
68. Let A ∈ C

n×n and B ∈ C
m×m be two matrices. If spec(A) = {λ1, . . . , λn} and

spec(B) = {µ1, . . . , µm}, prove that spec(A ⊕ B) = {λi + µj | 1 6 i 6 n, 1 6

j 6 m} and spec(A⊖B) = {λi − µj | 1 6 i 6 n, 1 6 j 6 m}.
Solution: Let x and y be two eigenvectors of A and B that correspond to

the eigenvalues λ and µ, respectively. Since A ⊕ B = (A ⊗ Im) + (In ⊗ B) we
have
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(A⊕B)(x⊗ y) = (A⊗ Im)(x⊗ y) + (In ⊗B)(x⊗ y)

= (Ax⊗ y) + (x⊗By)

= λ(x⊗ y) + µ(x⊗ y)

= (λ+ µ)(x⊗ y).

By replacing B by −B we obtain the spectrum of A⊖B.
69. Let A ∈ C

n×n be matrix and let ri =
∑{aij | 1 6 j 6 n and j 6= i}, for

1 6 i 6 n. Prove that spec(A) ⊆ ⋃n

i=1{z ∈ C | |z − aii| 6 ri}.
A disk of the form Di(A) = {z ∈ C | |z − aii| 6 ri} is called a Gershgorin disk.

Solution: Let λ ∈ spec(A) and let suppose that Ax = λx, where x 6= 0. Let
p be such that |xp| = max{|xi| | 1 6 i 6 n}. Then, ∑n

j=1 apjxj = λxp, which
is the same as

∑n

j=1,j 6=p apjxj = (λ− app)xp. This, in turn, implies

|xp||λ − app| =

∣

∣

∣

∣

∣

∣

n
∑

j=1,j 6=p

apjxj

∣

∣

∣

∣

∣

∣

6

n
∑

j=1,j 6=p

|apj ||xj |

6 |xp|
n
∑

j=1,j 6=p

|apj | = |xp|rp.

Therefore, |λ− app| 6 rp for some p.
70. If A,B ∈ R

m×m is a symmetric matrices and A ∼ B, prove that I(A) = I(B).
71. If A is a symmetric block diagonal matrix, A = diag(A1, . . . , Ak), then I(A) =

∑k

i=1 I(Ai).

72. Let A =

(

B c

c′ b

)

∈ R
m×m be a symmetric matrix, where B ∈ R

(m−1)×(m−1)

such that there exists u ∈ R
m−1 for which Bu = 0m−1 and c′u 6= 0. Prove that

I(A) = I(B) + (1, 1,−1).
Solution: It is clear that u 6= 0m−1 and we may assume that u1 6= 0. We can

write

u =

(

u1

v

)

, B =

(

b11 d′

d D

)

, and c =

(

c1
e

)

,

where v ∈ R
m−2, D ∈ R

(m−2)×(m−2), and d, e ∈ R
m−2. Define k = c′u =

c1u1 + e′v 6= 0 and

P =





u1 v′ 0
0m−2 Im−2 0m−2

0 0′
m−2 1



 .

The equality Bu = 0m−1 can be written as b11u1 + d′v = 0 and du1 +Dv =
0m−2. With these notations, A can be written as

A =





b11 d′ c1
d D e

c1 e′ b





and we have

PAP
′ =





0 0m−2 k

0′
m−2 D e

k e′ b





For
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Q =





1 0′ 0
1
k
e Im−2 0m−2

− 2
k
b 0′

m−2 1





we have

(QP )A(QP )′ =





0 0′
m−2 k

0 D 0m−2

k 0′
m−2 0



 .

Let R be the permutation matrix

R =





0 0′
m−2 1

1 0′
m−2 0

0m−2 Im−2 0m−2



 .

Observe that

R(QP )A(QP )′R′ =





0 k 0′
m−2

k 0 0′
m−2

0m−2 0m−2 D



 ,

which implies that I(A) = I(D) + (1, 1, 0) because the eigenvalues of the matrix
(

0 k

k 0

)

are k and −k.

On the other hand, if

S =

(

u1 v

0m−2 Im−2

)

,

we have SDS′ =

(

0 0′
m−2

0m−2 D

)

, which implies I(B) = I(D) + (0, 0, 1). This

yields I(A) = I(B) + (1, 1,−1).
73. Let A ∈ C

n×n and let U ∈ C
n×n an unitary matrix and T an upper-triangular

matrix T ∈ C
n×n such that A = UHTU whose existence follows by Schur’s

Triangularition Theorem. Let B = 1
2

(

A+ AH
)

and C = 1
2

(

A−AH
)

be the
matrices introduced in Exercise 18 of Chapter 5.
Prove that

n
∑

i=1

ℜ(λi)
2
6‖ B ‖2F and

n
∑

i=1

ℑ(λi)
2
6‖ C ‖2F .
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