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Convex Functions

Definition

Let S C R” be a convex set. A function f : S — R is convex if
f(tx+ (1 —t)y) < tf(x) + (1 — t)f(y) for x,y € S and t € (0,1).

f is strictly convex if f(tx + (1 — t)y) < tf(x) + (1 — t)f(y) for each
x,y € Sand t € (0,1).

f is concave (strictly concave) if —f is convex (strictly convex).
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Lemma

Lemma
Let S be a convex subset of R” and let f : S — R be a convex function.

Then, the level set
Sa={xeS | f(x)<a}

IS a convex set.
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Continuity and Convexity

Theorem

Let S CR" be a convex set and let f : S — R be convex. Then, f is
continuous on the interior of S.
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Proof

Let X € I(S). We show that for any € > 0 there exists 6 > 0 such that
|| x =X ||< d implies || f(x) — f(X) ||<e.
Since X € I(S), there exists a sphere C(X,d’) C S. Define

t [max max{f(X + d'e;) — f(X), f(x — d'e;) — F(X)}

RN

) {(5’ 65’}
min{ —, —
n’ nt
Let x be such that x € B(X,0). Define z; € R"” as

{(5’6,‘ if x; —x; >0,
zZ, =

—d'e; otherwise.

4

We have x — X = Z,’-’:l «;z;, where a; > 0 for 1 < i < n, and

I x—x%||=&

This implies that a; < % for1 <i<n.
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Proof (cont'd)

Since f is convex and 0 < na; < 1 we obtain:

f(x) = f (i-ﬁ- Za;z;) =f (% Z(i-ﬁ- na,-z,-))

1 1o
—E f(x ii:_E f((1 — naj)x i(X+z
P (X + najzj) "2 ((1 = naj)x + nai(x + z))

N

< —Z ((1 = noy)f(X) + naf (X + z;)) ,
which implies

f(x) - f(x) < Za:(f(X+Z:)—f( ))-
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Proof (cont'd)

The definition of t,

t—lrgagx max{f(X + d'e;) — f(X),f(x — &'e;) — f(X)}

implies f(X + z;) — f(X) < t for 1 < i < n; since a; > 0, we have

f(x) —f(x) < tZa,

Since a; < +; it follows that f(x) — f(X) < ¢
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Proof (cont'd)

For y = 2x — x we have || y — X ||< J. Therefore, f(y) — f(X) <.
Since X = 2(y + x), we have f(X) < 2f(x) + 1f(y). so f(X) — f(x) < e,
which concludes the proof.

Note that convex function may be discontinuous only at the borders of
convex sets.
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Differentiable Functions

Definition
A function f : S — R (where S C R") is differentiable at X € S if there
exists a vector L(X) and a function ax : R” — R such that

F(x) = £(X) + (LX) (x = X)+ [| x = X || ox(x — )

for each x € S such that

lim ax(x —X) = 0.

f is differentiable on an open set T, T C S, if it is differentiable at each
xeT.
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For f : R" — R the gradient of f is the function Vf : R” — R" defined

by
Of
Fra
vix) = | 7
of

Oxn

The gradient operator is the symbolic “vector”

9

vV — Oxp
o]

Oxn
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Note that we can compute formally the product of the symbolic vector V

with itself and this yields the matrix

VvV =V? =

The Hessian matrix of f is

V3 =
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Theorem
Let f : S — R be a differentiable function at X € S. Then, we have:

of

%2
LE) = | 72 | =),

of
Oxn

that is, L(X) = Vf(X).
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Proof

Let f be differentiable in %, that is,
f(x) = f(X) + (LX) (x = %)+ || x = X || ax(x — %)
for each x € S such that

lim ax(x —X) = 0.

Take x = X + te;. Then,
f(x + te;) = f(X) + t(L(X)) e; + |tlax(te;),
where lim;_,o ax(te;) = 0. Therefore,

im f(X+ te;) — f(X)
t—0 t

= (L(X))'e),

which shows that the i*® component of L(X) is g—)’;(i). Consequently,
L(x) = (VF)(%).
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Directional Derivative

Definition

Let f : S — R be a function, X € S, and let d be a vector such that d # 0

and X+ Ad € S for A > 0 and A sufficiently small.
The function has the directional derivative at X given by

. f(x+ Ad) — f(x)
lim ,
A—0,A>0 A

if this limit exists. The vector value of this limit is denoted by %(i).
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Taylor Series

By analogy with the standard Taylor series
h h? _, D)

f(Xo + h) = f(Xo) + Ff (Xo) + Ef (Xo) + -+ Ff P (Xo + ah),

where a € [0,1], we have the Taylor series for a function of n variables
1 / 1 /(72
f(xo +h) = f(xo) + Fh (VF)(x0) + Eh (V) (xo)h+--- .
If || h || is small, we have
]' /
f(xo + h) — f(xo) = Fh (V) (xo0)-

Thus, the largest growth of f takes place in the direction of (Vf)(xo).
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Twice Differentiable Functions

Definition

Let f: S — R, where S CR" and S # ().

f is twice differentiable in X € S, if there exists a vector L(X), a symmetric
matrix H(X) € R"*" called the Hessian matrix, and a function ax such that

f(x) = f(X) + LX) (x — %) + %(x —X)HX)(x — %)+ || x — X || ax(x — X)
for x € S and limy_x ax(x — X) = 0.

f is twice differentiable on an openset T, T C S, if f is twice
differentiable in each point of T.

As before, L(%) = (VF)(X) and (H(R))j = 5255
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Taylor's Theorem

Theorem

If S is an open set in R" and let f : S — R be a twice differentiable

function. For every x1,%2 € S, there exists A € (0,1) such that for
x = Ax1 + (1 — \)x2 we have

f(x2) = f(x1) + (VF)(x1)'(x2 — x1) + %(Xz — x1) H(x)(x2 — x1),

where H(x) is the Hessian matrix of f at x.
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Theorem

Let S # () be a convex subset of R", f : S — R be a convex function,
and letx € S. Ifd is a vector such thatd # 0, X+ Xd € S for a
sufficiently small \, where X\ > 0, then %(i) exists.
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Proof

Let A1, Ax € R+ be two sufficiently small numbers such that A\; < A
Since f is convex, we have

F(X + Aid) f@;( T oed) ¥ (1_ i_;> >
ilf( + Aod) + <1 — —) f(x),

<

which implies

f%+Md) — (%) _

f(x + Aod) — £(X)
A1 h '

A2

Since flxAd)—f(x) is a nondecreasing function of A,

limx_0,>0 w exists.
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Differentiability and Directional Derivatives

Theorem

Let S # () be a convex subset of R", f : S — R be a convex function,
and letx € S.

If f is differentiable at X, then the directional derivative 8d( X) exists and

of _ y
(%) = (VA(R))d

Prof. Dan A. Simovici (UMB) CONVEX FUNCTIONS 21 / 65




Proof

Since f is differentiable we have

F(x) = F(%) + (VX)) (x = %)+ [ x = X || ax(x — X)

for each x € S.
Choose x = X+ 6d. Then,

f(X+6x) — F(X) = O(VF(X))d+ 6] || d || ax(d).

Taking 6 — 0, the theorem follows immediately.
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Epigraph, Graph and Hypograph of a Function

| | | )
% g graph(f) = {(;) eR™ |y = f(X)}

7
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Theorem

Let S be a non-empty convex subset of R". A function f : S — R is
convex if and only if epi(f) is a convex set in R™1.

= = = = E DaAr
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Suppose that epi(f) is convex and let x1,x2 € S. Since

(f(xxll)> ’ (f(x><22)> € epif),
2 (i) + 0= ()

B ax; + (1 — a)xy e
= (@10 D)

it follows that

f(axy + (1 — a)x2) < af (x1) + (1 — a)f(x2),

which means that f is convex.
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Conversely, suppose that f is convex and let

(;1) | (;)  epi(F),

that is f(x1) < y1 and f(x2) < y2. For a € [0, 1] we have
X1 X2 ax; + (1 — a)x2>
? <y1> (1-2) <yz> <ay1 +(1—a)y

ay1 + (1 — a)ya > af (x1) + (1 — a)f(x2) > f(ax1 + (1 — a)xp),

Note that

which proves that a (;1> +(1—-a) < ) € epi(f).
1
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Subgradients

Definition
Let S be a non-empty convex subset of R” and let f : S — R be a

convex function.
A subgradient of f at X is a vector s such that

f(x) > f(X) +s'(x — %)

forallx e S. |

X
b
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Properties of Subgradients

o the collection of subgradients at X is convex;
@ a subgradient of a convex function at X defines a supporting

. X .
hyperplane of epi(f) at <f(i)) € Oepi(f).
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Subgradients and Supporting Hyperplanes

Theorem

Let S CR" be a non-empty convex set and let f : S — R be a convex
function. For X € |(S) there exists a subgradient s such that the

hyperplane
H = {(;) |y = (%) +s'(x — i)} C R™!

is a supporting hyperplane of epi(f) at f (_)
In particular, we have f(x) > f(X) +s'(x —X) forx € S, that is, s is a
subgradient of f at X.
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Proof

Since f is convex, epi(f) is a convex set. Note that (f&)) € Jepi(f).

From the theorem that guarantees the existence of a supporting
hyperplane for every border point of a convex set (see CONV1) there is a

vector <2> # 0 such that

() (6)- () =
p'(x —%) +q(y — (X)) <0

for all <;> € epi(f).

or
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Proof (cont'd)

Note that ¢ < 0 (because, otherwise we could choose y sufficiently large
to have p'(x —X) + q(y — (X)) > 0).

Suppose that ¢ = 0. This implies p’(x —X) < 0 for x € S. Sincex € S,

there exists A > 0 such that X+ Ap € S. In turn, this implies Ap’p < 0,

and therefore, p = 0 and g = 0 contradicting the fact that <2> 0.
Thus, we conclude that g < 0. By dividing the inequality by |g|, this yields
1

mp’(x—i) —y+f(x) <0

for all G) € epi(f).
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Proof (cont'd)

In particular
1
PR~y + £ =0

supports epi(f) (which is in the negative half-plane of this hyperplane). By
taking y = f(x) in the last inequality we obtain

ip’(x—i) + f(X) < f(x)

lq|
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Theorem

Let S CR" be a non-empty convex set and let f : S — R be a strictly
convex function. For X € I(S) there exists s such that
f(x) > f(X)+s'(x—X) forx € S.
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Proof

Since f is convex, there exists s such that
f(x) > f(X) +s'(x —X)

for x,x € S and x # X.
Suppose that there exists z, such that z # X and f(z) = f(X) + s'(z — X).
By the strict convexity of f,

FOX+(1—N)z) < M(E) + A+ (1 - N)f(2)
= f(X)+(1—-Ns'(z—X).

Taking x = A\X + (1 — A\)z in the inequality f(x) > f(X) + s/(x — X) we
obtain
FOX+ (1= N)z) > f(X) + (1 — Vs (z— %),

which contradicts the previous inequality.
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Theorem

Let S CR" be a non-empty convex set and let f : S — R be a function.
If for every X € I(S) there exists a subgradient s such that

F(x) > (%) +5'(x — %)

for each x € S, then f is convex on I(S).
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If x1,%2 € I(S), we have Ax1; + (1 — A)x2 € I(S) for A € (0,1) due to the
convexity of I(S).
From the existence of a subgradient s at Ax; + (1 — \)x2 we have

> (g + (1= A)x2) 4+ (1 — A)s/(x1 — x2)
> f(/\Xl + (1 — )\)Xg) + )\S/(Xl — X2)

These inequalities imply:

A (x1) + (1 = A)F(x2) = F(Ax1 + (1 — A)xp).
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Theorem

Let S CR" be a non-empty convex set and let f : S — R be a convex

function. If f is differentiable at X € I(S), the collection of subgradients of
f equals {Vf}.
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Proof

Let s be a subgradient of f at x. For A sufficiently small we have
fx+Md) > f(X)+ As'd,
fx+Md) = f(X)+MVFX)d+ | d] ax(Ad),
which yield
AMs — VX)) d =)\ d| ax(Ad) <
d

Dividing by A and taking A — 0 implies s — V£ (X))’
d = s — V{(X) it follows that s = V£(X).

0.
< 0. Choosing
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Convexity of Differentiable Functions

Theorem

Let S CR" be a non-empty convex set and let f : S — R be a

differentiable function. Then, f is convex if and only if for every X € S we
have

f(x) = f(X) + (VF)(X) (x — X)
for every x € S.

The function f is strictly convex if for every X € S we have

f(x) > f(X) + (VF)(X) (x — X)

for every x € S.
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Proof

Suppose that for every X € S we have
f(x) = f(X) + (VF)(xX) (x — X)

for every x € S. This implies the convexity of f on [(S) by the theorem
given on slide 35.
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Theorem

Let S CR" be a non-empty convex set and let f : S — R be a
differentiable function. Then, f is convex if and only if for each x1,x> € S,
we have

(Vf(XQ) — Vf(xl))/(XQ — Xl) Z 0.

Similarly, f is strictly convex if for each x1,x2 € S such that x; # x, we
have

(Vf(X2) = Vf(xl))'(x2 = Xl) > 0.
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Proof

Let f be convex. Then

> f(Xz) + (Vf(XQ))I(Xl — X2)
flx2) = flxa)+ (VF(x1)) (x2 = x1),

which yield
(VF(x2) — VF£(x1)) (x2 — x1) = 0.
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Proof (cont'd)

Conversely, suppose that (Vf(x2) — VF(x1)) (x2 — x1) > 0. By the Mean

Value Theorem,
f(x2) — f(x1) = (VF(x))'(x2 — x1),

where x = Ax; + (1 — \)xp for some X € (0,1).
By applying the hypothesis to x and x; we get

(VFf(x) — VFf(x1))'(x —x1) > 0.

and, taking into account that x = Axj + (1 — A)x, it follows that
(1 = N)(VF(x) — VF(x1)) (x2 —x1) = 0. This implies

VE(x) (x2 — x1) = VF(x1)) (x2 — x1).
By the Mean Value Theorem,
f(x2) > f(x1) + (V) (x2 — x1),

so f is convex.
Prof. Dan A. Simovici (UMB) CONVEX FUNCTIONS

43 /65



Twice Differentiable Functions

Definition

Let S C R” be a non-empty set. A function f: S — R is twice
differentiable in X € S if there exists a vector (Vf)(X) and a symmetric
matrix H(X) such that

7(x) = F(R) + (TA)(R) + 5 x = XY HR)(x ~ %)+ || x = % | ax(x %),

for each x € S and limy_x ax(x —X) = 0.

The entry H(x);; of the matrix H is 8)‘325)9, for 1 <i,j < n. H(x) is the
Hessian matrix of f in x.
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A Practical Convexity Criterion

Theorem

Let S be a nonempty open convex set in R" and let f : S — R be twice
differentiable on S. Then, f is convex if and only if its Hessian matrix is
positive semidefinite at each point in S.

Note: H(X) is positive semidefinite if X' H(X)x > 0 for all x € R".
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Proof

Suppose that f is convex and let X € S. Since S is open, X+ Ax € S if A
is sufficiently small.

By convexity and double differentiability we get:

fx+Xx) > f(X)+AMVF)(X)x
1
F(X+ M) = F(X)+ MV 'x+ §A2X’H(i)x + 22 | x || ax(Ax),
which yield
1o~ 2 2
E)\ X' H(X)x + A% || x || ax(Ax) > 0.

Dividing by A? and letting A\ — 0 implies xX'H(X)x > 0.
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Proof (cont'd)

Conversely, suppose that H is positive semidefinite at each point in S and

let x,x € S.

By Tylor Theorem (on slide 18), there exists A € (0,1) and
X = Ax + (1 — X)X such that

f(x) = f(X) + (VF)(X)'(x —X) + %(x — olx)'H(X)(x — X).

Since X € S, H(X) is positive semidefinite, so
f(x) > £(%) + (VF)(X)'(x = ),

which implies that f is convex.
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Example

Let f : R> — R be the function defined by

2 2
f(Xl, X2) = da11Xxq + 2312X1X2 + d22 Xy + d1oX1 + dog1X2 + d00-

We have

and

Thus

Prof. Dan A. Simovici (UMB)

of
- = 2811X1 + 2312X2 + alo
8x1
of
- = 2812X1 + 2322X2 + doi,
8xz
Pf _ Pf
o = 2a11 o O — 2412
Pf Pf _
Oy Ox1 2312 8_X12 = 2322.
2811 2312
H) = (4., 2
12 ai
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Example (cont'd)

The eigenvalues of H(x) are obtained from the equation det(Ah — H) =0,
or
A — 2311 —2312 -0
—2312 A — 2322 o

which amounts to
A2 —2\(a11 + a02) + 4(a1ax — a3,) =0
The discriminant of this equation is
(a11 + a12)® — 4(an1a12 — ai,) = (a11 — a12)” +4ai, > 0,

so the eigenvalues are real numbers. To have a positive semidefinite
matrix, we need to require the roots of this equation to be positive, that
is, a11 + a»» > 0 and aj1ax — a%z > 0.
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Example (cont'd)

Consider, for instance the function
f(x1,x2) = X12 4 6x1x0 + 25x22 4 8x1 — 10xp + 20.

Since a1 + ax» = 26 and aj1ax» — afz =25—-9 =16, H is positive
semidefinite. The function f is, therefore, convex.
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Optimization Problem: given a function f : S — R, where S C R” find
X € S such that f(x) > f(X).

@ x € S is a feasible point;

o f is the objective function;

@ X is an optimum point;

e if x € S(X,¢) and f(x) > f(X), then X is a local optimum.

Since maxy f(x) = — miny(—f(x)), optimization problems can be cast as
maximizations.
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Challenges for Unconstrained Optimization

@ X may not exist when f is not bounded below (see f(x) = x3 for
x € R);

@ X may not exist even if f is bounded below (see f(x) = e~ for
x € R);

@ if X exists it may not be unique (see f(x) = cos x);

@ in practice we find local minimizers and they may not be global
minimizers (see f(x) = x? — cos x);

@ global minimizers are hard to find.
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Why is convexity important for optimization?

Theorem
Let S be a non-empty convex subset of R" and let f : S — R. Suppose
that X is a local optimum. The following hold:

o if f is convex, then X is a global optimum;

o if f is strictly convex, then X is the unique global optimum.
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Proof

Let f be convex and let X be a local optimum. There exists € > 0 such
that x € C(X, €) implies f(x) > f(X).

Suppose X is not a global optimum. Then, there exists X such that
f(X) < f(X). Since f is convex, we have

f(ax+ (1 — a)x) < af(X) + (1 — a)f(X) < af (X) + (1 — a)f(X) = f(X).

If ais sufficiently small we have ax + (1 — a)x € C(X, €), which contradicts
the local optimality of x.
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Proof (cont'd)

Let f be strictly convex and suppose that there exists z € S such that
f(z) = f(X). The strict convexity of f implies

f (Z ;i> < () + () = F(x),

which contradicts the fact that X is a global optimum (because %i €S
due to the convexity of S).
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Let f : S — R be a convex function and S be a non-empty convex set,
S CR"
Optimization Problem: minimize f(x) subjected to x € S.

Theorem
The point X is am optimal solution if and only if f has a subgradient s and
s'(x—X) >0 forallxeS.
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Proof

Suppose that s'(x —X) > 0 for all x € S, where s is the subgradient of f at
X.

Since f is convex,
f(x) > f(X)+s'(x—%) >0

for all x € S, so f(x) > f(X), which means that X is an optimal solution.
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Proof (cont'd)

Conversely, suppose that X is an optimal solution and define the sets

A B C R
A = {(X;*>ER"+1‘y>f(x)—f(§)}

B = {(x;i> eR”H‘ygo}.

Both A and B are convex. We claim AN B = (). Indeed, suppose

otherwise. This would imply the existence of (;) such that

x€ Sand 0>y > f(x)—f(X),

contradicting the optimality of X.

Prof. Dan A. Simovici (UMB) CONVEX FUNCTIONS 58 / 65



Proof (cont'd)

There exists a hyperplane that separates A and B, that is, there exists

<2> € R™1! and ¢ € R such that

< cforxeR" y > f(x)— f(X)
a(x—X)+by > cforxeS,y<O0.
Chosing x =X and y = 0 in the second inequality we have ¢ < 0.

Choosing x =X and y = € > 0 in the first inequality implies be < ¢ for
every positive €, so b<0and ¢ > 0. Thus, b <0 and ¢ =0.
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Proof (cont'd)

If b =0, then a’(x —X) < 0 for x € R". Choosing x =X + a yields
a'’a=0,soa=0. Since <2> # 0,41, this implies b < 0, so —b > 0.
Thus, by dividing the equations by 3 we get:

1

—Ea’(x—f) —y < O0forxeR"y>f(x)—f(X)

1
—Ea’(x—i)—y > cforxe S,y <O0.

Letting y = 0 in the second inequality we obtain
aj(x—%)=>0
for x € S, where a; = —+a. From the first inequality,

f(x) > f(X)+a1(x —X). Thus, a; is a subgradient of f with aj(x —X) > 0.

Prof. Dan A. Simovici (UMB) CONVEX FUNCTIONS 60 / 65



Corollary

Corollary

subgradient of f at X.

If S is open, then X is an optimal solution if and only if there exists a zero
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Proof

X is an optimal solution if and only if s'(x —X) > 0 for x € S, where s is a
subgradient of f at X. Since S is open, there exists A > 0 such that
x=X—As€S,s0—\|s|?=0, which implies s = 0.
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Corollary

Corollary
If f is differentiable, then X is optimal if and only if

(VFA)(X)(x—%) =0

for x € S. Moreover, if S is open, then x is optimal if and only if

(VF)(X) = 0.

Prof. Dan A. Simovici (UMB) CONVEX FUNCTIONS

63 / 65



Example

To minimize the function f introduced on slide 50,
f(x1,x2) = x¢ 4 6x1x2 + 25x3 + 8x; — 10xp + 20.
we need to require that

of
o\ 2x1 + 6x0 + 8 .
(VF)(x) = <B_f1> = (6X1 1 50x —10) =0

Oxo

1

which implies x; = —% and xp = .

Prof. Dan A. Simovici (UMB) CONVEX FUNCTIONS 64 / 65



Bibliography

Useful references for convex sets and convex functions are [2, 1] and [3].

= = = = E DaAr
Prof. Dan A. Simovici (UMB) CONVEX FUNCTIONS



D. P. Bertsekas.
Nonlinear Programming.
Athena Scientific, Belmont, MA, 1999.

S. Boyd and L. Vandenberghe.
Convex Optimization.
Cambridge, Cambridge, UK, 2004.

S. R. Lay.
Convex Sets and Their Applications.

Dover, Mineola, NY, 1982.

=} 5 = = £ DA

Prof. Dan A. Simovici (UMB) CONVEX FUNCTIONS



	Outline
	Convex Functions
	Gradients and Subgradients
	Optimization and Convex Functions

