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Theorem

Let f : R" — R be a function differentiable in X. If there exists d € R"
such that (V)(X)'d < 0, then there exists § > 0 such that

F(%+ M) < £(R)

for each \ € (0,9).

We say that d is a descent direction of f at X.
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Proof

By differentiablity, we have
f(x+ M) = f(X) + MVFA)(X)d+ X d | ax(\d),

where limy_,g ax(Ad) = 0.
This implies
f(X+ M) — f(X)
A

= (VAE)'d+ || d || ax(Ad).

Since (V£)(x)'d < 0 and limy_,g ax(Ad) = 0 it follows that there exists
d > 0 such that (Vf)(X)d+ || d || ax(Ad) < 0 for all A € (0,0). This gives
the result.

Prof. Dan A. Simovici (UMB) OPTIMIZATION - 0 4 /15



A first-order condition for minimum

Corollary

If X is a local minimum for the function f that is differentiable in X, then

(VF)(X) = 0.

Proof: Suppose that (Vf)(X) # 0. Define d = —(V£)(X), so

(VF)(X)'d < 0. By the previous theorem, there exists 6 > 0 such that
f(x+ Ad) < f(x) for A € (0,6), which contradicts the fact that X is a local
minimum.
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A second-order condition for minimum

Theorem

Let f : R" — N be a twice differentiable function. If X is a local minimum

for f, then (Vf)(X) = 0 and the Hessian matrix H(X) is positive
semidefinite.
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Proof

Since f is differentiable in X we have
1
f(X+ M) = £(X) + \(VF)(X)'d + §>\2d’H(i)d + 22 d ||? ax(\d),

where limy_,g ag(Ad) = 0. By the previous corollary,

f(x+ Md) — f(x 1
BEAD Z 160 _ 2wy | d 12 ax(rd),

Since X is a local minimum, ,

Fd'H(X)d+ || d ||> ag(Ad) > 0 for A small. Taking A — 0, it follows that
d'H(X)d > 0, so H(X) is positively semidefinite.

N
() g
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A Sufficient Condition for a Local Minimum

Theorem

If f is a function that is twice differentiable at X, (V)(X) = 0 and H(X) is
positive definite, then X is a local minimum.
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Proof

Since f is twice differentiable in X,
1
f(x) = f(X)+ (VX)) (x—X%)+ E(x—i)’H(i)(x—i)—i— | x =% ||? ax(x —X)
for x € S and limy_x ax(x —X) = 0.
Suppose X is not a local minimum, that is, there exists sequence x,, — X
such that f(xx) < f(X) for each x,. This implies that
(xk — X)HX)(xx —X)+ || x = X ||? ax(x —X) < 0

for each x.
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Proof (cont'd)

Let dy be the unit vector dy = m(xk —X). We have

1
Ed;(H(i)dk +ax(x —X) <0
Since (dg) is a bounded sequence it contains a convergent subsequence

(dy,) such that lim;_o dy. = d. This implies d’H(X)d < 0, which
contradicts the fact that H(X) is positive definite.
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Let f = (x? —1)3. We have
(VF)(x) = f'(x) = 6x(x* — 1)?

and H(x) = f”( ) = 6(x% — 1)2 +24x%(x% — 1) =

6(x? — 1)(x? — 1+ 4x?) = 6(x> — 1)(5x> — 1).

We have f'(x) =0 for x; =0, xo = 1 and x3 = —1. Furthermore,
f"(0) =6, f"(1) = f"(-1) = 0.

A local minimum exists at x = 0; —1 and 1 fail to be minima because
f”(x) = 0 in both cases.
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Feasible Directions

Definition

Let S CR” and let X € K(S). The vector d # 0 is a feasible direction in X
if there exists § > 0 such that x+Ad € S for 0 < A\ < 4.

Prof. Dan A. Simovici (UMB) OPTIMIZATION - 0 12 / 15



Let

D = {d | dis a feasible direction in X}
Fo = {d ] (Vf)(x)d<0}.

e if d € Fy, d is an improving direction: a small movement in the
direction of d away from X reduces the value of f;
o if X is a local minimum, d € Fy, then d & D.
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Theorem

DN Fy=0.

If f - S — R is differentiable at X and X is a local optimum, then
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Feasible Region

Let gi : R" — R, where 1 < i < m. The feasible region is the set
S={xeR"| gi(x) <O0for1<i<m}.
Optimization Problem:

minimize f(x);
subject to gi(x) <0 for 1 < i< m.
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