PETER ¥, ASH AND ETHAN I BOLEER

GEMERALIZED DIRICHLET TESSELLATIONS

ArstaacT, In this paper we study how {0 recognize when o dissection of the plane Bas been
construcied i one of several natural ways each of which models same phenomeni in the natueal
or soeial soiences, The prototypleal case i3 the searest-neighbor o Thirichle tesseliation

LOINTRODUCTION
Let B be a finite set of potnts i the plane. For each pair P8 of points in B lef
(L Heg=1X
and

(120 Kage Hpgoifige= XX — Pl X Q1)

Hpg is a hall plane; Koy is its boundary. Then, for cach PeP la

1.3 Hyw i/\i Hrg

PP
and
(1.4 B (R PeP).

We eall B == B} the Dirichler ressellotion of the plane buged on . Each region
;18 convexs and contalng s source P The union of the regions R s the whole
pane. We set

(1.5 Spg w Rpri Ryl

then Fppy o0 Kpg i3 an edge of each of By and Ky, a vertex of cach, or emply

These definivons extend with httle change to n-space or indeed to any metric
space. Sce, for example, (97 fov a discussion of Dirichlet tessellations on
Riermannian manifolds. Here we hmit ourselves (o the plane, and generalize in
other ways, We shall replace 1X — P by ${1X — 1) for vanious smooth
increasing functions ¢ R 8, and aliow the sources o be weighted by ¢
funciion wi Pos B, so that {11} and (1.2} become

(1.6} Hpp = {5 X ~ Pl w{PIss {00 — @ -+ wigh)]
and
(L7 Kopg = Hpp Hop = (XX — PU 4 wlFY s $UX — 01+ wi()]

Then we define Ry using £1.3), and call B = RIP) = R{P, &, ») o Dirichler -
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ation. The standard, rectilinear case corresponds to setting ¢ —7 and w
a constant fanction.

Scetions 2. 3. and 4 discuss tessellalions corresponding te particular choiges
for the function ¢, introducing techniques of general use as they are
encountered. In Scetien 5 we study how properties of ¢ influence the shapes
of the regions.

When we regard the points P as polling places, and election law requires
that cach person vote at the polling place nearest his or her home; the map of
election districts 15 the Dirichlet tessellation RPL In {1] we selved the
recognition problem: when is a given dissection (of the plane) a Dirichlet
tesseilation for some sct of sources? That selves the gerrymander problem: if
the legislature draws the district lines first, we can tell them whether there s
a set of polling places which satisties election law, and. i so. how to find it

To gencralize we need some definition, and a few of the results from [1].
which we state here for compleloness.

Let © be a set of plane curves  usually the fevel curves of the functions

(L8 X=X Pl X—0)

for all pairs P, Q of points in the plane. A set R of sets which covers the plangis a
C-dissection when for R # =R, RA 8 is a subsct of enc of the curves in €.
When the curves 1o C are given by (1.8) we may refer to R as a ¢-dissection.

Now we can stale the general recognition problem. Given a g-dissection R
we seek necessary and sufficient conditions for the existence of a set P of
sources and a weight function w such that R is described by Equations (1.6).
{1.3). and (1.4}, We shail see examples in which € consists of clireles ar of
hyperbolas,

[n any C-dissection a point which belongs to three or more regions is a
vertex of the dissection and of each of the regions to which # belongs. The
number of such regions is the ralence of the vertex. Three-valent vertices arc
typical: if the points of P are chosen at random then with probability [ ail
verlices of the resulting Dirichlet ¢-tessellation are 3-valent. That was proved
for ordinary Dirichlet tessellations in | 1] and will be proved for ¢i-tessellations
in Section 5. When all vertices of a dissection are 3-valent we call the dissection
itsell 3-valent.

Recall that a regular closed set m a topological space is a set which 15 the

closure of its interior. A C-dissection is proper when cach region is regular
closed and at each vertex the angles formed by the tangent rays to the
boundary curves from € which meet there are all less than =

Propriety is a strong local convexity assertion. For rectilinear dissections
itimplies the covexity of cach of the regions. Qrdinary Dirichlet tessellutions
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Fig. L Cunval rays at @ vertex of @ plane mstilineas lessollation,

with Zevalent wertices are proper. In Section § we shall show that 4
tessellalions are almost always proper.

in b we solved the recognition problon for ordinary Dinchist tessellations
using the following construction, which we give here because it will prove
useful for some generalized Tesseliations as well. Let B, 8, and 7 b the regions
which meet at g 3valent veriex ¥ of the proper rectilinear disseciion ¥, Let £
be the extension of &, through ¥ Lo enters the interior of B since B s proper.
Then let A%, VY the cenral ray from Vointe £ be the reflection of £ in the
bisector of the angle formed by dge and Cpe. Figure | Hlustrates these
definitions.

The following lemma gives a wseful equivalent deseription of the central rays.
Wo ol 1ts gasy proof.

LEMMA 1 Cpomakes cqual angles with 2E, Viead 45, F) Conversely, il three
rays leave ¥ oso thot the angles they fors e bisected by the boundur v arves tun
meet i ¥ then those vays are the cearval rays.

Lemma 1 oaphes that whes B s a Dinchlet wssellation, for cach vertes ¥ of
each region Ke we have PeAdRFL Gne of the maln theorems of [17 s the
CONVErse:

THEOQREM 2 Let B he o proper Jevalens rectilinear dissection of the plane.
Then ¥ is a Pirichiet tessellation [f and only if for vach region R the vays AR, ¥V}

fave @ point tn common. [ there s exacily one such point i s the source
in A
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2 HYPERBOLIO TESSELLATIONS

fmagine a factory located at each souree P supposs each factory sells the same
commedity at unit price wiF). Suppose that the cost of transporting one unit of
the comumodity to X from P is 14 - PJ Then define I, a5 the region inwhich
it is cheaper (o order from P than from (0

Q0 Hppw (XX - Pl wlPYS1X ~ 01+ wi)).
This s just (L6} with e} =1,

I we pewrite the equation for the locus Kpg as

23 0K e O X e Pl P o U0

£
we ean seg that the shape of Ky depends on the relationship between
wiFh - w{@) and [P 3

LEMMA 3 (DN P) @) = 1P - G then Ky and Hypgy are gmpty while Hy,
is the whole plane: is is whways cheaper to order from £,

23 I BY iy e 1P (P then Kl is the ray on line PG leiving P in the
dirgetion away Jrom @,

€8 IS0 <ol Py w{Q) 1P - @ then Ky is one branch of a hypesbola with
Joci B oand §, and Hpp, is convex.,

{4y If wiPyo ()= O then K pg is the perpendicudar bisector of segment e,

(5} I w{ Py wigd) < 0 the gbove analysis holds with P and @ interchanged.

Froof. Straightforward. .

In light of (3} above we fet € be the set of branches of hyperbolas inchuding
straight Hines as speclal coses) and speak of hyperbolle dissections and
tesseltations. Note that in case (2) #, has empty interior and cannol sccur as
part of a proper tessellation. Figunr 2 shows an example of & byperbolic
Dirichiet tessellation. Observe that when wiP) < wi(3 the region H P 16 DOL
segment KPPl #g- The proofis an easy excrcise in the geometry of hyperbolas.
Since the interscction of regions starshaped with respect to 4 given point is
starshaped with respect to that point, R, is starshaped with respect to F and
hence connected. When P {5 the source with maximum weight, B, s conves.
Wz shalt prove below thal byperbolic Dirichlet tessellations with 3ovalent
vertices are always proper,

Mext we sesk o solve the recognition problem, Given a proper hyperbolic
dissection B, when can we find a se1 ¥ of sources and 2 funclion w such that
B BOP, w)? The erucial observation is thatin a hyperbolic Dirichlet tessella-
tion the hyperbolic ares which bound any given region have 2 commen locus
which i3 the source in that region,
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.
Wiithad wiflia?

-
wii 1

A heperbedic Divichles wessellation with four sourues

Since e fool of 2 hyperbola are determined by any sspment of that
hyperbola, & necessary condition that B be a Birichiet tessellation s that the
hiyperbolic arcs bounding cach region have a common focus in that region

That condition will in fuct suffice if we deline the fo! properly for bounding
ares which happen to be line segments. Gur guide to the proper definition is
staterent (4) i Lemma 3 Wheo S s g nesegment then any pair P, € of points
for which & hes on the perpendicudar bisector of PQ i a paiv of foct for &

THEGREM A Lot B be o praper hyperbolic dissection of the plane inte
connecied regions. Suppose theve is or least ong bowndary are which s nor «
steaight lime, Then B s a Dirichler tessellation i and only if the byperbolic ares
bounding each region have @ commaon focus 0 that region, and, in addition, when
e boundary between Dwo reglons i part of @ line L the focd derermined {n those
peerdoits form o palr of foud for L.

Froof We bave already observed that the condilion 1 satisfied for
hyperbolic Dinchlet tessellations. To prove the converse we must find sources

which s ot a straight line, the potentiad sources in ihe regions that the are
separates are determned. Then the hypotheses imply that by reflecting those
sosrees over the other boundaries we can determine 1 potentisl souroes in
ach region. To find the weights, bepin by observing that when ¥ e R, YeR,
and K, amd Ky are neighbors we know

(2.3 Ko Pl X e 1Y

e

with eguallty just when X and ¥ are 1 Opg. We complete the proof by
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mveking the folowlag theorem, which we will fingd useful in solving other
recagnition problems later. i

Recall that £ and B are aeighbors when BB s one-dimensional,

THEOREM 5 Lot B be o d-dissection with connected, regular closed regions
wnd B a ser of polnts in one-lo-one correspondence with the regions of B, Then
there s a weight function we PR such that B = REIP. b, w) i and only if for each
pair Ry, Ry of nefghboring regions the function

A Al = GO — PO g - G
safigfias

{2.5} Bpgl XY 5 Ay T
whenener X e Rp and YRy,
with

{2.6) Aot K)o Aol ¥

Just when X, Yedy,.

Proof. Suppose B = RBIP, wh. Conditions (1.3} and (L8, which defipe the
regions in & ¢-dissection, imply (2.6}, so the condition is necessary.

To prove it suffices we mast construct the weight function w. Consider the
abstract graph & whose vertices are the repions of R, with two verlices se
adjacent just whes the corresponding reglons are neighbors. That graph is the
dual of the dissection B. When Ry and R, are neighbors (2.6} implies Agg 1
constant on the boundary Dy Hence we can consider Apg a5 a realvalued
function detined on the oriented edges of ¢

Since the vertives of & are in one-to-one correspondence with the poteatial
sources B owa can think of & as o graph on the vertex set P,

We seek g weight function w defined on the vertioes of € such thas

2.0 Apg = W) wif)

whenever P oand @ oare adicent in G Eguation (2.7 asks that A be &
coboundary: to prove that, it suffices (o prove that 4 15 a coeyle, since the -
echomology of any praph is trivial

Recabl that the abstract graph O ds infact represented in the plane as the dunl
of the original tessellation R (aktbough the vertices of § in that representation
may not be the hypothetical sources P In that planas represeniation we can
single ont a4 special set of cocyles - those corresponding to trips around the
vertives of the original tessellation. Those cocyeles generate the covvle space
of &1t fotkows trivially from {241 that at the vertex ¥V owhere 8,0,
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mest,
{2.8) Bpyp e B gy =
Thus the b-cochain A i 2 coovle, and hence & coboundary. Thus we have
found the weight function w. We need only show that R = B{F, ¢, w).
fnequality (2.5) and Equation {2.6} imply that in B, R, 15 given by
{29} Rpoe= i Hpg

Panreighbored

while in R(P, ¢, w) the corresponding region R} is defined by
210) o= [ Hpq
e

Clearly By o Ry we rust show the two infersections are equal. Suppose X lsin
the interior of Re. If X¢R, then for some @, XeRpa R, Then X i on the
boundary arc &y of Ry s contradiction. Thus R) lves between Ry and it
iteriorn. Since Hp is repular closed it s the closure of its interior, Since R s
clesed as well, it must equal B, 173

blent we discuss briefly how we might go about determining whether a
hyperbolic dissection satisfies the hypothesis of Theorem 4. The central rays
which were so useful for rectiinesr tessellations play 2 role bore too, At cach
vertex ¥ owe define them as in Section 1, using the tangents to the boundary
ares meeting af ¥ to delermine the necessary angles.

LEMMA 6, Let Vbe a 3-valent vertex of the hyperbolic Bririchier ressellation R,
Theen the central vays ar V pass through the foct of the three hyperbolas which
mgel gt V.

Proof. The line segments joining a point on 2 hyperbola to the foor of that
hyperboela make coual angles with the tangent af the point. {That fact bs the
analogue for hyperbolas of the wellknown optical property of the ellipse
which says that rays from one focus ave reflected Lo the other.) The lemma then
foltows from Lemma §. [

COROLLARY 7. 4 necessary condition thar @ proper hyperboliv dissection of
the plane he o Divichhet tessellation is that for each region R the ventral rays
MR, Vyhave o polnt in common. [f there is exactly one such point # is the sowrce
Sor the region,

Unfortunately, the necessary condition given in Corollary 7 doos not suffice.
Figure 3 shows a hyperbolic Divichlet tesseliation with three sources and
henot one vertex ¥ The boundaries of is regions are the hyperbolic ares ¥4,
V8 and VO H VE is a hyperbolic are obtained by rotating VO slightly sbow
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Fig. 3. A Dovalent vertex of o hyperbolic dissection which cannot be o Drichiel tomsellatinn.

¥V then the central rays in each region of this perturbed dissection have 2 point
i commen {stnce there s but one ray in esch reglony but the conditions of
Theorem 4 are not satisfied. We do pot have a hyperbolic Dirichler
tesseliation,

3 SECTIONAL DIRICHLET TESSELLATIONS

We temporanily abandon our commitment to the plane and consider a finite
set B oof points in space. Let B be the comesponding three-dimensional
Dirichlet tessellation. Now et B be the intersection of B with a plane =, we call
#H oa sectional Dirichlet tessellation. Such fessellations ccour n work of
Aurenhammer {3, [4], tmai, eral. [12], and Sibson {15), who called them
peneratized Dirichlet tesseilations, Since we gencralize Dirichiet tessefiations
wmany ways we prefer the more desoriptive name.

it is clear that the regions of R are {posibly unbounded) convex poelygons.
To fit the sectional tessellations into the framework we established in Section §
we must discover ¢ and find sources and weights. For each Fe ¥ whose region
i B meets 7 1ot P be the orthogenal projection of Fon mand ket MPY s | F — Pl
Then Xen is nearer 1o F than to § f and only

ERY PX - PP MPY X - 0 + MOV

Thus sectional iessellations are generalized tessellations with (1) =% and
w{P) = h{FY. One of their properties seems somewhat odd: P peed not helong
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B

i

Hig " Fops

Fig. 4. A secnonal Divichler tessellation jn which P4,

s Rp. Suppose, for example, that = 0,0, 3 and = (10,00 while u i1
plane z = 0. Then £ (0,00, @ = (1,0) and Hyy, i defined by

focopr xh 4+ 9 i - 1)
or
(o yk s — 4]

Thus P and ¢ both belong o H s (see Figure 4).

This would seem 1o make sectional tessellations somewhat less than use
for modeifing economic and political phenomena. However, some models
crystal growth lead to the development of threo-dimensional Dirich
tesseltations: il may be necessary 1o know when a given plane dissection |
seetion of such a crystal. Moreover, Sibson [15] succeeded in proving
whentity for Divichlet ressellations by proving it for sectional tessehatio
Finally, the recognition problem for sectional tessellations s interesting for
own sake,

We begin our attack on the secttonal Birichlet tessellation recopniti
problem by looking for properties that such a tessellation must have; we th
prove that any dissection enjoying those propertios must be 3 section o
three-dimensionat E¥richier tesaeitation, The key observation, from which
else will follow, is that the set of sources for a sectional Dirichlet tesseliati
{forms a reciprocal figure for the tessellation.

Let P be a set of points in ong-to-one correspondence with the reglons ¢
rectifinear plane tessetiation K, and let K be the set of pairs {38, Tiwhere 5, 7"
and Sand T represent neighboring regions Ry and Ry Then the graph (P E
a reciprocal figure for the tesseliation when for each edge (3, TeE the lin
through 5 and F is perpendicaiar (o the line A containing the bound:
between Ry and Ry, and, moreover, otientation s respectad, in the follow
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senser if you follow the ray from § through T o mfinity you will end up on the
side of M which contains R,.

The existence of @ reciprocal figure has Implications in statics - it s
equvalent 1o the asseriion thaf the edges of the original tesseliation can
support a nonzero siress. The requirement that the reciprocal figure respects
ovientations imphies that all the signs of that stress are the same, so that the
edges of the onginal tessellation are the squilibrivm position of & spider
web. The study of reciprocal figures has 2 long history, stretohing from
Baxwell {137, {14] 1o the conteraporary work of Crapo [87 and Whitcley
{187, We are concerned here only with it8 connection 10 our work on Dirichle
tesseflations.

We observed in [1] that ordinary Dirichlet tesseliations had reciprocal
figures but the not all dissections with reciprocal ligures were Dirichler, The
following theorem, the goal of the section, explains why.

THEGREM 8, A dissection B of the plane into findtely many convex polygons is
a sectional Birichler tessellation if and only if 1 has a veciprocal figure.
M oreouar, the vertives of any reciprocal figure may be taken 1o by the sources,
suitable weights con then be found,

Observe that we have omitted the common requirgment that the vertices of
R be Jovalent. But note that the requirement that reciprocal figures respect
orientations dovs guaraniee that, whatever the valence of a vertex, the edges
meeting there do so st angles less than

To prove the theorem we noed some defirtions and some lemmay, When
Pen we say that £ is over P when line PF is perpendioniar to n For any
points 4 5 8 in space we write AR for the plane which is the perpendicular
bisector of segment AB Our first lemma establishes Theorsm 8 when the
digsection consisis of fwo regions separated by a single lae.
LEMMAS®, Suppose L is g line in 1 perpendicular to fine FQ. Then theve exist
paints Fooper P and (§ over § sueh tha

(3.2 Birn= L.

Moreover, P may be choses arbiirarily on the ling of points over F as long as
APY == B - P s large enough. Moreover, 3 W) - o0 s does WED

Proof. Bince for any chelees of P and §, PO% mr is a line porpendicular to
P it sudfices to show that an arbitrary point X on PO can be made to He on
PO that s, that P and & can be found so that

B3 X~ OF X PP = WPY - QY

Since MPY — ROV takes on all values < WAY as MO varies, if WP is larse
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Fig, 5. A reciprocat figure which fails to respect odentations,

cnough then a § can be found so thar (3.3} iz sutished. The second assertion
foliows trivially from (3.3} I

Mow we know the theorem is true for o tessellation with Just two regions. We
establish It next for & proper tesscltation with ong vertex from which three
rays ernanate. To see that such a lessellarion alwayy has many veciprocal
figures choose any Hoes porpendicular fo the three ravs and uwse thelr
interseetions as sources. Observe that we have used the restriction on the
angles implied by the propriety of the tessellation. For an mmproper
tessellation, whose reglons are not all conves, this construction produces a
reciprocal figure which does not respect origptations, Figure § shows an
example.

LEMMA I Let R be g proper rectifinear tessellation, in plane . with ane
vertex V oand thres regions, Lar P, (8 be the vertives of wreciprocal figure for B
Then there exist points B, (3, and §over PG, and § such that B s the interseciion
of B(F, 0.5 with =

Proof. Use the preceding lemma 1o choose #and & Then, with Pso chosen,

wie the lommae again 1o find ¥ so that FEY containg the boundary
show that that choice of 8 is consistent with the kaown value of ¢ That is, we
must show planes 5 and = intersect in the line containing g,

Bince we staried with a reciprocat figure, 08 s perpendicular 1o 8y Henee
G5 iy g Hne paratiel 1o A

The planes which are the perpendicular bisectors of the sides of (riangle
FOS meet in the lne through the areumcendtsr of that triangle porpendicular
to it5 plang. That line meets w a1 ¥, so G875, which we have shown is paraliel to
flgg, TRUSE contain V. Hence it is the Hee in w containing gy

Wi must

Mow we are ready to prove Theorere § for proper tessellations all of whose
vertioos are Sovalent. Choose any vertex Py of the given reciprocal Bgure and
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graph ¢ dual o R introduced in Theorem 5 and wander over it, stariing from
Py When you reach a source @ for the frst time choose g poin J over it so that
the boundary deg you have just crossed Hes on the appropriate perpendicuiar
bisector, 50 that for ¥eR, and Yely

BA) K PP (X QF S hQP ~ WPY
Y= PP-1Y QP

withequalily fust on the boundary, (Note that since P noed not be 2 member of
Ry you may have ‘crossed’ a boundary of B only i a combinatorial SeMEE.)
Lemma 9 guarantees that you can de that, provided that you ars willing from
time Lo time o aller your original chodos of F 5o a3 to increase AP and the
heights of ali the points chosen so far. In that way choose a point & over pvery
vertex § of the reciprocal figure.

Lemma 10 says that the heights M) will be consistent when you reach a
source you have airgady visited by crossing another of the edges of its
associated region,

Inequalities (3.4 now show that Theorem 5 fnishes the proof for proper
tessellations. To prove it for more genersd tesseilations, with some vertices of
high valence, we exploit & suggestion of Walter Whiteley which allows us 1o

&

4

Fig. 6. Hlustrating the proof of Lemma £,
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replace an s-valent vertex by s 3ovalent ones. Figure & illustrates the following
lemma and accompanying construction,

LEMMA L Let ¥ be an nesalent certex of « tessellation B of the plane g
convex polygons; let G be g reciprocal figure for B. Then G containg an s-gos
Py Py whiase edges BLP ., are perpendicalar 10 the edges & of B which mse!
at V. Choose a point P interior to that negon and add that point as ¢ new vertex in
the reciprocal figrere € by joining it te each of the vertices P, T see thar change
veflected in B choose g potne V) on &) swar V. Draw a ray from V) towards ¢, in
the direction perpendicular to PP, et Vy be the poing ot which that ray meets &5,
Continue thus around V. Then the lemma asseris that polpgon ¥V, ¥, owill
close. That is, the ray leaving V, perpendicular ro PP meers &y at V.

Froof. The following analytic argument was supphed (on 24 hours' notive)
by Walter Whiteley, The cross-products it uses are motivated by the fuct from
mechanics that the existence of reciprocal figures corresponds 1o the existence
of forees in equilibrium. Choose any origin in the plane, so that we can identify
points with vectors. For each vector X Jut X7 be the rotation of X through an
angle of n/2. it follows that X% = — X and that segments 48 and XY are
perpendicular just when (¥~ X9 = ol B - A} for some scalar o

The choices made in the construction in this lemma then assert the existence
of svalurs &, #; such that

(35} Vi— ¥V mafPy,, - )
fori=1 . ,néetting P, =Fand
{38 Vi, — V=P - P
forim i,...,5— 1. What we must prove i that ¥, ¥, is perpendicular to PF,.
We star by observing thatfor f=1, 51
A7 AP - Plm i, - W)
= Fuy = VP = (Ve VPP
oty (P g B d o ad Py —~ P
Then taking the cross-product of each member of (37 with P, P and
using the fact that for any three points 4, 8, <
He {A— By Ad - Cy= (A - By = (B ()

we deduce

3% Oma, Py Frod X AP~ Pl adPy ~ PociPy - 8
oty Py P )0 AP e By Py o PP B3
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Figally, sum 3% fori= L..n | and use (1.8} again o conchade that
B0 DBy P (P, P ayiPy = P < (P 1)
= G F e PO s e Py (P B P Y
= (2o s = P =2y (Py = P (B, = )
= Lo (W ) (V) W (P P
e { V) - VI (P, - P

Buz that final wero cross-product lmpiies (1, — ¥,)* is 2 scalar mubtiple of
Py Fowhich s just what we needed 1o know. I

i

Now to finish the prool of Theorem 8, carry out the constraction in Lemng 11
at each vertex of R of valence greater than 3. The resulting proper tessellation
B has for a reciprocal figure the original graph & 1o which some vertices have
been added. The version of Theorem § proved so far shows that B is 2 section
of u three-dimensionsd Dirdehlet tessellation B Finally, let # be the theve-
dimensional Dirvichiet tesseBation determined by those sources for 8 which lie
aver the original vertices of the reciprocal figure 6. Then B is the intorsection
of B with the plane n. i1

4, CIRCULAR TESSELLATIONS

Buppose the sources represent restwurants, and that & customer chaosing
between two is willing 1o travel k times as far to visit the one which is & times as
desirable. Then the region Mo within which customers will choose £ over 4
{or will be indifferent) s given by
| Z I
@0 e ;;.;.)(X;j.:X.. Fl X {}E}
{ o)

where o{ P> 4 s the attractiveness of the restausant at £

The definition in (4.1} fits the pattern of (1.8) ¥ we take the logarithan of sach
member of the inequality and set ¢y logli) and w(P)es —logo(F) But the
geometry in this section will be sasier to see if we keep the alpebra free of
ogarithms. Thus we shall refer (o of#) a5 the weight of P

As usual, we sef

4.0 Hp= (7Y Hag.
2re

H we define a circuler tessellation or dissection as one in swhick the Boundaries
of the reglons are ciroular ares (allowing line sepments and rays as special
cases) then R{P,ol={R,) iv s circular Dirchler tessellation, because
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- o
e e 20

Fig. 7. A cirenfar Prrichlet tesseliation with three sourees

the boundary Kpg of Hpag is circle, kaown as the circle of Apolfonius of ratio

For the facts which follow about circles of ApoHonius see {7, Chap. 61 The
center of K, les on the lne through Fand 9. When p(F, 0 < 1, P s interior
10 Kpp, but s not #s center £ In fact, £ is in the interior of segiment 047 {see
Figure 7).

When (P, 0= 1, Ky 15 o degenerate circle: the perpendicular bisector of
segment PO Thos when o i o constant fenction the cireslar Dirichiet
wsseliation based on (Po) s simply the Dirichlet tessellation based on P

The regions of 2 circular Dirkchler teasellation need not be conver, or simply
connected, or even connected. Indeed, in the simple case with two sources of
different weights the region containing the source of greater weight is the
exterior of the Apollopian civdde and henoe s neither gonvex nor smply
connecied. However, 1he region corresponding 1o the source of smatlest weight
is an intersection of disks, hence convex.

To ser a disconmected region look ar Figure § in which P oonsists of five
points: the origin and the intersections of the coordinate axes with the unit
cirele. Let the weight be L1 at the origin O and 1 at the olher lour points. Then it
iy easy to ses that the region B, containing the onigin contiing a neighborhosd
of the origin and, because O Bas the largest weight, & neighborhood of infinity,
Heowever, §X Is any point on the undl oirele, Hs distance from one of the four
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sources other than O is no grester than

Therefore the unit ciree docs st meet R, which is thus disconnected.

Later we shall base more compticated exarmples on thiz one, 5o we examine it
4 kittle more closely now. I is one of the four sources on the unit cirele ihea
Kgeisan Apollonian eircle of ratier 1/1.1, 50 ( is inside and € cutside Ko The
center of Ko, is on the axis containing £, further from the origin than (s e
and {7 are nelghboring sources on the unit circle then F g 15 the per-
pendicutar bissctor of 00 and henee one of the Hines y= + v

The tool we use to study circalar tessellations is inversion. T & i 2 circle with
center € and radius r define the nversion map™® by setting P equal to the poin
on the ray from C through £ such that

[ P¥ e CH P Cle= P,
Brversion is an anticonformal invelutory map when we compactiy the plane
with 2 point o and st C* = o, T see that, use complex arithmeticin place of
geometry t define inversion: choose a complex covrdinate system for which K
i the wail cirele. Then P*= [JP. Adding the point at infinity to the plane

Fig 8. A clrenlar Dirlelter iesselation io whicl one region is disconnected,
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means working on the Riemann sphere, Mot that this restores the simple
connactivity of the exterior of a circle, though not the connectivity of the
discomnected region in the preceding axample.

THEOREM 12, When we fnvert in the crele Kpy, PP s Q.

Proof. Bee [T, o 891 [
The next theoremy shows that Apolionian circles and circular Dirichlet
tesseilations are proserved by avbitrary mversions,

THEGREM 12 Lot B be rhe cirodar Birichlel tessellation bused on {(Poa).
Fapert ina clrcle K owith center O and radivs r. Then the Inage R is a Dirichler
tessellation based on (P* o™, where the new weight o are given by

s

Tt

Prool Lot X be a point different from O and 2 souroe PeP. Simge the
CXE and OP*X* are similar {7, p. 92, Exer. 1] and since [ 7% -
= p* we have

rizngh
P

ar

X~ PL_IPP - XF1P -

(P} o I

(4.4}

Similarly, if X 20

S UL AL

4.8 e e Tl
4 ({3}

Thus
X P K e

a"{a”} < (T{Q}
Just when
FA e P X Qsﬁg
PO PLE - L P al W0 - O

97

- 07|

[X% - pHl

P GO
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Remark 1 18 C, the center of igversion, happens to le on Kopy

AP oW

Pl o
st Kpge 5 the perpendicular bisector of P¥O*

Remark 2. 1f the centor of inversion happens to be one of the sources, the
that source nverts to o eP* With the conventions that a¥{o) s oo and tha
A e oolfon = 1 for X g oo wo ser that K., 15 & circle contered at % wig
rachius o *LP%) When the resulbts which follow ave properly interproted ther &
no need to exclude o0 a5 2 sowrce,

Remark 3. We should not exclude o 28 2 vertex, zither. Bounding are
which hapen to be rays meet thers. Thus when we consider rectilivies
tesseliations as special eases of elroular tesseHations very few will be 3-valent
Fortunately the srgument in Theorem 17 below, which sobves the recogaitios
problem for cirenlar dissections, sliows a single vertex with valence growle
than 3. In the example Hustrated in Figore 8 the verter at oo s dovalent. Note
however, that a small perturbation of the weights in that example yields one
with a disconpected region but no 4-valent vertex,

TP

= o H*)

Cur obdect i3 to carry through s muoch as possible of the analysis of the
rectifinear case in { 1] In particular, we shall solve the recognition problem, s
that we can decide when a circular disseetion B s the Dirichlet tessellation
based on some (P o) aad the extent 1o which B determines P oand o

The bollowing definition and lemma, which we use here for circular Dirichie
fessellations, make sense for d-tessellations, so we give their move gencra
forms.

Lt ¥ be mverter of the d-tessellation B, and fone of the boundary arcs tha:
meet at ¥ Then & is part of one of the curves given by Bquation (1.8) I we
parametvize that corve {using arclength as parameter) so that J40) = ¥ we cal
the image of £ the extension of V. Suppose £, and f, extend the boundary ares
&y and £, that meet at ¥ for some 5, 560 we have {5} = /{0 s ¥ we ity
that &) and & meet at W when extended. W overy other boundary areat ¥ alee
passes through ¥ owhen extended we say W is a phomiom eertex of V.

LEMMA 1 (The Phantom Yertex Lemmp, or “When shall we three meet
again?} Let ¥ b a Bevalent veriex of the Divichlet gressellarion B, £ two of the

three bownding arcs which meet at ¥ mect again when extended then that

{nigrsection iy ¢ phanrom pertex of V.
Progf. Three regions By, Ry, Ky meet at ¥ The extension of a typieal
boundary curve there, dp,, is defined implicitly by the equation

GUX — PO b (P X o Q1) 4w
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sragy partcular X the ruth of two such equations, say for pairs £, ¢ and ¢,
forces the truth of the third, involving F and 5 ]

w Phantom Yertex Lemma provides both a substantial necessary condition
al & cireular disscefion be a Dirichlet tesscliation and a tool for recovering
= sources and weights when it s, Suppose Vis a vertex of a proper 3-valent
cular disseetion, Then any two of the circles meeting al ¥ oo in fact mest
win, atu point 7 at which ali three circles containing the boundary ares at ¥
set, That is, each vertex of & circular Dirichlet tessellatton has & unigue
antem verlex, The phantom vertex snay or may sot be part of the boundary
the dissection.

in Figure 7, ¥V and ¥ are cach vertices of the dissection. In Figure 90} the
wantom vertex ¥ s not part of the boundary of the dissection. Figure %)
ows 2 part of a cireular dissection with 5 Jovalent vertex which has ao
wantom veriex thus this Hpure canno? be part of & Dirichiet tessellation,

swark 1. We shall write TYF, 83 for the pencil of circles through ¥ and ¥ oand
SV F) for the pencil of circles orthogonal 1o the circles T{¥, .

Remark 1. A rectilinesr Dirichlet tossellation may be viewed as a clrowdar
ssetlation in which all weights are equal. Then when we pass to the Rlemann
Diere for euch vertex ¥ the phantom vertex ¥ is oo Conversely, if for all the
riiges Vi a cireular tessellation ¥ exists and is a peint ¢ independent of ¥
en dnversion in a cirele centered at C produces a rectiinear Dirichlet
ssellation,

Remark 3.4 the three boundary arcs meeting at ¥ are tungent there then
¥ (see Figore 10}

Tn that case (Y, ©) consists of all civgles through ¥ tangent Lo the commaon
agent. The tungency exprosses the fact thal even when ¥ and ¥ are identical,

by

Fig 8 fal A phantom veriex. (b A verfex with ne phantom vertes,
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Fig. 100 A vertex a1 which boundary ares are tanpeni.

the direetion ¥ Vis known. A vertex for which ¥ = P oocurs when the sotrces
in three neighboring regions he on a line through ¥ and have a weights equal
to a constant mubtiple of their distances from V. Indeed, if K pys K gy and, hence,
Kpg are mutually tangent a1 V then their centers must bz on the perpendicular
to the tangent at ¥ Heace P, 2, and § must le on tha! Hne tos, Then, sinee the
three circles pass through ¥,

g (Vs
o) T eB T s
Such a tessellation I8 not proper.

SJuppose we invert that configuration in a cirele centered at ¥, Then the
mutually tangent circles become mutually paradie! lines, and the Irrages of the
sources lie on & line in the perpeadicular pencil of lines. Fhus the anomalous
tessellations into parafiel strips, which are essentially one-dimensional and
which needed special treatment in [17], are here seen (o be spreial cases of
chreutar PHrichlet tessellations,

Mozt we use inversion 1w prove a lemima about orthogonal peneis, and then

proceed to identify the Dirichlet tossellations among the proper circulsr

dissections.

LEMMA [5 TV, Freonsiste of all circles of Apolloning Jor the points ¥ and ¥,
Froal. Let * denote inversion in u cirdle contered at ¥ Under *, 71V 8
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becomes the pencil of all straight lings through ¥* and T4V, P} the pencit of
circles with eenter ¥ Thus FHF FY is the family of all circles of Apolionius
for the points V* and 0. The kemma follows when we invert back. [

Mow suppose that s oo s a vertex of 2 proper cireuler dissection B and that
¥ has 4 phantom vertex ¥ As in the hyperbolic case, use the tangents at ¥ to
the boundary arcs to define central rays AR, ¥ But now et ALRY) be the
circle through ¥ and ¥ which s tangent o the central ray AR, V) at V.

THEOREM 16, I/ V is a J-valenr verrex of the cireular Dirichler ressellation
RIP, o) then the sources in the regions around V e on a cirele in the orthogonal
penct] THV, ¥ The angle formed ar V by the tangenis 1o the boundory ares ore
each less than w. Finally, the soaree P lies on the cirele AR, Vo where By s the
region contatning £

Proof. Lenmma 14 guarantees the existence of the phantom vertex F tnvers
in a circle centered there. The three arcs mesting &t ¥ bevome ares through
P o and thus are rays m the resuiting Dirchlel tessellation B* Binee
rectilinesr tesseHations are proper these rays meet at angles less than o In B
the scurces in the regions adiscent Lo ¥* are equally weighted, gad lic on a
cirele centered at V¥ (orthogonal to the ravs from V¥ Moreover, the circles
AR VY become the central rays in BY Theovem 2 shows these contabn the
sources £, The theorem follows when we invert back, b

THEOREM 17, Lot R be a proper civeslay wssellation each of whase regions iy
connected and ewch of whose vertices {s 3-valent and has a phantow vertex. Then
R is a Pririchler dissection if for each region R the cireles MRV} have a unigue
point in B in common. Those points mussi be the sources, the weighls, too, are
wniguely determined.

Proof. We shall use Theorens 5. Owr hypothesis provides us with a potential
source Foin sach region B R, of B To prove that these will do as actual
sources we must show that whenever R and K are nelghboring regions, with
potential sources Pand P we have

(4.6} logli X « P loghlX — Fiillogliy — P} log(i¥ - P}

for X e & and Ye R Thatisequivalent to the assertion that AR, B s part of an
Apollontan cirde for the pair PP

Suppose &R, B joins vertices ¥ and W We may assume VW 56 o0 without
loss of penerality. Then the pelential source PeR lies on ALK VY and on
ALR, WY the analogous assertion for el is also true,

Let K be the circle of which @R, RV is part, Observe that ¥, P W and Woare
aHen K. Theciroles ALK, Frand AR V) both pass through ¥ and ¥ andd loave
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Fig. §8. Hlosteating the proof of Theorem 17

sach of those points at equal angles on opposite sides of K. The sume assertion
is true when W replaces V. (See Figurve 11}

Now invert in a circle centered at ¥, In the new dissection B*, 8(R*, R is part
of a strefght line L containing 7%, W%, and %% Because inversion is
anticonformal, AR™, V') and AR, ¥*} are straight lines which make aoual
angles with L at ¥ Simitarky, ALR™ W) is the reflection in £, of A(R®, W)
(Sew Pigure 12)

KA

wn
L MR

LapiR R

KA(R’fw"]

g, 12, Hlustrating the proof of Theorem 17, after inversicn.
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Fig. 13 A cireular Pirichlet tessellation with no source at infinity in which ooe region is
disconneted and sources are nol unigue

Since

Pre (R V¥ AMRP W)
and

PrREAR™ T AR, W)

the symmetry about L rells us that L is the perpendicular bisector of segment
Prp Thas Lo the Apollonian circle for those points with ratio 1. But in
Theorem 13 we showed that inversion preserves Apollonkan circles, so K i3
inded one for # and P 1

ol
Remark }. We require connected regions in Theorem 17 becawse, surpris.
ingly, the sources in a Dirtchlet tessellation need not be unigue. The one
pletured in Figure 8 provides an example. A second set of sources vielding the
same regions i Fe={oo, P, where P] is the center of the circle which forms
part of theboundary of B, i = £, 2. 3, 4. To obtain anexample without a source
at oo we may invert this example in any cirche whose center is not one of the 10
possible sources. (See Figure 13)
Remark 2. The nonuniqueness exhibited in Remark | s atypical. There can
be two prospective sources for a region B only when all the clrclos AR, VL,V a
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vortex of Ryhappen to belong to a single pencil VP, P Then Pand I arceach
candidates for the source in B, Vhus 2t s the high degree of symmetry in Figure
B which alfows the sonurigueness. Although the symmetry may be hidden by
an inversion, we suspect that something ke it must ocour o causg
nonunigueness. Moroover, we do not know of 2 proper chrovlar PHrichlet
sessellation with conpected regions and two possible sety of sources.

Remark 3. A Dirichlet tessellation may have no vertices al all. We mean by
that more than is suggested by the example of paralie! sivips in Remark 3
fnllowing Lemma (4 We have seen how that tessellation should properly be
regarded as having & vertex af oo, A more damaging example can be
constructed based on any finite set Fof sources. 1 is always possible to choose
weights so that there are no vertices in the resulting tessellation. Simply chooss
a weight for one souree @ so much larger than all the other weights that the
circles Hpg for P o {J are disjoint. Theorem 17 does not cover this case because
for each region R the intersection of the emply sof of oircles MR V) s,
technically, the whole plane, and not, 28 reguired, 2 unique poiat in R

Rewmark 4, 1 our study of rectitinear Dirichlet tessellations in [T} we saw
that  for sl vertices ¥ of o regon # the rays 4R, V) met B and were
copunciual then the point of istersection was in B We do not know whether
the aralogous statement (for ALK, V) 3is necessarity true for cireular dissections
andt Bave thus made it part of the hypothesis of Theorem 17,

S DISSECTIONS

fn (his section we tumn from parficular recognition problems to 2 general
study of how the function ¢ used to distont distances affects the shape of the
regions of B In Sections 2, 3, and 4 we studied the cases in which ¢if) =1,
Fo=1% and $i)=loglr), which led respectively to hyperbolic, sectionad, and
ciroudar tessellations. Note that this last example forces the range of ¢ 0
include — on i O s to be in 13 domain, We now place some restrictions on ¢
These simplify theoremss while still handling most cases of practical interest.
We shall assume that ¢ has a continuous second derivative on (&, wli{geCh),
apd thet $'03 >0, so thay in particular, ¢ Is strictly increasing,

We first provide the promised proof that 3-valent vertices are i fact generie,
inn the sense that the sef of configurations with vertices of higher valence bas
messure O, The possible positions four sougees Py, Py might occupy are
parametrized by B, their weights by 8% Then § = R% » B* is the space of all
positions and woeights.

THEOREM 18, Foralmost all pairs (P, wia 8, B(P, &, whhas no 4-valent veries,
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Proof. Foreach X el we test whether X is 2 4-valont veriex by caloulating,
for i=1,....4,

B0 afX) =X - Pl

we have such 2 vertex when all four values X)) agree. Thus we are fed 1o
comsider

5.2} pis B2 § e B

and to see when we hit the diagonal A in 7%

W show Bret that gis rranspersal to A in the differential geometric sense
([10,p. 283

b our example the differentials dw, of the weights ate ndependent and thus
span the tangent space to e image manifold B so the differentisl dp is
surjective and hence g i fransversal to any submantfold of ®Y and, in
particuian, (0 & Then the Transversality Theorem {10, p. 68 asserts that for
abmost all (B, wied the map

gy BT R

is transversal to A. But the dimension of Gy, i s Umost 2, while the dimension
of the tangent space fo A s 1 These spaces can nover span a fous-dimensional
space. Fhe Fransversality Theorem thus lmples that for almost alb (P w) the
inverseimage of A under g, 5 empiy. That s, for almost 2B (P, w) we have ao
d-valent vertex. b fact, the argument proves more: for all w, for almost ol P all
wertioes are Jevalent, and the same 15 rue with the roles of P oand w roversed,
{1
A similar transversality argument will prove that almost 21l dedissectinns
satisly the first condition in the definition of ‘proper’ in Section L To prepare
for it, for cach pair of points £, 2 we consider the function @ B - 3 glven by

531 OpdXy = WX = X — P BlIX - 1)
i Ry and Ry are neighboring regions in a Dirchiet geiesseliation then the
boundary Op, Hos on the o-level curve T, of @, where ¢ = w{(h — w(P).

The best tool for studying the fevel curves of a function is its gradient. Using
the faot that Vi = X71X| we see that

ik N
(5.4 VLX) = ‘.f?.f; 7 ; Yo ‘5”5;?(‘( Doy —on

At any point st which the gradient s not9 it is perpendicalar to the level curve,
Suppose now that ¥ s & Jovalent vertex of a Dirichiet -tessellation, where the
regions corresponding to sources P, @, and S meet. I at ¥ none of the three
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refevant functions & bas zero gradient then locally the tessellation looks
rectiinear and s proper, unkess two of the three boundary arcs happen to be
tangent and thus meet al angle 7. We saw that happen when we studied
cireular tessellations. Gur lob sow is to show that it does not happes too often.
We shall see below that the gradient of @ 15 0 only on a set of messure 1o, so
we concentrate here on showing that the tangoncy too is rare.

As we saw above, the possible positions three sources P, P, might ecoupy
are parametrized by RS, their weights by B Now § = 8%« 87 i the spase of all
positions and weights,

THECGREM 19, For almost all pairs (P.wie s, B(P. D w) has only proper
{ngcesyarily J-nadenty nertices.

Frouf, Theorem 18 shows that we may assume ol vertices are 3oendont
without loss of generality, Foreach X R we test whether X is s proper vertex
firat by calealating pf X for D= 10 3 We bave a vertex when all three values
pAXY agres. That vertex is proper when the angle between any pair of
boundary arcs 8t that vertex » nonzere. Bud that s equivalent to having no
patr of the corresponding gradient vectors collinear. An argument tke thar in
the previows theorem shows such collinearity occurs only on 2 set of measure
in & i1

To discover more about the shapes of the regions we study the sources two at a
tme, Let P (P} Then the shape of R, depends only on the difference
2w WY - w(PY and the distance 1P~ O We have

(5.5 Rps Hpgow HOw [ Xopg(X) sc)

Mow pofe fhat T s any constant, replacing @t by (e} + kdoes not change &
apd thus does note change 7 Thus we may assume without loss of generality
that

P = 0 af Sy -

THEGREM 20 PeH for all ¢ §f and only I i) = -
Frogf. Suppose ¢ =~ oo, Then

BUP = P 1P Q) = o m G2 = Q) = - <t

PUP -~ P pUP — @ =  UF - (21,
30 PeH ondy for those ¢ for which -~ fP - Ol g o I

We can distinguish further among the reasons {or the fatlure of Pel For
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hyperbolic tessellations, PEH only when #° is empty, while sectional tossel-
lations are in SomME sense worse: we may have PR even when H i nonemply.
We shall see that this unpleasant phenomenon ocours just when ¢ fails 1o be
concave. We say that ¢ is concave when ¢ < 0, o1, squivalently, the graph of
Hes above s chords and below its tangents. We shall weed some elemeniary
properties of coacave funotions,

LEMMA Y I/ 9f0) =0 and ¢ is concove then ${13t s decreasing.
Froof. Buppose g < b Then the chord joining (0.0) and (b, ¢{b) bas height
{a/BYGEhY at o, se (/b <0 dla) and the lemrma folows, I

LEMMAZZ {ffor atl o, >0
{5.6) e 4 By s May -+ by

then s concave. Conversely, if @ is concave and $H0Y a0 then (5.6) holds,
Proaf. Suppose {5.6) 1 rue. Diflerentiating with respect 10 b ghvs

o -+ b TR

Since g and & are arbitrary, that says ¢ s decreasing, so ¢ is concave,
Conversely, suppose ¢ concave and ¢} = 0. To prove (36} suppose g < b,
Then stnee b« + b as well, Lemma 21 applicd twice gives

dla + by« f:{b

:ef}{'%)} & it
= dila) -+ Plh. i
THEOREM 23, Suppose G = 0. Fhen
(5T HY# g lmplies Ped
Jor all PLgéoand o if and only if ¢ s concare.
Proof. Suppose that ¢ is concave and X 6% Fhen
(5.8} DK — P Y - O
But the triangle ipequality and Lemma 22 imply
PUL - QD HIP ~ G141 X~ P
P - O LY - P,

which, when combined with (5.8} tells us

- @UP - G
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Since 1P - Plhe 001 = 0 that imphies PefC
Conversely, suppose (5.7 true, We must prove {3.6). For arbitrary X, 7,
and £ we set
¢ (:«J{r){ Py {;,{'El\‘ ...... Qg}
then X e B Then by hypothesis Pef', so
O 1P Gl 0
Thus
{55 GUX OB PIE — P+ UE -~ G

Now given « and b choose X, P, and @ collinear such that [X -
P Ola b oand P is butween A and 40

Fig, 14 Fhe Tamily 187 far g} i = 0 bl din = 4, (e it login
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We conclude our study of generslived Dirichlet tossellations with astudy of the
possible shapes for the regions H”

Choose a coordinate systom such that P s (g, Ol and § = (2,0}, Then it is
clear that 9 is symmetric about the x-axis. Sinee ¢ is imcreasing, ® iy positive in
the right half plane; Ty is the p-axis, Figure 1 shows the one-parameter family
0.} for ench of the choices ¢l =1, 22, login).

Psing what we know aboul the gradient of @ we can prove

THEOREM 24, If ¢ is concase then Hiyp (s starshuped with respect 10§ when
43

Proof. 1 sulfices 1o show that 90X decreases as X moves away from ¢
along & ray and stays m the right half plane. Vo prowe that, ke the det
product of (54) with ¥ — @ to caleulate the directional derivative of @ along
such g ray:

4

WX - PIHX i
{5.10) vax)x - o= L ! TR

PLUX — GINY ¢

2 LY - QUHGTE — Pheos{f)~ $UX - GUL

where 8 3s the angle at X in trisngle PXQ. Since X i in the right half planc,

[ LY PLOSince @ s concave, s decreasing, so
FHOX -~ QD2 X ~ P i cos{ 1Y ~ P
Fence (5.10) is not positive, as desired. M

For hyperbolic tessellations, both M, and its complement are starshaped; the
civenlar tessellations show that that fatds for o general concave ¢ The fatlure s
oo The same gualitative behavior s observed when $ =
iogll + 0, in which case the bounding curves are no longer cirgles, They are
instead ovals of Descartes, which arise i a shightly different masmner in [,
{We have searched unsuccesshally for a function ¢ for which the lovel curves
turn out to be ellipsesy However, we shall show below that the complementary
region is connected. First we show that the region Hj . self, while starshaped,
may fail 10 be convex, Figure 15 shows an example.
The funclion ¢ sindied there is

(M T T
PO= e (e WOYT, 13T

LOL Qo (L0 M os=tom== 15, and 7= 2.5 This @ is plocewise
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Fig. 15 Even a concave ¢ may vield nonconves regions,

fnear and hence not vwice differentiable, but the same pathology rem:
wheritis smoothed. Let 3 be the June in the right half plane between the cir
of radios 77 centered 51 F and @ To see the nonconvexity, ehserve that
complement of ¥ in the night hall plane has two components in each of wt
the level curves T of © are the fanilizy hyperbodas of Figure 14(a). But th
fabels on those curves change by the factor m/A as you move through §
one component 1o the other. In 8, in fact, cach T s & Cartesian oval
But even whest  is not concave we can say more about the geometry of
levebcurves. We first find all the critical pomnts of @ the places where Va4 X)
or unsdelined.
THEOGREM 25, ® has ne oritical points off the x-axis, If ¢ is sirictly con
(" <O then P and @ are the only criteal points on the x-axis, When 4t}
F i andnimue and O a maximum of & When {0} = o o0 each is a pole,

B{F) s e on while GG = o,
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Progl, Let X = (x, ) and separate the componenis of V8. To simphily the
resulting expression, set

w0 =B PD p
aned

] (X -

294) Yo X

O the peaxds of X)= L) while, since @' > 0, «f X)) aod BX) are strictly
positive. Then

{301 YO = ([l &~ AU b [ol XY - A0 T, (X X 00,

CHY the x-axis y 5% 0 so we can have 2 oriteal point oaly when ®f X = S(X) B
then [#£X0 -+ B{X 1 a0, so the frst component of VO{X} 1s nof O

i ¢ 1s concave, Theorem 24 shows that @ decreases as you leave § in sither
dhirection along the x-axis, which shows there are no critical poins in the right
half plane except the maximum {or polel at . By considering @) =
o Bpof X} we see that @, has only one eritical point in the left hall plane
namely & minimum {or pode) at P B

Mote that we need the strict concavity of ¢ 1o show that G strictly decreases to
the right of . When {6} = 1 the strict concavity fails, and in fact, @z, 8y = 2¢
for x = a. Then the entire x-axis to the right of  consists of eritionl peints, a
fact visibie 1 Figure 14(a).

COROLLARY 26,1/ d s concave then Hyy Is path-consecred.

Froof. Recall thal we know that this region is starshaped with respect 1o P
and hence connected when ¢ < 9. The problem s proving the connectedness of
the complement. The key is the absence of critical points, which shows that
eachlevel curve of @ s anarc or g simple closed curve. Buppose ¢ 2 B let X bea
point at which ®(Xy=d« . I d <0 then & 5 in the left hall plane and i
connecied 1o P by the segment XF which Bes entirely in M, That argement
and the symmetry abou! the x-axis then alows us o assume d 2 Gand that X s
in the first quadrant, as shown in Figure 16

Theorem 25 implivs that as you travel along the x-axis from ¢ towards the
arigit vou will cross the level curve [ just once, say at £, 1 we first lollow the
x-axis from # 1o Z and then I, mio the upper half plane we must encounter X,
which this Hes on g curve in Hiy, which connests il to P Thus Hig is path-
commected. 1

Note that when there are more than two sources this argument fails (o show
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Fig, 14 Hlustrating Coretlary 26

that the regions Bp are connected. We saw & counterexample when studving
circedar tessellations.

Whether or not 4 is concave we can use VO to oxplore what happens on the
w-axis in more detatl, Let X o= (0,0} x 20, and write

(5120 Baya= D D)= x4 g} - lix -~ al)
j:ﬁ{a O 0 R S N | -
T @b Pl e a) agx

Then
dla+xi+ dla--xh Oy sa

(513 ¥ fk{d),gxw}w plen v

Simce o 15 increasing ®{x} incresses on the mterval {907 and takes on cvery
value between T4y which s 0, and $a) = $2a) — MO The hutter value is
either ${2a) or oo

Whai bappens betwen a and o dopends on whether ¢ s concave. 1L s,
then since ® assumes its maximum at @, every level curve meets the vaxis
between 0 and a. Moreover, Theorem 24 shows ® s decreasing on [, 2). Then
ihe slope of ¢ has a Hmiting value as x o o0] wrile ¢ (o) = b 2 9. Then the
miean value theorem shows that as x - o

Dlock = x4 a) - px e aber Tad (o0} = Zub,

Thus just the level curves 1, with Zab < o < ${2a) — S0 will rnest the veaxis a
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i i 2

Fig 17, The famify {173 for i) <t + logln,

seeond time When () = £ we have b= 1 po hyperbola meets the xeaxis twice
(Figure 144 When 523 = log{l) we have b= overy Apollonian cirele meets
the y-axis twice (Figure o) Intermediate cases are possible: Figure 17
sfiows what happens when $() = 0 + loglt), Then b b

We conclude with two examples #ustrating whal can happen when s not
concave, Theorem 25 tells us we need search for critical points only on the x-
axis, and {513} wils us they will be found wheep

{514y ¢Flxt =g -a x>a

When it = 0% 5.14) has ao solutions, so there 2r¢ no eritical points. The lovel
curves of @ all approuch the yaxds asymptotically.
When ¢ osclilates even more bizasre bebuvior is possible, For example, lot

Py r o ksinle) k< 1)

Then s Ingressing but sot concave. Bquation (5.14) is true when sin{ = {0
Analysis shows that the oven multiples of n correspond 1o local maxima at
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Fig. 138 The fanu}

Ujfor ¢fe) st & B7 sinii

cach of which @ has value 2o+ ksinledy while the odd multiples of »
correspond 1o saddie points for @, all of which Hie on the connected level curve

with value X~ ksinfad), For ¢ between these values the Jevel curve has
infinitely many components. Figure 18 shows some of the level curves when
g ]oand kw07

)

S
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