CS 420, Spring 2019
Homework 11 Solutions

. Exercise 5.4

No. For example, let A = {0"1"|n > 0} and B = {0"1™|n,m > 0}. We
will show that A <,,, B even though A is not regular and B is regular. A
mapping reduction f from A to B is computed by the Turing machine F'
given by

F = “On input w € {0, 1}*,
1. Determine if w belongs to A. (Since A is decidable, F' can do this
with no further information.)

2. If w belongs to A, then output 01. If w does not belong to A, then
output 10.”

(In fact, the same argument shows that if A is any decidable language and
B is any language other than () and ¥*, then A <,,, B.)

. Problem 5.22
A is Turing-recognizable if and only if A <., Aras.

Proof: First suppose that A is Turing-recognizable and let M be a Turing
machine that recognizes A. The function f defined by f(w) = (M, w) is a
reduction from A to Apps because it is obviously computable and we have

w e A iff M accepts w iff (M, w) € App iff f(w) € Ay

Now suppose that A <,,, Arpr. We know that Ay, is Turing-recognizable,
so by Theorem 5.28, A is Turing-recognizable.

. Problem 5.23

A is decidable if and only if A <,,, 0*1*.

Proof: First suppose that A is decidable. Define f by f(z) =01l ifz € A
and f(z) =10 if € A. Since A is decidable, f is computable and z € A
if and only if f(z) € 0*1*, so A <,,, 0*1*.

Conversely, suppose that A <,,, 0*1*. Since 0*1* is decidable, A is decid-
able by Theorem 5.22.

. Problem 5.24

The set Apys is mapping reduced to J by the function f(y) = ly. Thus,
J is not Turing-recognizable. The set Ary; is mapping reduced to J by
the function g(x) = 0z. This shows that Arjys is mapping reducible to J
and hence that .J is not Turing-recognizable.

. Problem 5.25



Consider the set J of Problem 5.24. According to that problem, .J is not
Turing-recognizable, so J is not decidable. We will show that J <,, J, so
B = J is a solution to the problem.

First note that J = {w|w = 0z for some z € Ar) or w = ly for some
y € Arpr or w = € or w begins with a symbol other than 0 or 1}. Let 2
be some fixed string in J, for example, zy could be Oz for some particular
g in Arps. Define f: 3* — ¥* by

lz if w =0z
flw)y=<¢ 0y ifw=1y
zo if w = e or w starts with a symbol other than 0 or 1.

Then, it is clear that f is computable. To see that f mapping reduces J
to J, suppose first that w € J. We must show that f(w) € J. If w € J,
there are two possibilities. If w = 0z with € Ay, then f(w) = 1z with
x € Ay, so f(w) € J. If w = 1y with y € Aryy, then f(w) = Oy with
y € Ay, so f(w) € J. Thus, if w € J, then f(w) € J.

Now suppose that w ¢ J. We must show that f(w) & J. There are four
possibilities to consider. If w = 0z with x € Apyy, then f(w) = 1z, so
fw) € J. If w = 1y with y € Aryy, then f(w) = Oy, so f(w) ¢ J. If
w = € or w starts with a symbol other than 0 or 1, then f(w) = zo, so

f(w) & J. Thus, if w & J, then f(w) ¢ J.
This shows that f is a mapping reduction of J to J

. It is not possible to m-reduce Erga to Arpa.

Proof: Suppose that Erga <,, Ara. By Theorem 5.9, A;pa is de-
cidable, so by Theorem 5.22, E1p4 is decidable. This contradicts Theo-
rem 5.10, so the m-reduction is not possible.

. Is Apga m-reducible to 0*1*? Explain your answer.

Solution: Ajp4 is m-reducible to 0*1*. To prove this, first note that by
Theorem 5.9, Ay g4 is decidable, so by Problem 3.15d, Ay g4 is decidable,
so by Problem 5.23, Ay g4 is m-reducible to 0*1*.

. Is Arps m-reducible to REJECTr);? Explain your answer.

Solution: Ar,; is not m-reducible to REJECTr . To prove this, sup-
pose that ATM Sm REJECTTM Then ATM Sm REJECTTM By
Corollary 4.23, Arps is not Turing recognizable, so by Corollary 5.29,
REJECTr ) is not recognizable. This contradicts Problem la on Home-
work 10. Thus, the reduction is not possible.




