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We show that any set of computably enumerable (c.e.) degrees which
generates the c.e. degrees under join and meet generates the high c.e.
degrees under join. This result is obtained by showing that any high c.e.
degree is the join of two strongly meet inaccessible (s.m.i.) degrees. Here
a c.e. degree a is s.m.i. if any set of c.e. degrees which generates a under
join and meet generates a under join. Moreover, by a further existence
result for the s.m.i. degrees, we answer a question on the possible ranks
of (definable) generators raised in Ambos-Spies [3] (where the rank of a
generator is the supremum of the number of elements needed for gener-
ating any c.e. degree): there are definable generators of infinite rank and
of rank n for any number n > 1.
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1. Introduction

The partial ordering (R, <) of the computably enumerable degrees is an
upper semilattice — i.e., for any c.e. degrees a and b, their join a V b
exists — but not a lattice. In fact, as Lachlan [11] and Yates [21] have
shown, for an incomparable pair of c.e. degrees, the meet may or may not
exist. This asymmetry between joins and meets is further demonstrated
by the fact that, by Sacks’s splitting theorem [15], any nonzero c.e. degree
is join-reducible (splits), i.e., the join of two lesser c.e. degrees, whereas,
as shown by Lachlan [11] and Yates [21], an incomplete c.e. degree may
be meet-reducible (branching), i.e., the meet of two greater c.e. degrees, or
not. Presence and failure of meets are homogeneously distributed in the c.e.
degrees: as Slaman [17] has shown, any nonempty interval of c.e. degrees
contains an incomparable pair possessing a meet, hence a branching degree,
whereas, by Ambos-Spies [2] and Fejer [10], respectively, any nonempty in-
terval contains a pair without meet and a nonbranching degree. Despite this
homogeneity, other results indicate that the lack of meets is more typical
than their existence. So, as Ambos-Spies [2] and, independently, Harrington
(unpublished) have shown, there is a degree a # 0,0’ such that a is not
half of an incomparable pair with meet whereas any degree a # 0,0’ is half
of an incomparable pair without meet.

The study of generators of the c.e. degrees sheds more light on the meet
operator. Here a set A of c.e. degrees is a generator (of R) if any c.e. degree
is in the closure of A under join and meet, and A is a join (meet) generator
if any nonzero (incomplete) c.e. degree is in the closure of A under join
(meet). By Fejer’s density theorem for the nonbranching degrees, any meet
generator is dense whereas, by Sacks’s splitting theorem, the set L of the low
c.e. degrees is a join generator. Moreover, Ambos-Spies [3] has shown that
any generator intersects any nonempty initial segment. So, for example, the
set of the nonlow c.e. degrees is not a generator. These results together with
the negative result on meets listed above, led Ambos-Spies to conjecture
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that, in the process of generating the c.e. degrees, the meet operator can
be neglected, i.e., that any set which generates the c.e. degrees generates
the nonzero c.e. degrees under join.

This conjecture was refuted in Ambos-Spies, Lempp and Slaman [6]
where a generator is constructed which is not a join generator. Despite this
negative answer, it is reasonable to ask whether there are some natural
substantial parts of R which are generated under join by any generator.
Our main result shows that this is indeed the case: any generator generates
the high c.e. degrees under join (Corollary 2.9). In order to obtain this result
we introduce and study the strongly meet inaccessible (s.m.i.) degrees. Here
a c.e. degree a is s.m.i. if any set of c.e. degrees which generates a under
join and meet generates a under join. So, in order to get our main result, it
suffices to show that any high c.e. degree can be split into two s.m.i. degrees
(Theorem 2.8).

Strong meet inaccessibility is a refinement of meet inaccessibility in-
troduced in Ambos-Spies [3]. A c.e. degree a is meet inaccessible if no set
A of c.e. degrees which does not intersect the lower cone of a generates
a. So, in order to show that any generator intersects any nontrivial initial
segment of R, it suffices to show that any nonzero c.e. degree bounds a
meet inaccessible degree. In fact, Ambos-Spies [3] shows that any nonzero
degree can be split into two meet inaccessible degrees, and this result was
subsequently strengthened by Zhang [22] and Ding [8] who showed that the
set MI of the meet inaccessible degrees is dense in R. As we show here the
corresponding results fail for strong meet inaccessibility (see Lemmas 2.4
and 2.6 below). So the construction of strongly meet inaccessible degrees is
considerably more delicate than that of meet inaccessible degrees.

We demonstrate the usefulness of the s.m.i. degrees by some further
results on generators related to their ranks. Ambos-Spies [3] defines the
rank of a generator G to be the least number n > 1 such that any c.e.
degree can be generated by a subset of G of cardinality at most n, and
he defines the rank of G to be w (infinite) if no such number n exists.
The join rank of a join generator is defined similarly. Now Ambos-Spies [3]
has shown that there are join generators of infinite rank and definable
join generators of rank n for any n > 1. He raised the question whether
the corresponding results for generators and their ranks in place of join
generators and their join ranks hold (see Problem 3 in [3]). Here, by refining
the approach in [3] and by proving an appropriate existence result for s.m.i.
degrees (Theorem 2.12), we affirmatively answer this question. In fact we
show that there is a definable generator of rank w (Theorem 2.11) and that
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for, any n > 1, there are definable generators which have rank and join
rank n (Theorem 2.10).

The outline of this chapter is as follows. In Sec. 2, we present our main
results. Here we first introduce strong meet inaccessibility and study some of
the basic properties of this notion and its relation to the meet inaccessibility
notion introduced in [3]. In particular, we give more handy characterizations
of, and sufficient conditions for, strong meet inaccessibility (which subse-
quently are used in the constructions of s.m.i. degrees). Then we present
our main results and state the existence theorems for s.m.i. degrees needed
for the proofs. The proofs of these existence theorems are deferred to the
subsequent sections. In Sec. 3, we explain the ideas underlying our con-
structions of s.m.i. degrees by constructing a low s.m.i. degree. Then in
Secs. 4 and 5, this construction is refined in order to prove the required
high-splitting theorem and bounding theorem for s.m.i. degrees which we
need for our results on generators. Finally, in Sec. 6 we pose some open
problems.

We conclude this section by giving some notation. Although we use
the term “c.e.” here sometimes for emphasis, all degrees considered in this
paper are c.e. So boldface lower case letters denote c.e. degrees and boldface
capital letters denote sets of c.e. degrees. We let R(< a) = {b : b < a}
be the lower cone of a. Similarly, R(£ a) = {b : b £ a} denotes the
complement of the lower cone of a (etc.).

Related to generators we will use the following notation. For any set A
of c.e. degrees we let CL(A) denote the closure of A (under join and meet),
i.e., CL(A) is the least set B of c.e. degrees such that

ACB (1.1)
Vn>0VYa,..,a, €B(agV..Va, € B) (1.2)

and
VYn>0VYag,..,a, € B(agA...Na, = agA..Aa, € B). (1.3)

The closure of A under join is obtained by omitting clause (1.3) and is
denoted by CL;(A); the closure of A under meet is obtained by omitting
clause (1.2) and is denoted by CL,,(A). We say that A generates B if B is
contained in the closure of A, A generates B under join if B is contained in
the closure of A under join, and A generates B under meet if B is contained
in the closure of A under meet. Similarly, we say that A generates b (under
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join, under meet) if A generates {b} (under join, under meet). Finally, we
call A a generator if A generates R and we call A a join generator if A
generates R\ {0} under join. (Note that, by the existence of minimal pairs,
A is a generator iff A generates R\ {0}.)

Since R is an upper semi-lattice, the above definitions will not change
if we consider in (1.2) the binary case only, i.e., fix n = 1. A similar change
in (1.3), however, is not admissible (see Ambos-Spies [3]).

For any subset A of R, it is clear that B = R satisfies conditions (1.1)
to (1.3) and further, the intersection of any non-empty family of subsets of
R, each of which satisfies these three conditions, again satisfies the three
conditions, so for any subset A of R, CL(A) exists, and similarly, CL;(A)
and CL,,(A) exist. It is useful, however, to have “bottom-up” descriptions
of these closures. It is easy to see that for any subset A of R, we have

CLj(A)={agV---Va,:n>0&ag,..,a, € A}
and
CL,(A)={agA---Na,:n>0&ag,..,a, €A &agA---ANa, |}.

To give a bottom-up description of the closure of a subset A of R, we
define CLY(A) = A, and, for k > 0, CL***'(A) = CL;(CL*(A)), and
CL?**2(A) = CL,,(CL*"'(A)). Then we have

A =CL°(A) CCL'(A) CCL*(A) C ---

and

CL(A) = cL(A).

i>0

2. Main Section

Here we present our new results on generators. They are derived from the-
orems on the distribution of the strongly meet inaccessible degrees. The
proofs of the latter, which from a technical point of view form the core of
this chapter, are given in the subsequent three sections. We first introduce
strong meet inaccesibility and give some basic properties of this new notion.

Definition 2.1: A c.e. degree a is strongly meet inaccessible (s.m.i.) if
VA C R(a € CL(A) = a € CL;(A)). (2.1)

The set of the s.m.i. degrees is denoted by SMI.
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We obtain an alternative characterization of the s.m.i. degrees a by
looking at the relation between the set of the degrees generated by the
complement of the lower cone of a and the set of the degrees which cup to
a. Here we call a degree b a-cuppable if b < a and there is a degree ¢ < a
such that a =b V ¢ and we let

Cu(a) ={b <a: bis a-cuppable} and NCu(a) = R(< a) \ Cu(a).

Lemma 2.2: Let a be a c.e. degree such that a > 0. The following are
equivalent.

(i) a is strongly meet inaccessible.
(i) R(£ a) UNCu(a) is closed under join and meet.
(iii) CL(R(£ a)) N Cu(a) = 0.
(iv) CL,,(R(£ a)) N Cu(a) = 0.
Proof: The proof of the implication (i) = (4¢) is by contraposition. As-
sume that R(£ a) UNCu(a) is not closed under join and meet. Fix b such
that b € CL(R(£ a) UNCu(a)) and b € Cu(a). By the latter, take ¢ < a
such that a = b V c¢. Then, for A = R(£ a) UNCu(a) U {c}, a is in the
closure of A. But since NCu(a) is an ideal, a is not in the join closure of A.
The implications (i4) = (i) and (i4i) = (iv) are immediate.
Finally, for a proof of (iv) = (i) assume

CL,,(R(£ a)) N Cu(a) = 0. (2.2)

Since, by a > 0, a is a-cuppable, it follows that a cannot be expressed as a
meet cg A --- A c, with each ¢; > a, i.e., a is nonbranching.

Now, given A C R and a € CL(A), we have to show that a € CL;(A).
Take p minimal with a € CL”(A). By eliminating the other possibilities,
we show that p < 1, and hence a € CL;(A).

If p=2k+2for k >0, then a = coA---Acy with each ¢; € CL2*1(A).
By minimality of p, none of the ¢; is equal to a. This contradicts the fact
that a is nonbranching.

If p=2k+1 with £k > 0, then a = bg V ---V b, with each b; €
CL%*¥(A). Taking n minimal, each by is in Cu(a). Since k > 0, each b; can
be expressed as a meet of elements in CL?**~(A). By (2.2), for each i, at
least one of these elements, say c;, is less than or equal to a. But then
we have a = co V --- V ¢, with each ¢; in CL?*7!(A), which implies that
a € CL*!(A), contradicting minimality of p. a
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The following lemma, which provides a more handy sufficient condition
for strong meet inaccessibility, gives the method we will use to construct
s.m.i. degrees.

Lemma 2.3: Let a be a c.e. degree such that a > 0 and
Vb € Cu(a)Vcg,c1 > b(cg,c1 £ a=3d < cg,c1(d £ a)). (2.3)

Then a is strongly meet inaccessible.

Proof: By Lemma 2.2, it suffices to show that (2.2) holds. For a contra-
diction, suppose that b € Cu(a) and b = ¢cg A -+ A ¢y with each ¢; £ a.
We assume that n is minimal and rule out all possibilities. Since b < a,
n = 0 is impossible. Our assumption (2.3) rules out n = 1. If n > 1, then
by (2.3), there is d with d < ¢g,c; and d £ a. Letting d; = dV a, we have
d; £aand b=d; Aca A--- A cy, contradicting minimality of n. O

Next, we look at some necessary (but not sufficient) conditions for strong
meet inaccessibility. Obviously, any strongly meet inaccessible degree is
nonbranching. In fact, strong meet inaccessibility is a proper strengthening
of meet inaccessibility introduced in Ambos-Spies [3]. A c.e. degree a is meet
accessible if there is a set A of c.e. degrees generating a such that A does not
intersect the lower cone of a; and a is meet inaccessible otherwise. As shown
in [3], a c.e. degree a is meet inaccessible iff a > 0 and a € CL(R(Z a)). So,
it is immediate by Lemma 2.2 that any s.m.i. degree is meet inaccessible.
In [3], meet inaccessible degrees are used in order to show that, for any c.e.
degree a > 0 and any generator G, G intersects the lower cone of a. For this
sake, it is observed that, for any degree a which bounds a meet inaccessible
degree, the complement R(«£ a) of the lower cone of a does not generate R,
and it is shown that any nonzero degree bounds a meet inaccessible degree.
In fact, Ambos-Spies [3] shows that any nonzero c.e. degree is the join of
two meet inaccessible degrees whence the set MI of the meet inaccessible
degrees is a join generator. Later on, the latter has been strengthened by
Zhang [22] and Ding [8] who showed that MI is dense in R. In contrast,
it easily follows from results in the literature that the set of the strongly
meet inaccessible degrees is not dense in R. In fact, the following is true.

Lemma 2.4: For any c.e. degree a > 0 there are c.e. degrees b and c such
that ¢ < b < a and no c.e. degree in the closed interval [c,b| is strongly
meet inaccessible.
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Proof: Fix a > 0. Since any nonzero c.e. degree bounds a contiguous
degree (Ladner and Sasso [13]), w.l.0.g. we may assume that a is contiguous.
Moreover, since any countable distributive lattice can be embedded into
any nontrivial principal ideal of R by a map which preserves the greatest
element (Ambos-Spies, Ding, Fejer [5]), we may fix pairwise incomparable
c.e. degrees ap, a1, ag, ag which generate (as atoms) the four-atom Boolean
algebra in R(< a) with greatest element a = ag V a1 V az V ag. So, since
contiguous degrees have the covering property (below we come back to
this in more detail when we discuss the possible ranks of generators), for
any c.e. degree d < a there are c.e. degrees d; < a; (i < 3) such that
d=doVvd; VvdsVds.

Now, let b = ag V a; and ¢ = ag. Then, given d such that ¢ < d < b,
we have to show that d is not s.m.i. Note that ag < d and ag = (ag Vaz) A
(ag Vag) where, by d < agVay, it holds that agVaz £ d and agVag £ d.
So, by Lemma 2.2, it suffices to show that ag is d-cuppable. Fix degrees
d; < a; (1 < 3) such that d = dp Vdy Vdz Vds. Since d < ag V ay, it
follows that, for j = 2,3, dj < (ap Va1) Aaj hence dj < a; by choice of the
degrees ag, ay,as,az. So, for d= d; vds Vvds, d< a; hence d<d. Since,
bydo <ag<d,d=agV a, this implies the claim. d

The existence of generators which are not join generators, proven by
Ambos-Spies, Lempp and Slaman [6], implies that the set of strongly meet
inaccessible degrees is not a join generator. In order to show this, we use
the following

Proposition 2.5: Let A be a set of degrees generated by the set SMI of
the strongly meet inaccessible degrees under join. Then, for any generator
G, G generates A under join.

Proof: For a generator G, SMI C CL(G) hence SMI C CL;(G) by (2.1).
Since A C CL,;(SMI), it follows that A C CL;(G). a

Lemma 2.6: The set SMI of the strongly meet inaccessible degrees is not
a join generator.

Proof: By Ambos-Spies, Lempp and Slaman [6], let G be a generator
which does not generate R \ {0} under join. Then, by Proposition 2.5,
SMI does not generate R \ {0} under join. a

Having given some basic properties of the s.m.i. degrees, we now turn to
our main results. We first look at the question which degrees a are generated
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under join by any generator. By the existence of generators which are not
join generators [6], there are degrees a which do not have this property. In
fact, any join generator contains such a degree. So, for instance, there are a
low degree a and a generator G such that G does not generate a under join.
On the other hand, any strongly meet inaccessible a is generated under join
by any generator. In fact, Proposition 2.5 shows that any degree which is
generated under join by s.m.i. degrees has this property. A trivial example
of a degree which is generated under join by any generator is the complete
degree 0’ which, obviously is s.m.i. Our first technical main theorem gives
a first nontrivial example of such a degree, namely a low degree.

Theorem 2.7: There is a low c.e. degree a which is strongly meet inacces-
sible.

The proof of Theorem 2.7 — which explains the basic construction of
nontrivial s.m.i. degrees and which will be the basis for the other construc-
tions of s.m.i. degrees — is given in Sec. 3.

Our main result in this direction, namely that any high degree is gen-
erated under join by any generator, is obtained along the same lines by
proving the following.

Theorem 2.8: FEvery high c.e. degree a is the join of two strongly meet
inaccessible degrees.

The proof of Theorem 2.8 is given in Sec. 4.

Corollary 2.9: If G is a generator then G generates the set H of the high
c.e. degrees under join.

Proof: This is immediate by Theorem 2.8 and Proposition 2.5. O

In the remainder of this section we apply the strongly meet inaccessible
degrees to some other questions on generators. We solve some open prob-
lems on the rank of (definable) generators raised in Ambos-Spies [3]. First,
we recall the definition of the rank and join rank given in [3].

If a degree a is in the closure of a class A then
ranka (a) = min{n: Ja;,...,a, € A (a€ CL({a1,...,a,}))},
and, similarly, if a is in the closure of A under join then

jrank, (a) =min{n:3Jas,...,a, € A (a€ CL;({a1,...,a,}))}
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Then the rank of a generator G, rank(G) for short, is the least number
n > 1 such that rankg(a) < n for all a € R if such an n exists, and
rank(G) = w otherwise. Similarly, the join rank (j-rank for short) of a join-
generator J, j-rank(J), is the least number n > 1 such that j-ranky(a) <n
for all a € R if such an n exists, and j-rank(J) = w otherwise. In [3] it is
shown that, for any n > 1, there is a definable join generator J,, of join
rank n and that there is a join-generator J,, of infinite join rank, and the
question is raised whether these results on the join rank of join generators
carry over to ranks and generators (see Problem 3 in [3]). Here, we answer
this question affirmatively. Moreover, we show that there is a definable
generator of infinite rank and that the required generators can be chosen
so that they are join generators and that their ranks and join ranks agree:

Theorem 2.10: For any n > 1 there is a definable join generator G, of
rank n and join rank n.

Theorem 2.11: There is a definable join generator G, of infinite rank
(hence infinite join rank).

For the proofs of Theorems 2.10 and 2.11, we need the following exis-
tence result for s.m.i. degrees which is proved in Sec. 5, as well as a simple
observation relating the rank of a s.m.i. degree to its join rank.

Theorem 2.12: Let bg,...,b,_1 (n > 1) be nonzero c.e. degrees. There
are c.e. degrees ag, . ..,a,_1 such that 0 < a; <b; fori <n andaygV---V
a,_1 1S §.M.1.

Proposition 2.13: Assume that a is s.m.i. and a € CL(A). Then a €
CL;(A) and

ranka (a) = j-ranka (a).

Proof: The first part of the claim is immediate by strong meet inacces-
sibility of a. So, since, for a € CL;(A), ranka (a) < j-ranky, (a), it suffices
to show that j-rank, (a) < ranka(a). Assume that ranka(a) = n and fix
ag,...,a,-1 € A such that a € CL(ag,...,a,_1). Then, by strong meet
inaccessibility of a, a € CLj(ay,...,a,—1) hence, by {ag,...,a,_1} C A,
jrank, (a) < n. a

Just as the proof of the related results in [3], the proofs of Theorems 2.10
and 2.11 exploit some results on contiguous and nonbounding degrees in
the literature, which we summarize first.
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Recall that a c.e. degree is contiguous if it contains only one c.e. wtt-
degree. Ladner and Sasso [13] have shown that any nonzero c.e. degree
bounds a nonzero contiguous degree, and this has been extended by Ambos-
Spies [1] as follows.

Let cg,...,c,—1 be nonzero c.e. degrees (n > 1). There are c.e. degrees

bg,...,b,_1 such that, for i <n, 0 < b; < ¢;, and, for

0cac{0,...,n—1}, V,, bi is contiguous.

(2.4)

(This is a special case of Theorem 4.2 in [1].) As Stob [19] has shown,
contiguous degrees have a local distributivity property. To make this more
precise, call a c.e. degree b n-covering (n > 1) if, for any c.e. degrees
a, bo, veey bn—h

a<byV..Vb, 1=b=3day< bo7 v @p_1 < b,_1 [a =39 V..V an_l]

(2.5)
holds. Then Stob [19] has shown that contiguous degrees are 2-covering
and, as observed in [1] (see Corollary 1.5 there), this can be easily extended
to show

Let b be contiguous. Then b is n-covering for all n > 1. (2.6)

The existence of nonzero nonbounding degrees, i.e., nonzero c.e. degrees
which do not bound a minimal pair of c.e. degrees, has been established
by Lachlan [12], and this result has been strengthened by Ambos-Spies and
Soare [4], who have shown that there is an infinite sequence of nonbounding
degrees which pairwise form minimal pairs.

There are c.e. degrees c,, > 0 such that, for any n > 0, ¢,, is nonbounding,
and, for any n #n’ >0, ¢, Acy, = 0.

(2.7)
Now, following Ambos-Spies [3], say that a c.e. degree b is of type n > 2
via by, ..., b,_1 if the degrees by, ...,b,_1 are nonbounding and there is

an embedding of the n-atom Boolean algebra B,, = (2t1"} U, N) into the
initial segment R(< b) which preserves joins, meets and the least and great-
est elements and which maps the atoms of 5,, to the degrees by, ..., b,_1;
and say that b is of type n if b is of type n via some degrees bg,...,b,_1.
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Examples of degrees of type n are provided by the following fact.
Let b,bg,...,b,_1 (n > 2) be c.e. degrees such that b=bo V-V b,_1,

by, ...,b,_1 are nonbounding and pairwise minimal pairs, and, for any «
st. 0 CaC{0,...,n—1},\,, b; is contiguous. Then b is of type n via
bo, - 7bn71-

(2.8)

(Since the proof of (2.8), which exploits (2.6), is quite straightforward and
implicit in the proof of Corollary 5.5 in [1], we omit it here.) Note that, by
(2.4) and (2.7), for any n > 2 there are degrees b,bg,...,b,_1 as in the
hypothesis of (2.8). So (by (2.6))

For n > 2 there is a contiguous (hence n-covering) degree b of type n
(2.9)
holds. Finally, we observe that

Let b be n-covering and of type n via bg,...,b,—1 (n > 2). Then,
for any c.e. degree a < b, a is nonbounding iff a < b; for some i < n
(2.10)

holds. (Namely, for a proof of the nontrivial implication, let a < b be
nonbounding. Then, since b is n-covering and b =bg VvV ...b,,_1, there are
c.e. degrees a; < b; (i < n) such that a = ap V --+ V a,_1. But, since
the degrees b; are pairwise minimal pairs and since a is nonbounding, this
implies that, for some i < n, a = a; hence a < b;.)

Some of the above results together with Theorem 2.12 imply the follow-
ing sufficient condition for a generator to have rank > n (for given n > 2).
Lemma 2.14: Let b,bg,...,b,_1 be c.e. degrees such that b is of type n
via bg,...,bp_1 (n >2), and let G be a generator such that

GAR(<b) CR(< by) U+ UR(< by ) (2.11)
holds. Then rank(G) > n.

Proof: By Theorem 2.12, fix c.e. degrees a,ag,...,a,_1 such that a is
sm.i., 0 <a; <b; fori<n,and a=agV---Va,_1. Then, by Proposi-
tion 2.13, it suffices to show that j-rankg(a) > n.

For a contradiction, assume that jrankg(a) = p < n and fix
Co,...,Cp—1 € G such that a = co vV --- V c,_1. Since a < b, it follows
by (2.11) and by p < n that there is a number i < n such that

aS \/ bj.

j€4{0,....,n—13\ {4}
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On the other hand, by b having type n via by, ..., b,_1,

\V b; | Ab; =0.
J€{0,.,n—11\{i}
So a A b; = 0. But this is impossible since, by choice of a;, a; < a,b; and
a; # 0. a

The preceding observations suffice to prove Theorem 2.10.

Proof: (of Theorem 2.10) Since R is a join generator of join rank 1 (hence
rank 1), w.l.o.g. we may assume that n > 2. Let

G, = {a: there is no b > a which is both n-covering and of type n}

U{a: a is nonbounding}.

Obviously, G, is definable, and in [3] it has been shown that G,, is a join
generator of join rank n. So it suffices to show that rank(G,,) > n.

By (2.9), fix c.e. degrees b, bg,...,b,_1 such that b is n-covering and
b is of type n via by, ..., b,_1. Then, by definition of G,,,

G,NR(<b)={a<b: aisnonbounding}.

So, by (2.10), (2.11) holds for G = G,. Hence, rank(G,) > n by
Lemma 2.14. 0

For the proof of Theorem 2.11, in addition to the above observations we
need two definability results: First, Downey and Lempp [9] have shown that
the class of the contiguous degrees is definable (namely, a c.e. degree a is
contiguous if and only if a is 2-covering). Second, Nies [14] has shown that,
for any definable class D of c.e. degrees, the ideal generated by D is definable
too. By inspecting the proof, one immediately gets the corresponding result
for the join closure.

Lemma 2.15: (Nies) For any definable class D of c.e. degrees, the join
closure CL;(D) of D is definable too.

Proof: (of Theorem 2.11) Let
G.={a:3b>a (be CL;(NB)nCONT)] U NB

where NB and CONT are the classes of the nonbounding degrees and
contiguous degrees, respectively. Since, obviously, NB is definable hence



May 22, 2023 Lecture Note Series, IMS, NUS — Review Vol. 9in x 6in 13479-01 page 14

14 K. Ambos-Spies, D. Ding and P. Fejer

CL,;(NB) is definable by Lemma 2.15, it follows by definability of CONT
(Downey and Lempp [9]) that G, is definable.

To show that G, is a join generator, given a € R\ G, it suffices to
show that a € CL,;(G,,). By choice of a and by definition of G, a ¢ NB
and there is a degree b € CL;(NB) N CONT such that a < b. So, by
downward closure of NB and by (2.6), there is a number n > 2 and nonzero
nonbounding degrees a; (i < n) such that a = ag V -+ V a,_;. So, in
particular, a € CL;(INB) which, by NB C G,,, implies the claim.

It remains to show that rank(G,,) > n for all numbers n > 2. Fix n > 2,
and, by (2.9), fix c.e. degrees b, by, ..., b,,_1 such that b is contiguous and
b is of type n via by, ..., b,_1. Then, by Lemma 2.14, it suffices to show

G, N R(S b) - R(S bo) Uu---u R(S bnfl).

So fix a € G, NR(< b). Since a < b and b € CL;(NB) N CONT, it
follows by definition of G,, that a is nonbounding. So, by (2.10), a < b; for
some i < n, which completes the proof. a

3. Proof of Theorem 2.7

Before we give the proof of Theorem 2.7, we give some notation and facts
used not only in this proof but also in the proofs of Theorems 2.8 and 2.12
given in the following two sections.

Let (¢e)e>0, (We)e>o and ({€}7)e>0 be computable numberings of the
unary partial computable functions, c.e. sets, and Turing functionals, re-
spectively, where W, is the domain of ¢., and fix uniformly computable
enumerations (e s)s>0, (We,s)s>0 and ({e}? ;)s>0 of ¢, W, and {e}?, re-
spectively, such that

Yes(x) ) (le.z €Wey) = e,z <s, (3.1)
{e}X(x) | = e,z,u(X;e,x,5) < s (3.2)

and
{e}X(z) |l = = <u(X;e,m,s) (3.3)

hold, where u(X;e,x) and u(X;e,x,s) denote the use of {e}X(z) and
{e}Z:(x), respectively.
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For modelling some of the required Turing reductions, we use (standard)
markers. The standard marker of W, (with respect to the given enumeration
(We,s)s>0) is denoted by 7. and defined by

Yeolz) = (2,0)

Ye,s+1 () =

(m,s+1) if Weapr [ # Wes |,
Ve,s () otherwise.

Note that v.(x) = lims_., Ve s(z) exists, that v.(z) is computable in W,
and that

’Ve,s(x) S ’Ye,erl(x) S ’ye(x) (34)

for all numbers e, x, s. The following observation on the growth of the stan-
dard markers will be crucial.

Lemma 3.1: (Standard Marker Lemma) Let A be any set and e be any
index such that W, L1 A. Then, for any infinite A-c.e. set D and any
partial A-computable function 1 such that D is contained in the domain of
¥, there is an infinite A-computable subset D of D such that Y(x) < ve(x)
for all z € D.

This lemma is implicit already in Lachlan [11] and follows from the
lemma to Theorem 2 of Chapter 18 of Shoenfield [16].

General format of the proof

We now turn to the proof of Theorem 2.7. By Lemma 2.3, it suffices to
show that there is a low c.e. degree a such that a > 0 and

Vb(),b]_ [bg\/bl —a=a<bg or
VC(),Cl ﬁaﬂd(dgbl \/Co,bl \/Cl&dfa)]
(3.5)
holds.

By a finite injury priority argument, we construct a c.e. set A such that
a = deg(A) has the required properties. Together with A, we enumerate
auxiliary c.e. sets C), (n > 0). We let A, and C,, s denote the finite parts of
A and C,,, respectively, enumerated by the end of stage s > 0 of the con-
struction. Moreover, we let Ay = C), o = 0, i.e., stage 0 of the construction
is vacuous.

There is an infinite list of requirements R, e > 0, to be met. The
requirements are of three different types, noncomputability requirements P,
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lowness requirements N, and inaccessibility requirements Q.. The priority
ordering is determined by P, = Rgc, Ne = R3e41, and Qe = Rge2.

At any stage s + 1 of the construction, any requirement P., N, and
Qe with e < s may require attention, and the highest priority requirement
which requires attention becomes active (or, in other words, receives atten-
tion). If R, acts at stage s + 1 then all lower priority requirements R/,
e < €, are initialized. Moreover, if requirement R, acts at stage s + 1 then
it may be declared to be satisfied at this stage. In this case, R, remains
satisfied unless it becomes initialized, i.e., if R, is satisfied at stage s and
R, is not initialized at stage s+ 1 then R, is satisfied at stage s+ 1 too. We
say that Re is permanently satisfied at stage s if R, is satisfied at stage s
and not initialized later, and R, is permanently satisfied if there is a stage
at which it is permanently satisfied.

We will argue that any requirement requires attention at most finitely
often. So any requirement acts only finitely often and is initialized only
finitely often.

Requirements

The requirements are as follows. In order to ensure that a > 0 and a is
low, we meet the Noncomputability Requirements

P.: A# {6}
and the Lowness Requirements
N, : If {e}“(e) | for infinitely many s then {e}*(e) |

respectively. In order to guarantee (3.5), for any numbers n,m > 0 and
for the corresponding unique numbers 4g, i1, jo, j1, j2, ko, k1 and e such that
n = (io, i1, jo, j1, j2, ko, k1) and e = (n,m) we ensure

Cp <t Wi, @ Wiy, Wi, @ Wy, (3.6)
and meet the Inaccessibility Requirements

Qe:If  (3) Wiy ={jo}* & Wi, = {ji}?* & A= {ja}Wio®Wi,
(Z’L) kaWkl ﬁT A, and
(mz) A Lr Wi,

then (x) C, # {m}*.
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To see that the Q. requirements, together with (3.6) ensure that (3.5)
holds, suppose that bg V by = a, a £ bg, and cg,c; £ a. To show that
(3.5) is met, we need to show that there is d with d < by Vcg, by Ve and
d ﬁ a. We may choose io,il,jo,jl,jg, k1, ko such that Wio € bo, Wil S bl,
Wiy = o}, Wi, = {5114, A = {j2}Weo®Wa W, € co, and Wy, € c;.
Let n = (ig, i1, jo, j1,J2, ko, k1) and define d = deg(C,,). Then, (3.6) implies
d < by Vcg,by V c1. Assuming that we meet Q. for all e = (n,m), then,
since for such e all the hypotheses (), (i%), (#i7) of Q. hold, we must have
Cp # {m}? for all m, which ensures that d £ a.

The strategies for satisfying condition (3.6) and meeting the require-
ments R, are described next. There — just as in the following in general —
when discussing condition (3.6) or an inaccessibility requirement Q., we
always tacitly assume that n = (ig, 1, jo, j1, j2, ko, k1) and e = (n, m).

Strategy for satisfying condition (3.6)

Condition (3.6) is satisfied by marker permitting. To be more precise,
the construction guarantees

T € Chsy1 \ Cns = Fz <min{yi, s(2), Yhys(2)} (2 € Wiy 511 \ Wiy 5)
(3.7)
where vy, is the standard marker of Wy, (p = 0,1). (Note that, by (3.4),
(3.7) implies that a number z cannot enter C,, after a stage s such that
Wiis T, (2) = Wi, |, (2) (for p = 0,1). Since 7, is Wy, -computable
it follows that (3.7) ensures that (3.6) holds.)

Strategy for meeting P,

The strategy for meeting the noncomputability requirements is stan-
dard. It uses followers.

Requirement P, requires attention at stage s + 1 if e < s, P, is not
satisfied at (the end of) stage s, and one of the following holds.

P, has no follower at the end of stage s. (3.8)

P, has follower y at the end of stage s, y is realized at stage s,

ie., {e}s(y) =0,and y € A,. (3.9)

The corresponding action (if P, receives attention at stage s + 1) is as
follows. If (3.8) holds then appoint y = s+ 1 as follower of P.; and if (3.9)
holds then put the follower y of P, into A and declare P, to be satisfied.
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At any stage s there is at most one follower of P.. We denote this
follower by y(e, s) and write y(e, s) 1 if such a follower does not exist.

If P, is initialized at stage s + 1 then the follower of P, at the end of
stage s (if any) is cancelled (hence y(e, s+ 1) 1). A follower which is never
cancelled (i.e. which is appointed at a stage after which P, is not initialized
anymore) is called permanent. We will argue that there will be a (unique)
permanent follower y(e) of P, and that this follower y(e) witnesses that P,

is met, i.e., A(y(e)) # {e}(y(e)).

The noncomputability requirements are the only requirements which
enumerate numbers into A. Since at any stage s+1 at most one requirement
becomes active, it follows that

Asi1 #As = TNe<s(yle,s) ] & Asi1 \ As = {yle,s)}) (3.10)
holds.

In the actual construction, the strategy for meeting the inaccessibility
requirements Q. will require that the followers of the noncomputability
requirements P, have certain properties. For this sake, below we have to
add another clause for P, requiring attention.

Strategy for meeting N,
The strategy for meeting the lowness requirements is standard too.

Requirement N, requires attention at stage s + 1 if e < s, N, is not
satisfied at (the end of) stage s, and the following holds.

{e}ie(e) . (3.11)

The corresponding action (if N, receives attention at stage s 4 1) is as
follows. Declare N, to be satisfied.

Note that, by N, becoming active, all followers of lower priority noncom-
putability requirements are cancelled. Since any follower appointed later
will be greater than s 4+ 1 hence, by our convention (3.2), greater than
u(Ag;e,e,s), it follows by (3.10) that {e}“(e) = {e}#<(e) | and therefore
that N, is met unless N, becomes initialized later. So if N, is permanently
satisfied then N, is met.
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Strategy for meeting Q.

For the discussion of the strategy for meeting Q., fix e and the numbers
n, m, io, il, jo, jl, j2, ko, k‘l, such that e = <n,m> and n = <i0, il, jo, jl,
j23 k07 k1>

There are two strategies for meeting Q.. The first strategy attempts
to refute hypothesis (i) of the requirement (see (3.12) and (3.13) below).
This strategy is purely A-negative: it waits for a disagreement in one of the
equations in (i) which can be preserved by putting a restraint on A. The
second strategy attempts to meet the requirement by satisfying (x) (see
(3.14) below). The latter strategy is A-negative too (in order to preserve a
computation with oracle A) and, in addition, C,,-positive.

Requirement Q. requires attention at stage s + 1 if e < s, Q. is not
satisfied at (the end of) stage s, and one of the following holds.

3x<A4@#{hﬁ%ﬂW%WwL
and, for u = u(Wy, s & Wy, s; o2, 2, s) and for p <1, (3.12)

xmﬁru—ﬁﬁﬁru>

JzIp <1 (Wi, s(z) = 1# {jp1i () 1) (3.13)

Jre wle! (3.14)
Gmw%mo&az<mmhm4mWMAMHmn%wH\wg§.

(Note that, by our convention (3.2), the quantifier 3 x in (3.12)—(3.14)
can be replaced by the bounded quantifier 3 z < s whence it is decidable
whether these conditions hold or not.)

The corresponding action (if Q. receives attention at stage s 4 1) is as
follows. Declare Q. to be satisfied. Moreover if (3.14) holds then, for the
least x as there, put = into C,,. Note that the latter action is consistent with
(3.7). (Also note that the set wl® is reserved for Q, i.e., numbers from w!*l
can be enumerated into C), only by the Q.-strategy.)

If Q. is permanently satisfied then Q. is met. This is immediate by
the following claim since, if Q. becomes active at stage s + 1 and is not
initialized later, then A [ s+ 1= A, | s+ 1.
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Claim 3.2: Assume that Q. requires and receives attention at stage s + 1
and that A | s +1 = A, [ s+ 1. Then either clause (i) in Q. fails or clause
(*) in Q. holds. So, in particular, Q. is met.

Proof: If (3.12) holds, fix the least x as there and the corresponding u.
Then, by (3.2), x < s and u(As; jp,y,s) < s for all y < w and p < 1. So, by
Als+1=Ag]s+1, A(z) = As(x) and, for p < 1, {5} Tu= {5, }2 [ u.
It follows, by choice of z and u, that A(z) # {js}"ie®Wii () or, for some
p<1, Wy [u# {jp}? I u. In either case, this implies that hypothesis (i)
of Q. fails, hence Q. is met.

If (3.13) or (3.14) holds then the argument that Q. is met is similar.
If (3.13) holds then, for any z and p < 1 as there, 1 = W; (z) # {j, }*(2).
So, again, hypothesis (i) of Q. fails. Finally, if (3.14) holds then, for the
least x as there, C,,(x) = 1 # 0 = {m}*(x). So the conclusion () of Q.
holds. a

The above finitary strategy attempts to refute hypothesis (i) of Q.
by diagonalization or to guarantee the conclusion (%) by diagonalization.
It does not suffice to meet Q., and an additional infinitary strategy is
needed which is based on the assumption that hypotheses (i) and (ii) of Q.
hold. Very roughly speaking, the idea of this strategy is as follows. By (i),
A = {ja}Wi®Wii So a number y which enters A sufficiently late triggers
a change of W;, or W;,. Now any follower y of a lower priority coding re-
quirement which does not enter A sufficiently promptly is chosen so that a
change of W;, gives the necessary permission to make an attack on Q. via
clause (3.14). So if the finitary strategy fails then we may argue that any
hence A ST Wio
(so hypothesis (iii) of Q. fails and the requirement is met).

“critical” number which enters A is “permitted” by W;,,

This infinitary strategy interferes with the strategies of the noncom-
putability requirements but the impact on a fixed requirement is finitary
(hence compatible with the finite injury framework). To implement the
strategy, we use the following e-eligibility notion.

A number y is e-eligible (e = (n,m), n = (ig, i1, jo, J1, j2, ko, k1)) via
numbers x, u, v and r at stage s + 1 if the following hold.

z € wl (3.15)
{m}(x) =0 (3.16)

u=u(Ags;m,x,s) (3.17)
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y>u (3.18)
y & A (3.19)
A Ty+1= (koM 1y 41 (3.20)
v =max{u(W;, s ® Wi, s;J2,2,5) : 2 < y} (3.21)
Vo<1 (Wielv+1={5}" Tv+1) (3.22)
r = max{u(As;jp,2,8) :p <1 & z < v} (3.23)
and
U < Vi, () Yoy s (7). (3.24)

Call y e-preeligible via x, u, v and r at stage s + 1 if (3.15)—(3.23) (but
not necessarily (3.24)) hold. Call y e-(pre)eligible at stage s+ 1 if there are
numbers z, u, v, and r such that y is e-(pre)eligible via x, u, v, and r at
stage s+ 1. Note that, if y is e-(pre)eligible via z, u, v and r at stage s+ 1,
then, by our conventions (3.2) and (3.3),

r<u<ly<v<r<s. (3.25)

(Also note that if y is e-(pre)eligible via x, u, v and r at stage s + 1 then
the numbers u, v and r are determined by y and z. So, in particular, since
x <y, it is decidable whether y is e-(pre)eligible at stage s + 1.)

The following claim explains how e-eligibility is used in meeting require-
ment Q..

Claim 3.3: Assume that Q. requires attention only finitely often and is
satisfied only finitely often. If there is an infinite computable set .S of stages
such that, for any s € S,

Vy s (y<s<s &ye Ay \ Ay] = yis e-eligible at stage s’ + 1)
(3.26)
holds, then requirement Q. is met.

Proof: Fix an infinite computable set S such that (3.26) holds for all
s € S. In order to show that Q. is met, w.l.o.g. we may assume that
hypothesis (i) in Q. holds, and it suffices to show that

A<t W, (3.27)
holds (hence hypothesis (iii) of Q. fails).
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For a proof of (3.27), it suffices to show that there is a function s(z)
(z > 0) such that

Ar2+1:AS(z)[Z+1 (328)

and such that s(z) can be uniformly computed from W;, @ (A | z). Obvi-
ously, this gives an inductive procedure for uniformly computing A(z) from
Wi, for any z > 0.

The definition of s(z) is as follows. Fix sy > e such that Q. neither
requires attention nor is satisfied after stage so. Note that, by (i), for any
z there are numbers v, and r, such that, for all sufficiently large stages s
and for v(z, s) = v, and r(z, s) = r,, the following hold.

s > max(z + 1, s9) (3.29)
Alz=A ]z (3.30)

Ay T2+ 1= {jp}ios®Wie 1541 (3.31)
v(z,8) = max{u(Wi, s & Wi, s jo, 2, 8) s ¢ < 2} (3.32)
Wiy Tv(z,8) = Wiy s [ 0(2,8) (3.33)

Vo<1 (Wi, [ v(z8) = {Gp}a 1 0(2,9)) (3.34)

r(z,s) = max({u(As; jp,x,s) :p <1 &z <wv(z,s)fU{z+1}). (3.35)

(Note that, for given z and s, if there are numbers v(z, s) and r(z, s) such
that (3.29)—(3.35) hold then these numbers are uniquely determined by z
and s via (3.32) and (3.35).) So there are infinitely many stages s as above
with s € S. Moreover, using W;, @ (A | z), as an oracle, it is decidable
whether, for a stage s, there are numbers v(z, s) and 7(z, s) such that (3.29)-
(3.35) hold. So, if we let s(z) be the least stage s such that s € S (hence
(3.26) holds) and, for some v(z, s) and r(z, s), (3.29)—(3.35) hold then s(z)
can be uniformly computed from W;, & (A | z).

It remains to show that (3.28) holds. Fix z, let s = s(z) and, for a
contradiction, assume that A [ 2+ 1 # A, [ z + 1. Then, by (3.30),

2e A\ A, (3.36)
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Since, by (i), A(2) = {j2}Wio®Wii (), it follows by (3.31), (3.32) and (3.33)
that
Wi, Tv(z,8) # Wi, s [ v(z,s).
So we may fix the unique ¢ > s such that
Wi i+1 T v(z,8) £ Wit Tv(z,8) = Wi, s [ v(z,8). (3.37)

On the other hand, since (by (3.35)) z < r(z, s), it follows from (3.36)
that there is a stage s’ > s such that

As/-i-l I ’I“(Z, 3) 7& Ay I ’I“(Z, 3) (338)

Note that s’ < t for the least such stage s’ since otherwise, by (3.37),
by (3.34) and by (3.35),

Wisit1 Tv(z,8) # Wi s [v(z,9)
= {1} Tu(z9)
= (Yt T o(z, ).

But this implies that Q. requires attention via clause (3.13) at stage t + 2
which (by (3.29)) contradicts the choice of sg.

So for the remainder of the argument, we may fix s’ maximal such that
s < s’ <t and (3.38) holds. We will show that Q. requires attention via
clause (3.14) at stage ¢ + 1 contrary to choice of so.

Fix the (unique) number y which enters A at stage s’ + 1. Then
z<y<r(z,s) <s (3.39)
(where the first inequality holds by (3.30) and the last inequality holds by
choice of r(z,s) and s and our convention (3.2)) and, by maximality of ¢/,

(Aepr [7(z,8) \ (As Tr(2,5)) = {y}- (3.40)

Moreover, by s € S and (3.39), y is e-eligible at stage s’ + 1, say via z, u, v
and 7. So z € wl*l, {m}fﬁ' (x) =0and 2 <u =u(Ay;m,z,s") <y which,
by (3.40), implies {m}:*(x) = 0. So, in order to argue that Q. requires
attention via clause (3.14) at stage ¢ + 1, it suffices to show

Wiht"l‘l I min{’yk‘mt(x)”ykht(x)} 7& Wiht ) min{'yko,t(x)”ykht(x)}' (341)

For a proof of (3.41), first note that, by e-eligibility of y via x, u, v and
r at stage s’ + 1,

v =max{u(Wi, s & Wi, o;j2,2",5") 2" <y} < Vg, (@), Viy,o ().
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So, since the standard markers are nondecreasing in the stages and since
s' < 't, by (the inequality in) (3.37), it suffices to show that v(z, s) < v. But
this follows from z < y and s < s’ < ¢, since, by (the equality in) (3.37),
by (3.33), and by definition of v(z, s),

v(z,s) = max{u(W;, s ® W, s;j2, 2", s) 1 2’ < z}
= max{u(Wi, o & Wi, s;j2,2',8') 12/ < 2}

This completes the proof of (3.41) and the proof of Claim 3.3. a

The following two claims provide some more facts on e-eligibility to be
used in the construction: The first claim shows when we can find e-eligible
numbers while the second claim tells us how e-eligibility of a number can
be preserved.

Claim 3.4: Assume that clauses (i) and (ii) in Q. hold, and that {m}* is
total and, for almost all numbers z € w!®l, {m}*(x) = 0. Then, for any
infinite A-computable subset E of A there is an infinite subset F of E such
that, for any y € F, there are numbers z,, u,, v, and r, such that y is
e-eligible via x,, u,, v, and r, at almost all stages.

Proof: Fix zo minimal such that {m}?(z) = 0 for all z > 2 in wl°. By
(i), by totality of {m}#, and by choice of E, for any number z > 0 there
are unique numbers u(z), y(z), v(z), r(z) and s(z) such that

u(z) = u(4;m, x),

y(x) = py = u(z) (y € E),

v(x) = max{u(W;, ® W;,;j2,2) : 2 < y(z)},
r(z) = max{u(4;jp,2) 1 p <1 & z < v(z)},

and s(z) is the least stage s > r(x) such that {m}2s(x) |, u(As;m,z,s) =
u(z), As(z) = {ja}Wios®Wirs(2) for all 2 < y(z), v(z) = max{u(W;, s ®
Wiy sid2,2,8) 1 2 < y(x)}, Wi, o(2) = {jp}2e(z) for all p < 1 and z < v(z),
r(z) = max{u(As; jp,2,8) :p<1& 2z <wv(z)}, and A | r(z) = A, | r(x).
Obviously, u(x), y(x), v(x), r(z) can be computed by A, x < u(z) <
y(z) < v(z) < r(z) < s(z), y(z) € E, and, for any = > xo in wld, y(x)
is e-preeligible via x, u(z), v(x) and r(z) at all stages s +1 > s(x). So
it suffices to show that there are infinitely many numbers z € wl¢ such
that v(z) < v, (x) and g, (x). But, by A-computability of v(x), this is
immediate by the Standard Marker Lemma. (Namely, a first application
yields an infinite A-computable subset D of {z : z € wl¥ & z > ¢}
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such that v(z) < 7k, (z), and a second application yields an infinite A-
computable subset D of D such that v(z) < vk, (2).) a

Claim 3.5: Let e, y, x, u, v, r, s and s’ be given such that s < s', e < s, y
is e-(pre)eligible via x, u, v and r at stage s+ 1, Ay [ r = Ag | r, and Q.
is neither satisfied at stage s’ nor requires attention at stage s’ + 1. Then y
is e-(pre)eligible via z, u, v and r at stage s’ + 1.

Proof: Note that if (3.24) holds at stage s then it holds at all stages s > s
since the standard markers are nondecreasing in the stages. So it suffices
to consider the case of preeligibility.

By assumption, (3.15)-(3.23) and (3.25) hold, and it suffices to show
that (3.16), (3.17), (3.19), (3.20), (3.21), (3.22) and (3.23) remain true if
we replace s by s’. Since, by (3.25), z < u < y < v < r < s and since, by
assumption, Ay [ r = A, [ r, this is immediate for (3.16), (3.17), (3.19),
and (3.23) where the last equation holds since, for z < v, the use of the
computations {j,}4(2) | is bounded by r hence these computations are
preserved through the end of stage s’. The latter implies that (by As |
y+1=As [ y+ 1) the remaining conditions (3.20), (3.21) and (3.22) are
preserved too, unless, for some p <1, W; o [v+1#W; o[ v+ 1. If the
latter happens, however, then there is a number z’ such that

1= Wi, (@) £ Wi, s(2') = {p} () b= {jp}o (2) L.

So, since, by assumption, Q. is not satisfied at stage s’ and since ¢ < &', it
follows that Q. requires attention at stage s’ + 1 via clause (3.13) contrary
to assumption. So the clauses (3.20)—(3.22) hold at stage s’ too, which
completes the proof of the claim. O

Claim 3.3 leads to the following strategy for meeting Q.: if the follower
y(e”, s) of a noncomputability requirement P.~ of lower priority than Q.
has not yet been enumerated into A, y(e”, s) is not e-eligible, and there is a
number y > y(e”, s) such that y ¢ A, and y is e-eligible at stage s+ 1 then
we replace y(e”’, s) by (the least such) y. Then, by Claim 3.4 and Claim 3.5
we will argue that if Q. is not satisfied for some trivial reasons then (almost
all) permanent followers which do not enter A will become e-eligible and
from this we conclude that the premise of Claim 3.3 will be satisfied.

To synchronize the attempts to make followers e-eligible for the higher
priority inaccessibility requirements Q., we introduce e-states.
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The e-state of a number y at the end of stage s is the (binary) string
o(e,y, s) of length e defined by

Ve <e <a(e,y,s)(e’) =0&
y is e’-eligible at stage s + 1 or Q. is satisfied at the end of stage s).

e-states are ordered by the standard lexicographical ordering, i.e., o < ¢’
if there is a number e’ < e such that o(e’) # o’(¢’) and, for the least such
e, o(e) <d'(e);and 0 <o’ if 0 <o’ or 0 = ¢’. In addition, we use the
partial ordering < on {0,1}¢, where o < ¢’ if o(e’) < o’(€’) for all ¢’ < ¢;
and we write 0 < ¢’ if 0 < ¢’ and ¢ # ¢’. Note that o < ¢’ implies o < ¢/,
but the converse in general fails. In order to distinguish between < (<) and
=< (R), we say that o is (weakly) less than ¢’ if 0 < ¢’ (¢ < ¢’) holds, and
we say that o (weakly) precedes o' if 0 < ¢’ (6 < ¢’) holds. If we talk about
the least e-state with a certain property, we always mean the least e-state
with this property with respect to the lexicographical ordering <.

Strategy for meeting P. revisited

In the spirit of the above comments, in order to make the action of the
noncomputability requirements compatible with the strategy for meeting
the inaccessibility requirements, we ensure that the e-state of the followers
of P, becomes as small as possible. Roughly speaking, this is ensured by
replacing a follower y of P, which is not yet in A and not yet realized by
a larger number 3y’ which is not yet in A and which has smaller e-state
than y, whenever this is possible. To be more precise, if y = y(e, s) is the
follower of P, at the end of stage s then a declared e-state denoted by 6 (e, s)
is attached to P.. We ensure that the true e-state of y, o(e,y, s) weakly
precedes the declared e-state &(e, s) as long as y is not enumerated into A
and not cancelled (if y is cancelled then the declared e-state is cancelled
t00), and if there is a number ¢’ > y which is not yet in A and which has
an e-state less than the declared e-state of P, then we replace the follower
y by such a number 3’ and let the declared e-state be the true e-state of
this number at the current stage.

The above is implemented by adding to (3.8) and (3.9) the following
third clause causing P, to require attention at stage s + 1.

P. has follower y at the end of stage s, y is not realized at stage s, and
there is a number y’ such that y <y’ < s,y & As, and o(e, v, s) < 6(e, s).
(3.42)
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If this clause applies and P, receives attention then the follower y is replaced
by the least such y’ and the declared e-state of P, at stage s + 1 is defined
to be o(e,y’, s). Moreover, if P, receives attention via clause (3.8) at stage
s+1 and a new follower is appointed then the maximum e-state 1¢ becomes
the declared e-state of P, at stage s + 1, i.e., 6(e,s + 1) = 1°.

(Note that, by clause (3.42), a P.-follower y may be replaced at stage
s+ 1 by a number 3y < s. So, for given e, y and s, it will not be decidable
anymore whether y will be a P, follower at a stage > s.)

The construction

The construction is immediate by the above. For clarity of presentation
we explicitly state it here using the previously given definition of requiring
attention. Parameters depending on the stage which are attached to the
requirements persist unless explicitly stated otherwise. If any requirement
R, becomes initialized at stage s+ 1 and it was satisfied at the end of stage
s then it becomes unsatisfied. Moreover, if a noncomputability requirement
P. becomes initialized at stage s+ 1 and it has a follower y = y(e, s) at the
end of stage s then this follower is cancelled as well as the declared e-state
(i.e., yle,s+1) T and 6(e,s+ 1) 1).

At stage 0, no requirement is satisfied and no noncomputability re-
quirement has a follower (i.e., y(e,0) 1 and &(e,0) 1 for e > 0), and
Ag = Cypo =0 for all n > 0. Stage s + 1 > 0 is as follows.

Stage s + 1. Fix k minimal such that Ry requires attention at stage
s+1, fix e and ¢ < 2 such that k = 3e+1, and distinguish the following
three cases according to the type of requirement Ry.

Case 1: k = 3e, i.e., Ry = P.. If (3.8) holds then appoint y = s+1
as follower of P (i.e., let y(e, s+1) = s+1) and let 6(e, s+1) = 1%
if (3.9) holds then put the follower y = y(e, s) of P, into A and
declare P, to be satisfied; and if (3.42) holds then replace the
follower y = y(e, s) of P, by the least number 3’ as there, i.e., let
yle,s+1) =y and let 6(e,s + 1) =o(e, v, s).

Case 2: k =3e+1, i.e., Ry = N.. Declare N, to be satisfied.

Case 3: k = 3e+2, i.e., R, = Q.. Then declare Q. to be satisfied.
Moreover if (3.14) holds then, for the least = as there, put « into
Cp (where e = (n,m) for some m).
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In any case, declare that requirement Ry receives attention and is
active at stage s+ 1, and initialize all requirements Ry, with & > k.

Verification

Obviously the construction satisfies (3.7). Hence (3.6) holds. So it suf-
fices to show that all requirements are met.

We start with some observations on the followers and the declared states
of the noncomputability requirements.

Obviously, for any e, P, has no follower at the end of stage 0 and, for
any s > 0, there is at most one follower of P, at the end of stage s + 1. So
we may let y(e, s) denote the follower of P, at the end of stage s and let
y(e, s) T indicate that there is no such follower. Since at any stage at most
one requirement acts and only the noncomputability requirements enumer-
ate numbers into A, (3.10) is immediate. Moreover, by a straightforward
induction on stage s, the indices e for which y(e, s) is defined is an initial
segment of w of size < s, the followers (when defined) are nondecreasing in
the stage and strictly increasing in the index, and a follower is bounded by
its index from below and by the stage from above, i.e.,

Je<s(y(e,s) & € <e) (3.43)

s<s' &yles) ] &yle,s') L= yle,s) <yle,s) (3.44)
e<e &yle,s) L= yles) <yl s) (3.45)
yle,s) L = e<yles) <s (3.46)

hold. Also note that if P, has no follower at some stage then any of its later
followers is greater than this stage, i.e.,

s<s &yle,s) T &yle,s) = yles)>s, (3.47)

and if P, becomes active then the lower priority followers are cancelled
hence

e<e &yle,s)#yle,s+1)= yle,s+1)1. (3.48)

Moreover, if the follower y is assigned to P, at stage s+ 1 and P, neither is
initialized nor becomes active by stage s’ > s then, by cancellation of the
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lower priority followers at stage s + 1, no number < s + 1 enters A after
stage s and prior to stage s’ + 1 whence

s<s &yle,s) #£yle,s+1) l=yle,s) € Ay = Ay [s+2=A4,]s+2.
(3.49)

The declared state of a noncomputability requirement is defined at the
end of a stage if and only if the requirement has a follower at the end of this
stage, and the declared state changes if and only if the follower changes.
Moreover, if a follower is appointed then the declared state assumes its
maximum possible value (hence is weakly preceded by the e-state of the new
follower at the previous stage), and if a follower is replaced with another
number then the declared state is decreased and coincides with the true
e-state of the new follower at the previous stage.

Gle,s) L < yle,s) | (3.50)
Gle,s) #d(e,s+1) < yle,s) #yle,s+1) (3.51)
gle,s) #ad(e,s+1) L= oleyle,s+1),s) Xa(e,s+1) (3.52)

G(e,s) £ 6(e,s+1) ] = d(e,s) >d(e,s+1) =0(e,yle,s+1),s). (3.53)

Finally, observe that the declared states satisfy the following weak mono-
tonicity property.

e<e &yle,s) g A; & yle,s) L = (e, s) <b(e,s) | e. (3.54)

Namely, for a contradiction, assume that e < €', y(e, s) € A5 and y(€',s) |
hold but 6(e’, s) [ e < G(e, s). Fix s < s minimal such that y(e’,t) = y(¢’, s)
for all ¢ with s’ +1 <t <'s. Then y(¢/,s") # y(¢/,s' + 1) | and (by (3.51)
and by assumption) &(¢/, s’ +1) = 6(¢/,s) < 1¢. So P,/ receives attention
at stage s’ + 1 according to clause (3.42) whence, for y = y(e', s’ + 1),
yle',sY <y <s,y & Ay and o(e',y,s') = (e, s’ + 1) hence o(e’,y,s') |
e < (e, s). On the other hand (by (3.48) and (3.51)) y(e, s’) = y(e, s) and
G(e,s') = d(e,s). Since (by (3.45)) y(e,s’) < y(€',s") and since y(e, s') =
y(e, s) € Ay, it follows that P, requires attention at stage s'+1 according to
clause (3.42) (or clause (3.9)) via y, which gives the desired contradiction.

Call a follower y of P, permanent if y = y(e, s) for all sufficiently large s
and call an e-state o the permanent declared e-state of P, if o = 6 (e, s) for
all sufficiently large s. Call requirement R. permanently satisfied at stage
s if Re is satisfied at stage s and not initialized later (hence satisfied at
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all stages s’ > s), and call Re permanently satisfied if it is permanently
satisfied at some stage.

Claim 3.6: Any requirement R, requires attention only finitely often. More-
over, any requirement P, has a permanent follower.

Proof: The proof is by induction on n. Fix n and, by inductive hypothesis,
fix a stage sg > m such that no requirement R, with n’ < n requires
attention after stage so. Then R,, receives attention at any stage s +1 >
so at which it requires attention and R,, is not initialized after stage sq.
So if R, is a lowness or inaccessibility requirement then R,, will require
attention at most once after stage sq, since if it requires attention then it
receives attention and is satisfied from this stage on (hence does not require
attention anymore).

So, for the remainder of the proof, we may assume that R,, is a noncom-
putability requirement, say R,, = P.. If P, has no follower at the end of
stage so then (by sgp > n > e) it requires and receives attention via clause
(3.8) at stage sp + 1. So, since P, is not initialized after stage sg, y(e,s) |
for all s > sg. So P, does not require attention via (3.8) after stage so + 1,
and P, requires attention at most once via (3.9) at a stage s > sg + 1
since if this happens then P, becomes permanently satisfied at this stage
hence does not require attention later. Finally, since y(e, s) is defined for all
s > sp+1 it follows, by (3.50), that (e, s) | for such s. It follows, by (3.53),
that (e, s) is weakly decreasing after stage sg and 6(e,s + 1) < (e, s) if
and only if P, becomes active via clause (3.42) at stage s+ 1. So P, can act
(hence require attention) via (3.42) at most 2° — 1 times after stage so + 1.
So P. requires attention only finitely often, and, for the follower y(e, s + 1)
existing at the last stage s + 1 at which P, acts, y(e, s") = y(e, s+ 1) for all
s’ > s hence y(e, s + 1) is permanent. a

Note that, by Claim 3.6 and by (3.50) and (3.51), requirement P, does
not only have a permanent follower but also a permanent declared e-state.
Let y(e) be the permanent follower of requirement P, and let 6(e) be the
permanent declared e-state of P.. Moreover, let t. + 1 be the stage at which
the permanent follower y(e) is appointed. Note that, by (3.46) and (3.45),
e < yle) < y(e¢') for e < €. Moreover, it is immediate by Claim 3.6 and
construction, that

A(y(e)) # {e}(y(e)) (3.55)
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(for any e > 0). Indeed, suppose that A(y(e)) = 0. Then, P, is not
permanently satisfied and if {e}(y(e)) = 0, then P, would require at-
tention infinitely often via (3.9), contradicting Claim 3.6. Now suppose
that A(y(e)) = 1. If P, requires attention at stage t. + 1 via (3.8), then
y(e) = te + 1, and (3.46) and the construction imply that y(e) & As 11,
while if P, requires attention at stage t. + 1 via (3.42), we again have
y(e) & A¢41. It follows from (3.45) that after stage t. + 1, y(e) cannot be
the follower of any requirement other than P.. Thus, A(y(e)) = 1 implies
that P, received attention at some stage after t. + 1 via (3.9) and y(e) is
realized, so again A(y(e)) # {e}(y(e)).

This immediately implies that the noncomputability requirements are
met, and Claim 3.6 easily implies that the lowness requirements are met
too.

Claim 3.7: Any requirement P, and N, is met.

Proof: The first part of the claim is immediate by (3.55). The proof of
the second part is as follows. If {e}%+(e) | for infinitely many stages s then,
for the least stage s > e such that no requirement of higher priority than
N, requires attention after stage s and {e}#<(e) |, N. becomes active at
stage s + 1 thereby cancelling all lower priority followers. So (by choice of
s and by (3.47)) A s+ 1= A, [ s+ 1 which, by our convention (3.2),
ensures that {e}?(e) = {e}2(e) . a

It remains to show that the inaccessibility requirements Q. are met. For
the remainder of the proof, fix e > 0, and fix n, m, ig, i1, jo, j1, J2, ko, k1 such
that e = (n,m) and n = (ig, i1, jo, J1, j2, ko, k1). Moreover, by Claim 3.6, fix
the greatest stage so such that Q. or a higher priority requirement requires
attention at stage so. Note that so > e + 1 (since P, has higher priority
than Q., P. eventually requires attention, and P, requires attention only
at stages s + 1 > e). Moreover, by initialization,

Ve >e(yle so)t & (e’ s0) ). (3.56)
The following observation will be useful for showing that Q. is met.

Claim 3.8: (a) Let s, s’ and y be given such that sp < s < ¢’ and Ay |
s+2=A;s+2 Theno(e+1,y,8) 2o(e+1,y,s).

(b) Let €¢”, s and y be given such that e < €”, 59 < &, and y =
y(e”,s") & Ag. Then o(e+1,y,s") 2 6(e”,s") [ e+ 1.
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Proof: (a) Given ¢’ < e such that o(e+1,y,s)(e’) = 0, it suffices to show
that

ole+1,y,s)(e') =0. (3.57)

If Qe is satisfied at stage s then, by so < s, Qe is permanently satisfied at
stage so hence satisfied at stage s’ whence (3.57) holds. Otherwise, there
are numbers z, u, v and r such that y is ¢’-eligible via x, u, v and r at stage
s+ 1, and it suffices to show that y is ¢’-eligible via x, u, v and r at stage
s’ 4+ 1 too. But, since sg < s and r < s, this is immediate by Claim 3.5.

(b) Fix s < s’ minimal such that y(e”,s +1) = y(e”,s’) = y. Then,
by (3.49), Ay | s+2 = A | s+ 2 and, for all ¢t with s+ 1 <t < ¢,
y(e”,t) = y(e”,s’) = y whence sg < s by (3.56). So, by part (a) of the
claim, (e + 1,y,s') < o(e+ 1,4, s). On the other hand, by choice of s, it
follows, by (3.52), that o(e + 1,y,s) X &(e”’,s+ 1) | e+ 1 and, by (3.50)
and (3.51), that 5(e”,s") = 6(¢’,s+1). Soo(e+1,y,s') 2 5(",s") [ e+1. O

Claim 3.9: Q. is met.

Proof: If Q. is permanently satisfied then, for the greatest stage s + 1
at which Q. receives attention, Q. is not initialized later whence A [ s +
2 = A; | s+ 2. So Q. is met by Claim 3.2. Hence, for the remainder
of the proof we may assume that Q. is not satisfied at any stage s >
s0. Moreover, w.l.o.g. we may assume that the clauses (i) and (ii) in Q.
hold while clause (x) fails (since, otherwise, Q. is obviously met). So, in
particular, the assumptions made in Claim 3.3 and Claim 3.4 hold.

By the above and by Claim 3.3, in order to show that Q. is met, it
suffices to show that there is an infinite computable set S of stages s sat-
isfying (3.26). For giving such a set .S, we need some more notation and
observations.

Let ¢/ < e and s > sg. A number y is truly e’-eligible via x, u, v, r at
stage s+ 1 if y is e’-eligible via x, u, v, r at stage s+1and A [ r = A, | r;
y is truly e'-eligible at stage s + 1 if y is truly e’-eligible via some numbers
x, u, v and 7 at stage s + 1; and the (e + 1)-state of y truly precedes the
(e + 1)-state o at stage s (o(e + 1,y,s) =<; o for short) if, for any e’ < e
such that o(e’) = 0 and Q. is not satisfied at the end of stage sq, y is truly
e’-eligible at stage s + 1.

Note that if e’ < e, s > sg, Qe is not satisfied at stage so and y is truly
e’-eligible at stage s + 1 then (by (3.25)) y ¢ A and, by choice of sy and
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Claim 3.5, y is (truly) ¢’-eligible at stage s’+1 for all stages s’ > s. It follows
that, for any number ¥, any stages s and s’ such that s’ > s > s¢ and any
(e + 1)-states o and ¢’ such that o < ¢’ and such that the (e + 1)-state of
y truly precedes o at stage s, it holds that the (e + 1)-state of y at stage s’
truly precedes o’, i.e.,
Vs,8,y>0V 0,0 €01}
([s0<s<s&ole+1,y,s) Jtoc&o=3d]=0c(e+1,y,s) =<t0)
(3.58)
holds. Moreover, obviously, for s > sg, o(e + 1,y,s) =<¢ o implies o(e +
1,y,s) = 0. Conversely, (by (3.25))

Vs>soVy>0Voe{01}!
([ele+1,y,8) o & Als+2=A,s+2] = o(e+1,y,s) Xt 0).
(3.59)

Now let o* be the least (e + 1)-state o (with respect to the ordering <)
such that, for infinitely many numbers y & A, there is a stage s > sg at
which the (e + 1)-state of y truly precedes o, i.e.,

0" =poe{0, 1} [Ty g ATs > s (o(e+1,4,5) < 0)]

(note that o* exists since A is co-infinite and, for any y and s > sq, the
(e + 1)-state of y truly precedes 1¢*1 at stage s), and fix ¢y > e minimal
such that

yleo) & A (3.60)

and, for any y > eg with y € A, there is no stage s > sy and no o < o*
such that the (e + 1)-state of y truly precedes o at stage s, i.e.,

Vy>eVs>soVo<o" (y¢gA = ole+1,y,s) 2 0) (3.61)

holds (note that eg exists since, by choice of o*, (3.61) holds for almost all
numbers eg while, by (3.55), (3.60) holds for infinitely many e).

The following properties of ¢* will be crucial.

Ve'">egVs>te, (6(e",s) = 0" <a(e”,s) [e+1) (3.62)
Ve >ey(yle) g A = 6() et 1=0") (3.63)
o*(e) = 0, (3.64)

The proof of (3.62) is as follows. Since y(eg) ¢ A and &(ep,s) =
G(eg,te, + 1) for all s > te,, by (3.54) (and (3.50)), it suffices to show
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that o* < &(eg,te, +1) [ e+ 1. This is done as follows. By choice of t., and
by (3.60), P, becomes active via clause (3.8) or (3.42) at stage te, +1 —
hence o (e, y(ep),te,) <X F(€p,te, +1) —and A [ t., +2 = Aty Tteg + 2.
So, by (3.59), o(e + 1,y(eq),te,) =t (€0, te, +1) [ €+ 1. Since ey < y(eg)
it follows by choice of e that o* < 6(eg,te, + 1) [ € + 1, which completes
the proof of (3.62).

For a proof of (3.63), fix ¢’ > eg such that y(e”) ¢ A, and, for a
contradiction, assume that 6(e”) [ e+1 # o*. Then, by (3.62), * < 5(e”) |
e+ 1. But, by choice of o*and (3.58) this implies that there is a number y >
y(e”) such that y € A and the (e+1)-state of y strictly precedes 5(e”) | e+1
at all sufficiently large stages. So P~ requires attention infinitely often via
clause (3.42) contrary to Claim 3.6. (Note that, by y(e”) € A and (3.55),
the permanent follower y(e”) is never realized.)

Finally, for a proof of (3.64), for a contradiction assume that o*(e) = 1.
Then, by (3.61), there is no number y and no stage s such that

ygA&eg<y&s>sp&kolet+l,ys) o0&

3.65
y is truly e-eligible at stage s + 1. ( )

(Namely, for such y and s, o(e + 1,y, s) <; o for the string ¢ < o* defined
by o(e) = 0 and o(e’) = o*(€’) for ¢’ < e.) So, in order to get the desired
contradiction, it suffices to show that there is a number y and a stage s
satisfying (3.65). Let E be the A-computably enumerable set

E={y¢A:3e"2egIs=s0 (yle",s) #yle",s+1) =y &

Als+2=A;[s+2&6(e",s+1)e+1=0%}

Then, for any y € E, y € A, eg <y (by (3.46)), and, by (3.52), (3.59) and
(3.58), o(e + 1,y,s) =X o* for almost all stages s. So it only remains to
show that there is a number y € E which is truly e-eligible at some stage
s > s hence at almost all stages s. But the existence of such a number y
follows by Claim 3.4 since E is infinite — namely, for any number e” > ¢
such that y(e”) € A, y(e”) € E since y(e”,ter) # y(e’,ter +1) = y(e”),
Alter+2= A, [ ter +2 (by (3.49)), and 6(e”,ter +1) [ e+ 1= 0" (by
(3.63)) — and since any infinite A-c.e. set contains an infinite A-computable
subset. This completes the proof of (3.64).

Now S is defined by
S={s>te, Ve >eq(yle",s) | &

. (3.66)
y(e”,s) ¢ As = 6(e’,s+1) [e+1=0%)}.
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Obviously, S is computable. Moreover, S is infinite. Namely, for any
e’ > e such that y(e”) & A, y(e'”,ter + 1) = y(e) and y(e) € A if and
only if y(e"’) € A, 41 for all & < €. So, for any such e”, tor +1 € S by
(3.63). Infinity of S follows since there are infinitely many e’ with y(e”) ¢ A.

It remains to show that the elements s of S satisfy (3.26). So fix s € S,
a number y < s and a stage s’ > s such that y € Ay 11\ As. We have to
show that y is e-eligible at stage s’ + 1. Fix ¢’ such that y = y(e”, s). Since
y enters A at stage s’ +1 > t., + 1 it follows that eg < €. Moreover, since
y < s, it follows by (3.47) that y(e”,t) is defined for all ¢t with s <t < ¢'.
So, by (3.53) and (3.51) and by choice of s,

g, sYle+1<6(,s)et+t1=0"

hence, by (3.62), (e”,s') | e +1 = o*. It follows by Claim 3.8(b) that
ole+1,y,s") precedes o*. But, by (3.64), this implies that y is e-eligible at
stage s’ + 1.

This completes the proof of Claim 3.9. a

This completes the proof of Theorem 2.7.

4. Proof of Theorem 2.8

Given a high c.e. degree a, it suffices to give c.e. degrees ag and a; such
that

a=agVa (4.1)
and, for ¢ =0, 1,

V bg, by [bo\/bl =a; = a; <bg or

Vco,clﬁaiﬂd(dgbl\/co,bl\/cl&dﬁai)] (42)

hold. (Note that (4.2) ensures that a; is s.m.i. unless a; = 0. So, by a > 0
and by (4.1), either ag and a; are s.m.i. or one of these degrees is 0 and a
is s.m.i. In either case, this implies Theorem 2.8.)

The strategy for satisfying (4.2) is based on the corresponding strategy
introduced in the proof of Theorem 2.7 above. For ¢ = 0,1 we enumerate
c.e. sets A; and auxiliary c.e. sets C;,, (n > 0) such that, for any numbers
n,m > 0 and for the corresponding unique numbers i, 21, jo, J1,J2, ko, k1
and e such that n = (ig, i1, jo, J1, J2, ko, k1) and e = (n,m),

Cin <1 Wiy @ Wiy, Wi, @ Wy, (4.3)
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holds and the Inaccessibility Requirements

QL:If (i) Wi ={jo}* & Wi, = {jii}h & A; = {jo}V0®Wa,
(ZZ) Wk()kaﬁl gT Aiv and
(i) Ay L1 Wi,

then (x) Cj, # {m}*

are met. (In the following, when we consider one of the sets C;,, or one
of the requirements Q?, we tacitly assume that n = (ig, i1, jo, j1, j2, ko, k1)
and e = (n,m).)

Just as in the proof of Theorem 2.7, condition (4.3) is satisfied by guar-
anteeing

x € Ci,n,s+1 \ Ci,n,s =dz< min{'yko’s(x),’ykhs(x)} (Z S Wi1,s+1 \Wil,s),

(4.4)
and we use the finitary strategy for meeting requirement Q¢ by diagonaliza-
tion introduced there. So requirement Q! requires attention at stage s + 1
if e < s, Q! is not satisfied at (the end of) stage s, and one of the following

holds.
3 (el # G0 o)
and, for u = u(W;, s ® Wi, s; j2, 2, s) and for p < 1, (4.5)
Wiy Tu={p} T >
Fo3Ip <1 (Wi,o(@) = 1# (G} (@) 4) (4.6)
Jz e w (4.7

(wwﬁ%m=o&3z<mmhm4mmh4@}@ewaﬁlwmwﬁ.

The corresponding action (if QY receives attention at stage s + 1) is
essentially as before: Declare Q! to be satisfied. Moreover if (4.7) holds
then, for the least x as there, put x into C; ,,. Note that the latter action is
consistent with (4.4). Moreover, as in the proof of Theorem 2.7 (compare
with Claim 3.2), the following holds (for ¢ = 0,1) implying that Q¢ is met
if it is permanently satisfied.

page 36
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Claim 4.1: Assume that Q! requires and receives attention at stage s + 1
and that A; | s+ 1 = A;s | s+ 1. Then either clause (i) in Q! fails or
clause (x) in Q¢ holds. So, in particular, Q! is met.

While in the basic construction, however, we attempted to guarantee
Al s+1=A; ] s+ 1 by cancelling the lower priority followers of the
noncomputability requirements when Q. received attention, in the current
setting (where the noncomputability requirements are replaced by some
coding requirements, see below) cancellation is not possible. So, instead,
when Q! receives attention at stage s + 1, then it imposes a restraint
7“22 (e,s+1) = s+ 1 on A;. Correspondingly, we initialize Q¢ later if (and
only if) this restraint becomes injured. More formally, Q? is initialized at
stage s’ + 1 if A; o411 | rég(e,s’) # Ais | 7‘22(6,5/) (as in the previous
constructions we assume that any parameters stay unchanged during the
construction unless explicitly stated otherwise). If initialized at stage s’ +1
then Q! becomes unsatisfied at stage s’ + 1 and the restraint is lifted by
setting () (e,s' +1) = 0. If Q} is satisfied at stage s + 1 and not initial-
ized later then we say that Q. is permanently satisfied (at stage s + 1).
(Q% can become initialized only by the action of a coding requirement (to
be defined below) where the coding requirement may have higher or lower
priority than Q¢. But, since a coding requirement has a choice whether it
puts a code into Ay or into Ay, just as in the proof of the Sacks splitting
theorem, by enforcing the highest priority restraint, eventually Q% will not
be initialized anymore.)

As in the proof of Theorem 2.7, the direct strategy for meeting the in-
accessibility requirements does not suffice to guarantee that these require-
ments are met. Unless Q? is permanently satisfied (hence met by Claim 4.1)
or met for some trivial reason, in addition it has to be ensured that num-
bers which enter A; “late” are “eligible”. To make this more precise, define
i-e-(pre)eligibility of a number y (via numbers z, u, v and r) at stage s+ 1
just as e-(pre)eligibility in the proof of Theorem 2.7 but with the set A; in
place of A (i.e., by replacing As by A; s in (3.15)—(3.24)); and, similarly, the
i-e-state o, (e, y, s) of a number y at stage s is defined as the e-state o (e, y, s)
in the basic construction with A4;, Q!, and i-¢/-eligibility in place of A, Q.
and e’-eligibility, respectively. Then, as there (compare with Claim 3.3),
one can observe that the following holds (for ¢ =0, 1).

Claim 4.2: Assume that Q¢ requires attention only finitely often and is
satisfied only finitely often. If there is an infinite computable set S of stages
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such that, for any s € .S,

Vy,s (ly<s<s' &y€ Aisi1\Ais] = yisi-eeligible at stage s’ + 1)
(4.8)
holds, then requirement Q¢ is met.

Moreover, as in the proof of Theorem 2.7 we can prove the following two
claims (corresponding to Claims 3.4 and 3.5) giving sufficient conditions for
the existence of i-e-eligible numbers and for the preservation of i-e-eligibility
(i=0,1).

Claim 4.3: Assume that clauses (i) and (ii) in Q? hold, and that {m}*:
is total and, for almost all numbers x € wl¢, {m}4i(z) = 0. Then, for any
infinite A,;-computable subset E of A; there is an infinite subset F of F
such that, for any y € F, there are numbers x,, u,, v, and r, such that y
is i-e-eligible via x,, uy, v, and ry at almost all stages.

Claim 4.4: Let e, y, x, u, v, 7, s and s’ be given such that s < s', e < &,
y is i-e-(pre)eligible via x, u, v and r at stage s+ 1, A, o [ r = A;, | 7,
and Q¢ is neither satisfied at stage s’ nor requires attention at stage s’ + 1.
Then y is i-e-(pre)eligible via x, u, v and r at stage s’ + 1.

Having reviewed the basic features of the inaccessibility strategy, we now
turn to the strategy for guaranteeing that, for a; = deg(A4;), (4.1) holds.
This strategy is based on Martin permitting, a sort of “almost - always”
permitting argument pertaining to high c.e. degrees (see e.g. Soare [18],
Chapter XI.2 for more details).

We start with some notation. Given an infinite c.e. set A and a com-
putable 1-1 function a enumerating A, let As = {a(0),...,a(s — 1)}, let
@(z,s) be the (z + 1)th element of A, in order, let @(x) be the (x + 1)th
element of A in order, and let

ex(@) = ps (@, s) = alx)).

Now, since the given degree a is high, the following holds (see e.g. Theo-
rem XI.2.1 in [18]).

Fact 4.5: There is a c.e. set A € a and a computable 1-1 function a enu-
merating A such that c; dominates all computable functions.

For the remainder of the proof fix such a set A and the corresponding
enumeration function a and enumeration (As)s>0. Say that a number y is
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M(artin)-permitted (by A) at stage s + 1 if a(y,s + 1) # a(y, s). Then, by
Fact 4.5, for any given computable function f(y), y is M-permitted at a
stage > f(y) for almost all y.

Now in order to guarantee A =1 Ay ® A; (hence (4.1)), we use a com-
bined Martin and marker permitting. To be more precise, we define a par-
tial computable marker function S(e, s) (i.e., a partial computable function
B w x w — w with computable domain) with the following properties (for
any e, e’,s,s,y > 0).

Initially, the marker is nowhere defined, i.e.,

(Bo) ¥ e (B(e, 0) 1).

At any stage s+ 1 > 0 either, for the least e such that 8(e, s) 1, B(e,s +1)
becomes defined while all other marker positions remain unchanged, or a
marker S(e) defined at stage s may be moved to a higher position or lifted
in which case the markers below remain unchanged while the markers above
are lifted. Moreover, if the marker §(e) is put down on a new position at
stage s+ 1 then we let 8(e,s+1) = (s+1,2°"1) > s+ 1. So, more formally,
the following holds (for all s > 0).

(Boo) Je< s
[v ¢ <e(Bles) = Bles+1) 1) &

Ble,s) # Ble,s+1) &

(Ble,s+1) = (s+ 1,257 v (B(e,s) | & Ble,s+1)1)) &

Ve >e(B(e,s+1)1)].

Here we assume that the pairing function ( , ) is not only strictly increasing
in both arguments but also satisfies < (z,0) and (x,2%) < (z+1,0) for all
z > 0. (The latter property will be used below in order to keep the traces
defined there in order.)

As one can easily check (by induction on s), (8p) and (Bpo) guarantee
that, at any stage s, 8 is defined on an initial segment of w of length < s,

(B1)Te<s(Ble,s) e € <e),

that § is strictly increasing on this initial segment,

(B2) [e<e & B(e,s) )] = Ble,s) < B(e,s),
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that, whenever defined, (e, s) is nondecreasing in s, exceeds e, and is
bounded by (s + 1,2571)

(B3) [s <5 &pBle,s) ) &pBles) ]

= e < Be,s) < Ble,s') < (s,27),

that the value of f(e) at a stage s + 1 where it is put down or moved to a
new value is greater than this stage,

(Ba) Bless) # Ble;s+1) L= Ble,s+1) = (s+ 1,25 > 54+ 1,

and that the values of the marker on different arguments differ (when de-
fined) independent of the stages, i.e.,

(Bs) [e£ € & Ble,s)d & B(e,s) 1] = PBle,s) #£ B, s).

Now, in order to guarantee that A is Turing equivalent to Ag @ Ay,
we guarantee that, eventually, the marker §(e) comes to a final position
B*(e) € w, i.e.,

(Bs) B*(e) = limg_,,, B(e, 5) < w exists,

and that the moves of the marker are related to the given enumeration of
the given set A and the constructed enumerations of the sets 4; (i = 0,1)
under construction as follows.

If defined on e at stage s, the marker 8(e) is allowed to move or to be
lifted at stage s + 1 only if the old marker position is M-permitted, i.e.,

(67) 5(675) \l/# 6(6’3+ 1) = E(ﬁ(675>75) #E(B(e,s),s+ 1)7

and any such move has to be made recognizable for Ag@ A; by enumerating
a new number y with y < (e, s) into Ay or A; at stage s+ 1, i.e.,

(ﬁS) ﬂ(eas) \Jﬁé ﬁ(evs + 1) = Ji<14 y < ﬂ(eas)(y € Ai,s+1 \Ai,S)‘

Conversely, if a number y is enumerated into Ag or A; at stage s + 1 then
this is witnessed by a corresponding move of 3, i.e.,

(Bo)y € Aisr1\ Ais = Te[Ble,s) ] &yeleBles))
& Ble,s) # Ble,s +1)].

Finally, for any element a(s) of A,

(B10) Bla(s),s) T or Bla(s),s+1) 1.
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Note that, by (84), (83), and (8s), the last condition implies that, for e € A,
the final position 5*(e) of the marker on e exceeds the stage at which the
number e is enumerated into A, namely

(Br0+) B7(als)) = s + 1.

That the above rules guarantee A =1 Ay @ A; is shown as follows.

Claim 4.6: Assume that the partial computable marker [ satisfies the
conditions (B1)—(B19) for all e,e’,s,s',y. Then A <t [* p* <1 A,
B* <1 Ay ® Ay, and Ay ® Ay <t B*. So, in particular, A =1 Ay P A;.

Proof: Note that, by (8s), 5*(e) = lim,_,, S(e,s) € w is well-defined
and, by (Bs), 8*(e) = sup{B(e,s) : s > 0 & B(e,s) }}. So A <t * holds
since, by (the above and) (B10~), a number e isin Aiff e € Ag-(c); f* <1 A
holds since, by (87), 8*(e) = B(e, s) for the least s such that 5(e,s) | and
a((e, ), 5) = A(B(e,5)): B* <t Ao, holds since, by (), 8*(¢) = (e, s)
for the least s such that (e, s) is defined and A; | B(e,s) = A; s | B(e, s) for
1 =0,1; and Ag® A; <7 8* holds since, by (), it holds that, for any y > 0
and i < 1, A;(y) = Ais(y) for the least stage s such that g*(e) = B(e, s)
for all e < y. O

The task to guarantee the above rules for the eth marker 3(e), in par-
ticular to guarantee that (e) comes to a limit and that, for e = a(s), (810)
holds, is assigned to the eth coding requirement (for e > 0)

P.: B*(e) € w exists and if e = a(s) and SB(e, s) | then B(e,s+ 1) 1.

The priority ordering of the requirements is given by P, = Rz, and Q% =
R3erit1 (1=0,1,e>0).

The basic strategy for meeting P, is twofold. First, if e is minimal such
that B(e, s) is undefined (and there is no higher priority coding requirement
which becomes active at stage s + 1) then P. puts down marker 5(e) (ac-
cording to (84)) by letting B(e, s +1) = (s + 1,2571). Second, if e enters A
at stage s + 1, i.e., if e = a(s), and B(e, s) | then P, lifts the marker S(e)
and all markers (e”) with e < e”.

Note that this action is consistent with the rules (51)—(85) and guaran-
tees (B6) and (B10) where, for the former, one should note that 8(e) changes
only if P, or a higher priority coding requirement becomes active and that
this will happen only finitely often. Moreover (by (83)), the above action is
consistent with (f7) since e entering A at stage s + 1 M-permits the lifting
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of B(e) at stage s+ 1. In order to ensure (Bs), however, when 3(e) is lifted
at stage s + 1 (in order to guarantee (31¢)) then, for some i < 1, a trace
y < B(e,s) has to be put into A; at stage s + 1. This action in turn has
to be made compatible with (89) for which it suffices to choose the trace
y so that y € [e, B(e, s)) \ Ai s holds. So, when S(e) is put down at stage
s+ 1 then at the same stage i-e-traces $'(e,s + 1) € [e, B(e,s + 1)) \ A; s
(i = 0,1) are put down too, and one of these traces is enumerated into
its corresponding set A; if B(e) is lifted later in order to ensure (519). The
decision, which of the traces is chosen, is based on the current restraints.
Namely, in order to guarantee that the restraint imposed by a requirement
is eventually obeyed, we have to guarantee that, if some higher priority
restraints might be injured, then the highest priority restraint which may
be injured by the enumeration of a trace is protected by choosing the trace
going into the other side (we refer to this as the splitting condition in the
following).

Just as in the basic construction, the positive requirements P, have to
cooperate with the higher priority inaccessibility requirements in order to
make the strategy for meeting the latter work. This requires some amend-
ments of the just described basic P.-strategy. In particular, if the current
i-e-trace (e, s) of the coding requirement P, can be replaced by a larger
unused number y having i-e-state o less than the (declared) i-e-state of
(e, s) then we have to do so. Since such a number y may be bigger than the
current position of the marker 3(e), this requires moving S(e) beyond y in
order to ensure that y € [e, 8(e)). Now moving ((e) requires M-permission.
By the domination property of A, in almost all cases, eventually we get
such a permission, but we have to ensure that, while waiting for this per-
mission, the i-e-state o of y is preserved. In order to achieve this, we have
to impose a restraint on A; once we see the candidate y (compare with
Claim 4.4). Moreover, once permission is given to move the marker 5(e), in
addition we have to put one of the current traces of P, into Ay or A;. Of
course, we cannot use the i-e-trace since enumeration of Bi(e, s) < y into
A; may destroy the i-e-state o of y. So we have to enumerate the (1 — 7)-
e-trace 317 %(e, s) into A;_;. The latter, however, may cause the following
two problems. First, this might violate the splitting condition. In order to
prevent this from happening, whenever one of the traces is less than the
restraint imposed by the higher priority requirements on the corresponding
side then, once permission is given to move S(e), we lift the marker (si-
multaneously enumerating the trace satisfying the splitting condition in its
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corresponding set) and start all over again with the P.-strategy. Second,
by enumerating the (1 — i)-e-trace into A;_;, this trace is used up and we
have to assign a new (1 —)-e-trace which may have a greater (1 —i)-e-state
than the previous trace. So improving the i-e-state of the i-e-trace may
worsen the (1 — i)-e-state of the (1 — i)-e-trace. In order to overcome the
latter problem, we do not assign a single i-e-trace 3%(e) to P, but a se-
quence Bi(e) = (Bi(e), ..., Bk (e)) of 2¢ +1 i-e-traces and assign a declared
i-e-state to the sequence (as a whole) where 3{(e) < Bi(e) < -+ < Bic(e),
the i-e-state of any of these traces precedes the declared i-e-state, and, for
k < 2¢, the trace yj+1 (for ease of notation, we write yy, for 81 (e)) is chosen
big enough such that enumerating y4; into A; will not affect the i-e-state
of the smaller members yq,...,yr in the sequence. Since the declared i-
e-state can be improved at most 2° — 1 times, this guarantees that there
are enough of the current (1 — ¢)-e-traces left for the necessary updates of
i-e-traces (and vice versa) and we can preserve the i-e-states of the unused
traces by enumerating the traces of the given sequence in decreasing order.
Correspondingly to the basic construction, the first sequence of i-e-traces
for P, is assigned the declared i-e-state 1¢, and the current sequence of
i-e-traces with state o is only replaced by a new sequence if the states of all
members of this new sequence precede a state ¢’ < o (so that the declared
state can be improved to ¢’ by replacing the old sequence with the new
sequence).

For the implementation of the just described P.-strategy, we use the
following definition. Given a binary string o of length e, call a sequence
7= (Yo,-..,Yy2e) (of numbers) of length 2¢ + 1 i-o-z-eligible at stage s + 1
if the following hold.

(1) z<yo<yr <+ <yge < 8.

(2) For k <2° y, & A 5.

(3) For k < 2¢ o;(e,yx, s) < 0. Moreover, for any e’ < e and k < 2¢ such
that o(e’) = 0 and Q¢, is not satisfied at the end of stage s, there are
numbers xj, ug, vi and g such that gy, is i-e’-eligible via zy, ug, v
and 7 at stage s + 1 and 7, < yrp4+1 (where we let yoe 1 = s).

As explained above, if the replacement of the current sequence Bi(e, s)
of i-e-traces by a sequence of larger unrestrained traces allows to improve
the (declared) i-e-state then the P.-strategy attempts to do this in the
following two steps. First, by imposing an appropriate restraint on A;, the
state of the potential replacement is preserved; then, once M-permission



May 22, 2023 Lecture Note Series, IMS, NUS — Review Vol. 9in x 6in 13479-01 page 44

44 K. Ambos-Spies, D. Ding and P. Fejer

is given, the actual replacement takes place. The first part of this action
is formalized by the following definition of requiring attention (while the
second part will be described in Case 1 of Step 1 of stage s + 1 of the
construction below). Whether P, requires attention at stage s + 1 depends
on the restraint R(e,s) on A; to be respected by P, at stage s + 1 while
the restraint R’(e, s) depends on which higher priority coding requirements
P./, €/ < e, require attention at stage s + 1. So these concepts are defined
simultaneously by induction on e.

The restraint imposed on A; by the requirements of higher priority than
P. (i = 0,1) (including the restraints which higher priority requirements
which require attention at stage s + 1 may want to impose) is denoted by
Ri(e,s) and is defined as follows. Let

Ri(e,s)=s+1

if there is a number ¢’ < e such that Q! requires attention at stage s + 1
or P requires attention via i at stage s+ 1, and let

Ri(e,s) = max{r‘(e/,s) : ¢’ < e}
where
ri(e/,s) = max{rs (e, s), réz(e’, s)}
otherwise.

If B(e,s) |, r%(e,s) = rh(e,s) = 0, and 6o(e, s) | and 61(e,s) | are
the declared 0-e-state and declared 1-e-state at the end of stage s, then
requirement P, requires attention via (i,0,%) at stage s +1if ¢ < 1, o
is a binary string of length e such that o < &;(e,s), and ¥ is an i-o-
max{R(e, s), B(e, s) }-eligible sequence at stage s+ 1; P, requires attention
via i at stage s+ 1 if 4 is minimal such that P, requires attention via (i, 0, %)
for some o and ¥; and P, requires attention at stage s + 1 if there is an
i < 1 such that P, requires attention via i at stage s + 1.

If requirement P, is initialized at stage s then (e, s) is lifted (5(e, s) 1),
and, for i = 0, 1, the sequence of the i-e-traces is cancelled (gi(e, s) 1), the
declared i-e-state is cancelled (6;(e, s+ 1) 1), and the restraint imposed on
A; by P, is cancelled (r%(e, s) = 0).

Using the notation introduced above, the construction is as follows
where at stage 0 all requirements are initialized.
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Stage s + 1. The stage consists of three steps. Either the first or the
second step, however, is vacuous.

Step 1. Fix e minimal such that S(e,s) |, B(e, s) is M-permitted at
stage s + 1, and one of the following holds.

(a) e =af(s).

(b) For some i < 1, Bi(e,s) < Ri(e,s).

(c) For some i <1, rb(e,s) > 0.
If there is no such e then proceed to Step 2. (Note that this happens
only if B(a(s),s) 1 since otherwise S(a(s),s) is M-permitted at stage
s+ 1.) Otherwise, distinguish the following two cases, perform the cor-
responding action, and afterwards move to Step 3 (skipping Step 2).

Case 1: Conditions (a) and (b) fail and, for some i < 1 such
that % (e, s) > 0, there is a binary string o of length e such that
o < 6i(e,s) and such that there is an i-o-max{R'(e,s),3(e,s)}-
eligible sequence i at stage s + 1.
Then, for the least such i, the least corresponding o, and the least
corresponding ¢/, let

Ble,s+1) = (s+1,25%1)

B’i(e7 5+ 1) = :'ja

Gi(e,s+1)=o,

ri(e,s+1) =0, and

declare that P, becomes i-active at stage s + 1.
Moreover, if there is a number k& < 2¢ such that ﬂ;_i(e,s) ¢
Aq_; s (below we will show that such a number exists) then, for
the greatest such k, put B,i_i(e, s) into A1_; s+1-

Case 2: Otherwise. For i = 0,1, let n; be the least number n < 3e
such that, for some ¢’ < e,

[n =3¢ & Bi(e,s) <rh(e,s)]

or
[n =3¢ + 140 & Bile,s) <rg(e,s)]
or
[n = 3¢’ & P,/ requires attention via ¢ at stage s + 1]
or

[n =3¢ +1+i& Q! requires attention at stage s + 1]

holds, and let n; = 3e if no such number n exists; fix 79 such that
either n;, < ni_;, or i9 = 0 and ng = n;; and do the following.
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(1) If B3 (e,s) & A1 iy then put By (e, s) into Aj_ s1
(below we will show that 85" (e, s) & A1_4,.s holds), and
(2) initialize P..

In either case, declare that P, becomes active at stage s+1, and initialize
all requirements P,/ with ¢’ > e. Moreover, initialize all requirements
L, such that A; o1 [ 75(€,s) # Ais [ 74(€/,5). (Note that numbers

can go into A; in the first step of a stage only. So A; 541 is given by the
end of this step.)

Step 2. Fix e minimal such that S(e,s) 1 and do the following (for
i=0,1).

Let B(e,s + 1) = (s + 1,25T1)

let fi(e,s4+1) = ((s+1,0),..., (s +1,2°)),

let 6;(e,s +1) = 1¢,

let ri(e,s +1) = 0, and

declare that P, becomes active at stage s + 1.

Moreover, initialize all requirements P, with e < e’ (actually this

action is vacuous since (€', s) 1 for ¢/ > e).

Step 3. Fix e minimal as in Step 1 or — if Step 1 is vacuous — as in
Step 2.

For any ¢’ < e such that P requires attention at stage s + 1, fix the
unique ¢ < 1 such that P, requires attention via i at stage s + 1, let
ri(e/,s+1) = s + 1, and declare that P, receives attention (via i) at
stage s + 1.

Finally, for any ¢’ < e and i < 1 such that A; 541 [s+1=A4;s [s+1
and Q¢, requires attention at stage s + 1, let riQ (e/,s+1)=s+1and
declare that Q, receives attention at stage s + 1. Moreover, if (4.7)
holds (for ¢’ in place of e) then, for the least x as there, put x into C; ,
(where e’ = (n,m) for some m).

This completes the construction.

Note that in this construction the terms receiving attention and becom-

ing active have different meanings. A coding requirement P, can become
active only in Step 1 or 2 of a stage whereas it can receive attention only
in Step 3 (and the latter, but not the former, only occurs if P, requires

attention). An inaccessibility requirement Q! does not become active at

page 46
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all but it may receive attention in Step 3 of a stage at which it requires
attention. The coding requirement P, may enumerate a number into Ag or
A only if it becomes active (and this happens (if and) only if it becomes
active in Step 1 of the stage). If a (coding or inaccessibility) requirement
receives attention then it imposes a restraint (on one of the sets Ay or Aj)
but does not initialize any (coding or inaccessibility) requirements. If P,
becomes active then it initializes the lower priority coding requirements as
well as the inaccessibility requirements which are injured by the action of
P.. (The action of P, may also injure the restraint imposed by some higher
priority coding requirement P/, so that this restraint becomes useless. Still,
if this happens, for technical convenience, we do not cancel the restraint.
Similarly, we let such a higher priority requirement P,/ receive attention
if it requires attention no matter whether or not the restraint it wants to
impose became injured in Step 1 of stage s+ 1.)

Proof of Correctness.

Obviously the construction satisfies (4.4). Hence (4.3) holds. So, by
Claim 4.6, it suffices to show that the marker [ satisfies the conditions
(81)—(B10) (hence, in particular, the coding requirements P, are met) and
that the inaccessibility requirements Q? are met.

We first show that the conditions (81)—(B10) are satisfied where we pro-
ceed in three steps: First, following some basic observations on the moves
of the marker /3, we show that (51)—(85) are satisfied (Claim 4.7). Then,
using some observations on the relations among the positions of the marker
£ on e and the corresponding traces and declared states together with the
fact that the least i-e-trace does not enter A; (Claim 4.8), we prove con-
ditions (B87)—(510) (Claim 4.9). Finally, for a proof of (8s), we show that
the coding requirements act and require attention only finitely often and
the inaccessibility requirements require attention only finitely often, from
which we deduce that not only the marker 5 on e but also the restraints,
traces and declared states come to a limit (Claim 4.10).

Note that at any stage s + 1 > 0 there is a unique number e, in the
following denoted by es41, such that P. becomes active at stage s + 1.
Since all coding requirements are initialized at stage 0, since all coding
requirements P., with ¢/ > e,11 are initialized at stage s + 1, and since —
unless B(est1,5) L — esy1 is the least e such that S(e, s) 1, it follows by a
straightforward induction on s that (8p) and (for e = es11) (Boo) hold. As
observed above, this implies
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Claim 4.7: Conditions (81)—(8s) are satisfied.

To verify conditions (87)—(810) next (and for the remainder of the proof
in general), we start with some observations on the relations between the
marker (e, s) and the corresponding traces 3. (e, s) and their declared i-e-
states 6;(e, s) and introduce some notation.

It is immediate by construction that (for ¢ <1 and e, s > 0)

Ble,s) | < gi(e, s)le di(e,8)d (4.9)

holds. (In the following we will tacitly use this fact.) So, if we call
a stage s an e-stage if (e, s) is defined, then the parameters S(e,s),
gi(e,s) and &;(e, s) attached to P. are defined at stage s if and only if
s is an e-stage. Also note that, by (81), any e-stage s is greater than
e and any e-stage is an e’-stage for all ¢/ < e. Moreover, for any e-
stage s, Bi(e,s) = (Bi(e,s),...,B%(e,8)) where Bi(e,s) < Bi(e,s) <

< pBi.(e,s). When dealing with these traces, we sometimes iden-
tify the vector gi(e,s) (if defined) with the corresponding finite set, i.e.,
let Gi(e,s) = {Bi(e,s),...,Bk(e,s)}, and we write Fi(e,s) < fi(e,s)
if Bi(e,s) and Bi(¢/,s') are defined and Bi.(e,s) < Bi(e/,s") (ie.,
max Bi(e, s) < min (¢, s')) and, similarly, Fi(e,s) < y (y < Bi(e,s)) if
Bi(e, s) is defined and Si. (e, s) <y (y < Bi(e, s)).

Moreover, the following notions will be useful. We say that Bi(e) is
newly appointed at stage s+ 1 if P, is active in Step 2 of stage s + 1 (i.e.,
iff Bi(e,s) £ gi(e,s + 1) ]), and we say that gi(e) becomes upgraded at
stage s + 1 if P, is i-active at stage s+ 1 (i.c., iff fi(e,s) 1 Bi(e, s+ 1) 1).
For any e-stage s, we let s(e, s) be the greatest stage < s at which §(e)
is newly appointed (note that s does not depend on i since 5°(e) and
31 (e) are newly appointed at the same stages), and we let si(e, s) be the
greatest stage < s at which §?(e) is newly appointed or becomes upgraded.
Moreover, we call e-stages s’ and s” e-equivalent (s’ ~. ') if any stage s
with min(s’,s”) < s < max(s,s”) is an e-stage, and we say that F(e, s)
is upgraded if s is an e-stage and gi(e) becomes upgraded at stage s'(e, s).
Note that, for an e-stage s, s(e, s) is the least stage s’ < s with s’ ~, s and
that s(e, s) < s'(e, s) < s. Also note that

Ble,s) L= Bile,s) = File,s'(es)) | (4.10)

since P, neither becomes i-active nor is initialized at any stage ¢ with
si(e,s) < t < s. Moreover, if 3%(e) is newly appointed at stage s + 1 then,
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by (1) and by construction, e < s, fi(e,s+1) = ({s+1,0), ..., (s+1,2°)
and S(e,s +1) = (s + 1,2°%1) whence

Ble,s) | & s(e, s) = si(e,s) = e < s’:(e,s) < gi(e,si(e,s))
= ((51(6,5),02,...7<s’(e,s),l2e>) (4.11)
< (s'(e, 5),25 (&) = B(e, si(e, 5))

holds, while if §7(e) is upgraded at stage s+1 then B(e, s) < B(e,s+1) < s,
and none of the new i-e-traces has been previously enumerated into A; (and
none is enumerated into A4; at stage s + 1) whence

Ble,s) | & s(e, s) < si(e,s) = Ble, si(e,s) — 1) < Fi(e, si(e, s)) < s(e, s)
< (s'(e,5), 25 (“2)) = B(e, (e, 5))
and
B'i((% Si(e7 S)) n Ai,si(e,s) =0
(4.12)
holds. Together with (f3) the preceding three observations imply that the
traces (e, s) (if defined) are contained in the open interval (e, 8(e, s)),

Ble,s) L = e < fi(e,s) < Ble,s) < (s,2°), (4.13)

that the traces (e, s') (if defined) exceed (s,2¢) for any previous stage s
at which the traces were undefined,

s <5 &Ble,s)t &Ple,s) L= (52°) < fes) (4.14)
and that the traces 5'(e, s) are nondecreasing in s (where defined),

s<s &Ble,s) | &Ble,s') L= Bile,s) = File,s') Vv Bile,s) < Bile,s).

(4.15)
(For the latter two facts, recall that the pairing function is strictly increasing
in either argument and satisfies (s, 2%) < (s+1,0) for all s, and observe that,
for e-equivalent stages s < s', either fi(e,s) = Bi(e,s') = fi(e, s (e, s))
(namely if s'(e, s) = si(e, s')) or Fi(e, s) < B(e, s'(e,s)) < fi(e,s') (namely
if s'(e,s) < s%(e, s')).) It follows that, at any stage s, the sets of i-traces of
the coding requirement are pairwise different, in fact

e<e &Ble,s) L= Biles) < Ble s (e, s) < Fie,s) (4.16)

holds. For a proof of (4.16), fix e, e, s such that e < ¢’ and s is an ¢’-stage.
By (4.10) and (4.13), it suffices to show that B(e, s'(e,s)) < fi(¢’, s). But,
since B(e, si(e, s)) = (si(e, ), 25 ()} and since P, is initialized at stage
si(e, s), this is immediate by (4.14).
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Since a number y is enumerated into A; at stage s + 1 only if y is an
i-e-trace (for some e > 0) at stage s, (4.13) implies

Ai,s-‘rl Q w [ <S,25>. (417)

So if ﬁi(e) is newly appointed at stage s + 1 then, by (4.11), the newly
appointed i-e-traces are not in A; ¢ 1. Since the corresponding observation
for traces becoming upgraded at stage s+1 trivially holds (compare (4.12)),

Ble.s) L= F(e,s'(e:9)) N Aisi(e) =0 (4.18)
follows. Moreover,
sres+1& Aisir | (s'(e, 5), 28%75)) # Ais | (s'(e,s), 28i(€’s)> =
[ P.is (1 —d)-active at stage s+ 1 & (4.19)
Ik <2 (Aisi1 \ Ais = {Bi(e, s'(e,9))})] -

Namely, since P, becomes active at stage s'(e, s), all lower priority require-
ments Por, e < ¢”, are initialized at stage s'(e, s) hence (by (4.14)) enumer-
ate only numbers > (s’(e, s),2° (¢*)) into A; after stage s(e, s), and, since
s+ 1 is an e-stage, no higher priority requirement P/, ¢/ < e, may act at
stage s + 1. So P, is the only requirement which may enumerate a number
into A; at stage s+ 1 and — since s+ 1 is an e-state — this happens only
if P, is (1 — 4)-active at stage s + 1 whence the claim follows by (4.10).

Since the i-e-traces are enumerated into A; in decreasing order, (4.18)
and (4.19), together with (4.10), (4.13) and the fact that no number enters
A; at stage s'(e, s), imply (for k < 2°)

ﬂ(e,s) ‘i & Bi(e,s'(e, s)) QAZS =
Ais I Bryr(e;s'(e,8)) = Ajsites)—1 | Brpa(e s'(e,s)) (4.20)
(where we let 85. (e, s'(e, s)) = Ble, s'(e, 5))).

Next we turn to the declared states. Note that, correspondingly to
(4.10),

Be,s) L = 6i(e,s) = dile,s'(e,s)) (4.21)

holds (hence F(e, s) is upgraded iff 6;(e, s) < 1¢). Moreover, if defined at
stages s and s + 1, then &;(e,s) = G;(e, s + 1) unless P, becomes i-active
at stage s+ 1, in which case 6;(e,s + 1) < ;(e, s). Hence

§ <" & ~e s = 6i(e,8") < 6i(e,s) | (4.22)



May 22, 2023 Lecture Note Series, IMS, NUS — Review Vol. 9in x 6in 13479-01 page 51

Generators of the C.E. Degrees and Strongly Meet Inaccessible Degrees 51

and

s~es+1 = (6i(e,s+1) <dy(e,s) & P, isi-active at stage s + 1)
(4.23)
hold. Since the declared i-e-state can assume only 2¢ different values hence
can be decreased at most 2¢ — 1 times, (4.22) and (4.23) imply

Ble,s) L= [{s':s~cs &P, is i-active at stage s'}| < 2°. (4.24)

Since there are 2°+1 i-e-traces (if defined) and since i-e-traces are enumer-
ated into A; in decreasing order (compare (4.20)) it follows (from (4.24)
with 1 — ¢ in place of i) by (4.18), (4.19) and (4.20) that

Ble,s) | = Bi(e, s'(e,s)) & Ai s and
Ai,s f /Bi (6, Si(ea 8)) = Ai,si(e,s)fl f /Bi (6, Si(ea 8))

By (4.10), the latter implies

(4.25)

Claim 4.8: Let s be an e-stage. Then, for ¢ < 1, gi(e, s) = gi(e,si(e,s)),
ﬁé(ea S) € Ai,sa and Ai,s [ 61(67 S) = Ai,si(e,s)—l r ﬁi (67 S)'

Note that Claim 4.8 implies that if P, is i-active at stage s + 1 then
there is a number k£ < 2¢ such that ﬁ;ﬂ(e, s) & A1_i,s, and, for the greatest
such k, the (1 —i)-e-trace B, (e, s) is enumerated into A;_; at stage s+ 1;

1—1i9

and, similarly, if Case 2 of Step 1 applies to stage s + 1 then 3, (e, s) is
not in A;_;, , and 83" (e, s) is enumerated into A;_,, at stage s 4+ 1. So
if P, becomes active via Step 1 at stage s + 1 then, for some i < 1, there
is an i-e-trace (i (e, s) which is newly enumerated into A; at stage s + 1.
Since, for the least e such that 8(e,s) |# B(e,s + 1) (if any), P. becomes

active in Step 1 of stage s+ 1 it follows that

Ble,s) 1# Ble,s+1) & Ve <e(B(e,s) =0(,s+1)) =

EK < 13k < 2¢ (52(678) S Ai’SJ’»] \Ai,s) (426)

holds. This observation is crucial for establishing the following claim.

Claim 4.9: Conditions (87)—(B10) are satisfied.

Proof: For a proof of (37) note that, for the least e such that §(e, s) |#
B(e,s + 1), P, becomes active in Step 1 of stage s + 1 whence 3(e, s) is
M-permitted. By (f2) this implies (87). (8s) is immediate by (4.26), (4.13),
and (f32). For a proof of (B9) assume y € A; 511\ A;s. Then y = Bi (e, s) for
some e and k£ < 2° where P, becomes active in Step 1 of stage s+ 1 whence
Ble,s + 1) # B(e,s) 1. So (Bg) follows from (4.13). Finally, for a proof
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of (B10), w.l.o.g. assume that B(a(s),s) J. Then, since a(s) < B(a(s),s),
B(a(s),s) is M-permitted at stage s + 1. So either P, becomes active
according to Case 2 in Step 1 of stage s+ 1 or a higher priority requirement
P., e < a(s), becomes active. In either case, P,(,) is initialized at stage
s+ 1, hence, B(a(s),s+ 1) 1. a

Next we show that all requirements require attention only finitely often,
that the coding requirements become active only finitely often, and that the
marker /5 reaches a final position 5*(e) € w for all e > 0 whence the marker
condition () is satisfied too.

Claim 4.10: (a) For e > 0, the coding requirement P, becomes active only
finitely often, requires attention only finitely often and is initialized only
finitely often. Moreover, $*(e) = lim, S(e,s) € w whence, in particular,
(Bs) is satisfied.

(b) For e > 0 and i < 1, the inaccessibility requirement Q% requires
attention only finitely often and is initialized only finitely often.

Proof: The two parts of the claim are proven simultaneously by induction
on the index n of the corresponding requirements R,, = P, and R,, = Q’.

Fix n and, by inductive hypothesis, fix a stage sy > 0 such that no
requirement R,,; with n’ < n requires attention, becomes active, or is ini-
tialized after stage so —1. So any restraint imposed by such a higher priority
requirement at stage sg is permanent and is bounded by sg.

Next fix s1 > sg such that, for any coding requirement P.» which be-
comes active after stage s and for any i < 1 and s > s; such that 8i(e”, s)
is defined, sop < Bi(e”,s). The existence of such a stage s; is established
as follows. First note that, by (4.13), Bi(e”,s) < so implies that e’ < sq.
So, by (4.14), it suffices to show that any requirement P, which becomes
active infinitely often is initialized infinitely often. But this is immediate by
(4.24).

Note that, by choice of s1, for any requirement P.» which becomes active
according to Case 2 in Step 1 of a stage s+1 > s1, n < n; for the parameter
n; (i = 0,1) defined there. Namely, by s; > sg, 3¢” > n, no requirement
R, with n’ < n requires attention at stage s+ 1, and the restraint imposed
by such a requirement R, is bounded by s¢ hence is less than 8§(e”, s) by
choice of s7.

Now distinguish the following two cases according to the type of require-
ment R,,.
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Case 1: R, = P, (i.e., n = 3e). It suffices to show that
JsVs >s(Bles)]) (4.27)

holds. Namely, fix s as in (4.27). Then, by (4.24), P, becomes active only
finitely often after stage s. Since P, can be initialized only at a stage where
some P, with ¢/ < e becomes active, it follows that P, is initialized only
finitely often. Since S(e, ') J# B(e, s’ +1) | implies that P, becomes active
at stage s’ + 1, it follows that 8*(e) = limy _,,, B(e, ") exists and, by (4.27),
B*(e) € w. Finally, in order to show that P, requires attention only finitely
often, let s’ be the last stage at which some P, with ¢’ < e becomes active.
Tt suffices to observe that P, receives attention at any stage > s’ at which
it requires attention and that P, receives attention at most once after stage
s’ since the restraint which is imposed then will never be cancelled.

Now, for a proof of (4.27), for a contradiction assume that §(e, s) 1 for
infinitely many s. Fix so > s; such that a(s) > e for all s > s9 and such
that S(e, s2) 1. By the latter, P, becomes active in Step 2 of stage so + 1
hence (e, s2+1) | and 7% (e, s5+1) = rL(e, s34+ 1) = 0. So, by assumption,
we may fix s3 > so minimal such that §(e, s3+1) 1. Since no higher priority
requirement may act at stage ss+1 (by s3 > sg), it follows that P, becomes
active according to Case 2 in Step 1 of stage s3+1. Moreover, since e < a(s3)
(by s3 > s2) and since, for i < 1, Ri(e,s3) = Ri(e,s0 — 1) < 59 < B (e, s3)
(by choice of sy and by s3 > s1), the conditions (a) and (b) given there fail.
So (¢) must hold, i.e., there is a (unique) number i < 1 such that 7% (e, s3) >
0. On the other hand, since P, does not become active according to Case
1, there is no string o € {0, 1} and no vector ¥ such that o < &;(e, s3) and
i is i-o-max{R'(e, s3), B(e, s3) }-eligible at stage s3 + 1.

Now, by r%(e, s2) = 0 < r'(e, s3), fix s maximal such that sy < s < s3
and r% (e, s) = 0. Then P, requires and receives attention via i at stage s+1
whence there is a string o € {0,1}° and a vector ¢ such that o < &;(e, s) and
7 is i-o-max{R'(e, s), B(e, s) }-eligible at stage s+1, and, by maximality of s,
ris(e, ') = s+1for all s’ with s < s’ < s3. By the latter, P, does not become
active at any such stage s’ (since r% (e, s') = 0 for any stage s at which P, is
active) hence 6;(e, s) = &;(e, s3) and S(e, s) = B(e, s3). So, since, by choice
of sg, R'(e,s) = Ri(e,s3) too, in order to get the desired contradiction it
suffices to show that ¥ is i-o-max{R'(e, s), 8(e, s) }-eligible at stage s3 + 1.
For this sake, by definition of i-o-max{R(e, s), 3(e, s) }-eligibility and by
Claim 4.4, it suffices to show that A; ,, [ s+ 1 = A; s [ s+ 1 since, by
choice of sg, a requirement Q°, with ¢’ < e is satisfied at stage s iff it is
satisfied at stage s3, and does not require attention after stage sg.
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Now since neither P, nor a higher priority requirement becomes active
at a stage s’ + 1 where s < s’ < s3, for a proof of A; 5, [ s+ 1= A;; |
s + 1, it suffices to show that no lower priority requirement enumerates
a trace < s+ 1 into A; at such a stage s’ + 1. So fix P, e < €, and,
for a contradiction, assume that Bi(e”,s') < s+ 11is in A; o411 \ Aig.
Since, by choice of s, either P, requires attention via i at stage s’ + 1 or
ri(e,s’) = s+ 1, it follows that Bi(e”,s') < s+ 1< Ri(e”,s" +1). So Pen
becomes active according to Case 2 in Step 1 of stage s’ + 1. Moreover, for
the parameters ng and n; defined there, n; < 3e = n (since P, requires
attention via i at stage s’ + 1 or r%(e,s’) = s+ 1). On the other hand, by
s’ > s1, n < nj_; as observed above. But, since, for a stage s’ such that
P, requires attention via i at stage s’ + 1 or r%(e,s’) = s + 1, P, does not
require attention via 1 — ¢ at stage s’ + 1 and r};i(e,s’) = 0, the latter
implies that n;_; > n hence n; < ny_;. But, by construction, this implies
that P, does not enumerate a trace in A; at stage s’ + 1 which gives the
desired contradiction and completes the proof of (4.27).

Case 2: R,, = Q! (i.e., n = 3e+1+1). If Q% does not require attention
after stage s1, then it can only be initialized once after stage s; and the
result holds for the requirement, so we can assume that Q% requires atten-
tion at stage s + 1 > s; and it suffices to show that Q¢ receives attention
and is permanently satisfied at stage s + 1.

In order to show that Q! receives attention at stage s + 1, it suffices to
show that A; 411 [ s +1 = A;s [ s+ 1. For a contradiction, assume that
this is not the case. Then, for some ¢’ > e, P.» becomes active at stage
s+ 1 and enumerates a trace 3j(e”,s) < s into A;. Since, by Q¢ requiring
attention, Ri(e¢”,s) = s + 1 it follows that Bi(e”,s) < Ri(e”,s). So Per
acts according to Case 2 of Step 1 of stage s+1 and, for the parameters ng
and nq defined there, n1_; < n; since otherwise P.» would not enumerate
a trace into A;. But, by Q! requiring attention, n; < 3e + 1 +4 = n while
on the other hand, as observed above, n < nji_;. Moreover, by definition,
ni_; cannot attain the value 3e + 1 4+ 4. So n; < nj_; giving the desired
contradiction.

The proof that Q! is permanently satisfied at stage s + 1 is similar.
For a contradiction, fix s’ > s minimal such that Q¢ is initialized at stage
s+ 1. Then A; ¢ | 7“29(675’) # Ajoyr | ré;,(as’) where, by minimality
of s, ri(e,s') = rh(e,5 + 1) = s + 1. So (by the priority ordering of the
requirements and by choice of s9) a coding requirement P, with e’ > e
becomes active at stage s’ + 1 and enumerates a trace 8}, (¢”,s') < rj(e, §)
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into A;. Since 7“22(6,5’) < Ri(e”,s') and Bi(e”,s') < Bi(e”,s), it follows
that P, acts according to Case 2 in Step 1 of stage s’ + 1 and that n; <
3e+1+i = n. Moreover, since P, enumerates 8% (e”, s') into A;, n1—; < n;.
But this is impossible, since (as observed above) n < nj_; by choice of s;
and ni—; # 3e + 1 + i by definition. a

By Claim 4.10, the parameters attached to the coding and inaccessibility
requirements come to a limit. So we may let

Fi(e) = (By(e).- .- () = lim Fi(e,s) € w1,

6i(e) = lim 34(c. ),

rh(e) = lim rh(e, 5) < w,
s—w
and
ro(e) = lim ri(e, s) < w.

S—w

Moreover, we let
TP(e) = maX{TOP(e)v T}D(e)} and TP(67 5) = max{r%(e, 5)7 T})(B, 5)}a

and we let t, + 1 and t! + 1 be the last stages at which P, becomes active,
and at which the i-e-traces become newly defined or upgraded, respectively.
Note that ¢! < ¢, and, for e < €', t. < t!,. Moreover, for all s > t.,
B(e,s+1) = Ble,te + 1) = B*(e), while, for all stage s > ti, fi(e,s + 1) =
Bile,ti +1) = Bie), 6%(e,s + 1) = &i(e, t + 1) = 67(e), and s'(e, s + 1) =
ti +1 (hence, in particular, s + 1 ~, t¢ + 1). Also note that, by (4.25), the
latter imply

Bile) & Ai and A; | Bi(e) = Ajui | Bi(e). (4.28)

It remains to show that the inaccessibility requirements Q! are met.

Claim 4.11: Q! is met.

Proof: For the proof, fix e > 0 and ¢ < 1 and fix the least stage sy such
that no requirement of higher priority than P.;1 becomes active or requires
attention or is initialized after stage so (note that Q% and Q, hence Q,
have higher priority than Pe41).
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Note that, by choice of s,

e<e" & B, )| &sog<si(es)—1&y=p8i(c"5)gd Ay =
oile+1,y,8) X6;(e",s') e+ 1

(4.29)
holds. (Compare with Claim 3.8 in the proof of Theorem 2.7.) The
proof is as follows. By (4.10), Bi(e”,s') = fi(e”,s'(¢”,s')) hence y =
Bi(e", s'(e",s")). It follows, by construction, that o;(e”,y, s'(e”,s’) — 1) <
Gi(e",s'(e”,s")) and, for any € < e such that &;(e”,s'(e”,s"))(e’) = 0
and @, is not satisfied at stage s'(e”,s’) — 1, y is i-¢’-eligible at stage
s'(e”,s') via numbers z, u, v and r where r < £}, (e”,s'(¢”,s')) (and
where 5;6,,+1(e”,si(e”,s’)) = (si(e”,s),2¢'":¥)) by convention). Since
so < s'(e”,s") — 1, it follows by (4.20) and by Claim 4.4, that, for any such
e/, y is i-e’-eligible at stage s’ +1 too. Since, by sg < s'(e”,s’)—1, for ¢/ < e,
Q!, is satisfied at stage s’ iff Q¢, is satisfied at stage s'(e”,s’) — 1 it follows
that o;(e + 1,y,8') < 6;(e”, s'(e”, 8")). So the claim follows by (4.21).

The remainder of the proof is organized as the proof of the corresponding
Claim 3.9 in the proof of Theorem 2.7. As there w.l.o.g. we may assume
that Q¢ is not satisfied at any stage s > so and that the clauses (i) and (ii)
in Q¢ hold while clause () fails. So, in particular, the assumptions made
in Claim 4.2 and Claim 4.3 hold, and it suffices to show that there is an
infinite computable set S of stages s satisfying (4.8).

For the definition of such a set S, first define true i-€¢’-eligibility and the
i-(e 4+ 1)-state of y truly preceding the (e + 1)-state o at stage s (o;(e +
1,y,8) =¢ o) just as the corresponding notions in the proof of Theorem
2.7 with A;, Q% and i-¢’-eligibility in place of A, Q. and e’-eligibility,
respectively. In addition, say that o;(e + 1,y, s) precedes o at stage s via r
if, for any €’ < e such that o(e’) = 0 and Q’, is not satisfied at stage so, y
is i-¢’-eligible via numbers xz, u, v and r’ at stage s + 1 such that ' < r,
and say that o;(e+ 1,y, s) truly precedes o at stage s via r if o;(e + 1,7y, s)
precedes o at stage s via r and A; [ r = A; s [ r. Then, obviously, the
analogs of (3.58) and (3.59) hold and, for the newly introduced notion, we
obtain the following variant of (3.59):

Vs>soVy>0Voe{01}Ht
([oi(le+1,y,s) Roviar& A; [r=A,, [ r] = oile+1,y,s) = o (viar)).
(4.30)
Then, based on these modified notions, define o* correspondingly too:

ot =poe {Ovl}eﬂ[oﬂoy ¢ A;3s> 50 (0i(e+1,y,5) 2 0)].
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Finally, fix ey > e minimal such that

s <t (4.31)

eo?

rp(eg) =0 (4.32)
and
Vy>eVs>soVo<o" (y¢g A, = oile+1,y,s) At o) (4.33)

hold. Since (4.31) and (4.33) hold for almost all numbers ey, in order to show
that such a number ey exists, it suffices to show that there are infinitely
many e’ > e such that rp(e”) = 0. For a contradiction, assume that this
is not the case and fix e; > e such that rp(e”) > 0 for all ¢’ > e;. Then,
for any coding requirement P.» with ¢ > e; and for any stage s + 1 at
which P.» becomes active (hence rp(e”,s + 1) = 0) and B(e”,s + 1) |,
there is a stage s’ > s such that P.. receives attention at stage s’ 4+ 1. So
the function f which assigns to any stage s with B(e”,s) # S(e”, s+ 1) |
for some €” > ey the least stage s’ > s+ 1 at which rp(e”,s’) > 0 (while
f(s) = s otherwise) is total and computable. Since, for such ¢” and s,
s < B(e”,s+1) it follows that, for almost all such pairs (e”,s), 5(e”,s+1)
is M-permitted at some stage s” > f(s). So, unless P.» became active
or initialized at a stage ¢ with s + 1 < ¢t < s, B(e”,s") = B(e",s + 1)
and rp(e”,s”) > 0 whence P.» becomes active at stage s”” + 1 or becomes
initialized by some higher priority requirement becoming active. It follows
that, for almost all e” either the marker 8(e”) is moved infinitely often or
is eventually permanently undefined. But this contradicts (5s).

The properties (3.62), (3.63) and (3.64) of o*, which were crucial in the
proof of Theorem 2.7, here become as follows.

Ve >egVs>te (6i(e,s) L= o <di(e",s) le+1) (4.34)
Jeg >eg Ve >e (6i(e") [e+1=0%) (4.35)
o*(e) = 0, (4.36)

For a proof of (4.34), for a contradiction, fix €’ > ey minimal such
that 6;(e”,s) | e+ 1 < o* for some s > t., and let s be the least such
stage. Distinguish the following two cases depending on whether " = eq or
eg <e’.
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Case 1: ¢’ = eg. Then, by s > t.,, di(eg,s) = 6i(eo,téo +1) = 6i(ep)
(and Fi(ey) = Ei(eo,téo + 1)) hence G5(e0) [ e+ 1 < o*. So P, be-
comes i-active at stage téo + 1. It follows, by construction, that Ei(eo)
is i-65(eo)-max{ R’ (eo, t.,), B(eo, ti, ) }-eligible at stage ¢’ + 1 hence o;(e +
1, By(eo), tt,) = Gi(eo) [ e+ 1 via Bi(eo). Since, by (4.28), Bj(eo) & A; and
A; | Bieg) = Aigi Bi(eo), it follows by (4.30) that o;(e+1, Bi(eo), ti,) =<¢
6i(eo) | e+ 1. So, since eg < B(eo), di(eo) [ e+ 1 &£ o* by (4.33) contrary
to assumption.

Case 2: eqg < €”. Let s’ = s'(e”,s) — 1. Then t., < s’ since, by P,
becoming active at stage t., + 1, P, is initialized at stage t., + 1, and
(since &;(e”,s) < 1¢” by assumption) P~ becomes i-active at stage s’ + 1.
So, by construction, there is an i-6;(e”, s)-max{R(e”, s'), B(e”, s') }-eligible
sequence 7 at stage s'+1. By eg < €’ it follows that the sequence 7 | 20 +1
is i-6;(€”, s) | eo-max{R(eg, s'), B(eq, s') }-eligible at stage s’ + 1. Since, by
minimality of e, 6;(¢”,s) [ e+ 1 < 6i(eo,s’) | e+ 1 (hence d;(e”,s) |
eo < 6i(ep, ")) and since, by choice of ey, rp(eg, s’) = 0, it follows that P,
requires attention at stage s’ + 1 hence rp(eg,s’ + 1) = s’ + 1. Since P,
neither is initialized nor becomes active after stage ty + 1, it follows that
rp(eg) > 0 contrary to choice of eg.

The proof of (4.35) is indirect too. For a contradiction, assume that
(4.35) fails. Then, by (4.34), 0* < &;(e”) [ e+ 1 — hence o* < &;(e”,ter +
1) | e+ 1 — for infinitely many numbers e” > eg. On the other hand, by
choice of o*, for any e” > eg and z there is a sequence 3 and a stage s’ such
that 4 is i—a*le”’e’l—z—eligible at all stages s > s’. It follows that, for any
e’ > eg and any stage s + 1 > sg such that P.» becomes active at stage
s+ 1and o* <5;(e’,s4+ 1) [ e+ 1, there will be a least stage s’ > s such
that P, requires attention at stage s’ 4+ 1 or is initialized at this stage. So,
by M-permitting, we may argue that for almost all (¢”,s) as above either
P~ becomes active after stage s + 1 or is initialized later whence ter # s.
But this contradicts the assumption.

Finally, for a proof of (4.36), for a contradiction, assume that o*(e) = 1.
Define 0 € 2t by 0 [ e = ¢* | e and o(e) = 0. Then, o < ¢* and we will
show

OEloy g Az s Z So (O'i(e + 1,y,3) jt U) (437)

which contradicts the definition of o*.
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To establish (4.37), define
E= {y ¢A1 :3s > S0 (Ui(e+ 1,y78) =t U*)}

Then, E is clearly computably enumerable in A;, and we claim that E is
infinite. To see this, fix e; > e as in (4.35) and for any e” > ey, consider y =
Bi(e") and s = t¢,,. Then, s > sg and, by (4.28), y ¢ A;. By construction
and (4.35), o;(e+1,y,s) = 0;(e”,y,s) [ e+1 < 54(e’,s+1) [ e+1 = 0" and
oi(e+1,y, s) precedes o* via 3% (€”), so by (4.28) and (4.30), o;(e+1,y,s) <y
o* and thus y € E. By (4.16), for ¢” £ €, Bi(e") # Bi(e"), so E is infinite.

It follows that F has an infinite A;-computable subset E’, and, by
Claim 4.3, there is an infinite subset F' of E’ such that for every y € F,
y is truly i-e-eligible at all sufficiently large stages. For any y € F, we
also have o;(e + 1,y,s) =<¢ o* for all sufficiently large stages s, so for any
y € F,3s > so(os(e + 1,y,5) =t o), establishing (4.37), and hence (4.36)
by contradiction.

Now S is defined by
S={s>t., Ve >e (6:(e",s) | = 6i(e",s) e+ 1=0")} (4.38)
where e; is as in (4.35).

Obviously, S is computable. Moreover, S is infinite since, by (4.35),
t', +1 € S for all ¢ > e;. It remains to show that the elements s of S
satisfy (4.8). So fix s € S, a number y < s and a stage s’ > s such that
y € A; o41\ Ai . We have to show that y is i-e-eligible at stage s’ + 1. Fix
¢’ and k such that y = 8} (e, s'). Since y enters A; at stage s’ +1 > t., +1
it follows that e; < e”. Moreover, since y < s, it follows (by (4.14)) that s
and s’ are e”’-equivalent whence by (4.22), by s € S and by (4.34),

Gi(e", Y Te+1<6;e",8) e+1=0"<6;i(e",s) [ e+1,

ie, d;(e",s") | e+1 = o*. Since, by (4.29), o;(e+1,y,5") = &;(e”,s") [ e+1,
it follows that o;(e 4+ 1,y, s) precedes o*. So y is i-e-eligible at stage s’ + 1
by (4.36).

This completes the proof of Claim 4.11. O

5. Proof of Theorem 2.12

The proof combines the basic construction of an s.m.i. degree with the
permitting technique first used by Dekker in [7] and then formalized by
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Yates in [20]. Given noncomputable c.e. sets By, ..., B,—1 (n > 1), it suf-
fices to construct pairwise disjoint c.e. sets Ag,..., A,_1 such that, for

A=AyU---UA,_; and a =deg(A),

A; is noncomputable (i <n — 1), (5.1)

and (3.5) hold. Since the construction is very similar to the basic construc-
tion of a low s.m.i. degree given in the proof of Theorem 2.7, we only point
out the necessary changes.

Let (B;s)s>0 be a computable enumeration of the given set B; (i <
n — 1). The finite part of A; enumerated by the end of stage s is denoted
by A; s, and we let A; = AgU---UA,_15;.

In order to ensure (3.5), just as in the proof of Theorem 2.7, we enumer-
ate auxiliary c.e. sets C,, (n > 0) and ensure that the requirements Q. are
met and condition (3.7) is satisfied. (The index n of C), will (in the rest of
this section only) be used implicitly in the index e of Q. and should not be
confused with the n used in the statement of the theorem. All future uses
of n in this section will refer to this number n introduced above.) In order
to ensure that A; is noncomputable, i.e., in order to ensure (5.1), we meet
the requirements

Pne-‘ri N A,L' 7& {6}

for e > 0 and ¢ < n — 1. Condition (5.2) is satisfied by permitting, i.e., for
i <n — 1 and all numbers x and stages s we ensure

xeAi,s—i—l\Ai,s = Bi,s+1 {1’+17ABZ,9 [213+1 (53)

The requirements are ordered by Ro. = P, and Raet1 = Qe. The strat-
egy for meeting the inaccessibility requirements Q. is exactly as in the proof
of Theorem 2.7, and e-(pre)eligibility and e-states are defined as there. The
strategy for meeting the noncomputability requirements P, has to be re-
fined, since now the enumeration of a (realized) follower into A; requires
permitting by B; (according to condition (5.3)). So a single follower will
not be sufficient, and — as usual for constructions by permitting — we
appoint a new follower if all existing followers are realized and the require-
ment is not satisfied. Since, for the sake of the inaccessibility requirements,
the e-states of the P.-followers have to be optimized, this requires that a
declared state is assigned to each follower (not just to the requirement as
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in the basic construction). We let y,(e, s) be the pth follower of P, in order
of magnitude at the end of stage s (and write y, (e, s) 1 if there is no such
follower). Then, if y,(e, s) is defined, a declared e-state &, (e, s) is assigned
to this follower at the end of stage s. This leads to the following revision of
the definition for a noncomputability requirement requiring attention and
the corresponding action.

For e = ne’ + 1, P, requires attention at stage s + 1 if e < s, P, is not
satisfied at (the end of) stage s, and one of the following holds.

There is a realized follower y of P, at the end of stage s (i.e., a follower
y such that {¢'}s(y) =0) and B; 511 [y+1# B; s [ y+ 1.
(5.4)

There is a follower y of P, at the end of stage s, say y = yp(e, 5),
and there is a number 3 such that y <y’ < s,y & A, and (5.5)
ole,y',s) < ap(e, s).

All followers of P, at the end of stage s (if any) are realized. (5.6)

If P, receives attention then P, becomes active via the first of the above
clauses which holds, and the action is as follows. If (5.4) holds then the
least y as there is enumerated into A; and the requirement P, is declared
to be satisfied. If (5.5) holds (and (5.4) does not hold), then for the least
y as there, for the corresponding p and for the least corresponding 1/, y
is replaced by ¥/, the declared state of y,(e,s + 1) is set to Gp(e,s + 1) =
o(e,y’,s) and all P.-followers ¢y > y which exist at the end of stage s are
cancelled (note that, by y < 3/, the latter ensures that y' = y,(e,s + 1)).
Finally, if (5.6) holds (and (5.4) and (5.5) do not hold), then y = s+ 1 is
appointed as follower and, for p such that y = y,(e,s + 1), the declared
state of y is set to 6,(e, s+ 1) = 1°.

If P. becomes active at stage s + 1 then, just as in the basic construc-
tion, all requirements of lower priority are initialized, where, for a non-
computability requirement P,, becoming initialized now means that all
followers and their declared states are cancelled and the requirement is de-
clared to be unsatisfied. Moreover, we say that P, becomes active via p at
stage s + 1 if either P, becomes active according to clause (5.4) or (5.5)
and y = yp(e, s) for the least y as there or P, becomes active according to
clause (5.6) and y,(e,s + 1) = s + 1 is appointed at stage s + 1.

Up to this modification of P, requiring attention and the corresponding
changes in the activity of P, the construction is the same as in the proof of
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Theorem 2.7. The proof of correctness follows the lines of the corresponding
part of the proof of Theorem 2.7 whence we only give a rough sketch in the
following.

The observations on the relations among the followers for differ-
ent requirements made there directly carry over. For the followers
yo(e,s),...,yp(e,s) of a requirement P, at the end of stage s at which
the requirement is not satisfied, one should observe that for any follower
yi(e,s) (I < p), yile,s) € As and y;(e, s) is not a follower of any other
requirement at stage s. Moreover, for | < p, the stage at which y;(e, s) is
appointed (according to clause (5.5) or (5.6)) precedes the corresponding
stage for y;41(e, s) and G;(e, s) < d141(e, 3).

Since at any stage s + 1 at most one follower is enumerated into at
most one of the sets A;, the above in particular implies that the sets A; are
pairwise disjoint.

The argument that any requirement requires attention only finitely of-
ten (see Claim 3.6) now becomes a bit more sophisticated for the noncom-
putability requirements: Given P, (e = ne’ +1), by inductive hypothesis, fix
a stage so > e such that no higher priority requirement requires attention
after stage sg, and, for a contradiction, assume that P, requires attention
infinitely often. Then P, is not initialized after stage sg, P, is not satis-
fied after stage sg, and P, receives attention at any stage s +1 > s¢ at
which it requires attention. Note that once y,(e, s) is appointed and not
cancelled afterwards, P. can become active via p at most 2¢ times (since,
whenever this happens, the declared state 6, (e, s") is decreased). Since, by
assumption, P, acts infinitely often, it follows, by induction on p, that, for
any p there is a permanent follower y,(e) with a permanent declared state
dp(e) and A;(yy(e)) = {e'}(yp(e)) = 0. Moreover, y,(e, s’) = yp(e) for all
s’ > s where s > s¢ is minimal such that, for all p’ < p, y,(e,s) = y,(e)
and 6, (e, s) = d,(e). Since G,(e) is nondecreasing in p and bounded by
1¢, G,(e) comes to a limit for all sufficiently large p hence is computable
in p. It follows that the least stage s(p) > so such that y,(e) = y,(e,s)
for s > s(p) and y,(e) is realized at stage s(p) can be computed. Since, by
choice of s, (5.4) fails for all stages s > so and since y,(e) > p, it follows
that B; | p = Bj ) | p- So B; is computable contrary to assumption,
giving the desired contradiction.

As in the proof of Theorem 2.7, the fact that all requirements require
attention only finitely often easily implies that the noncomputability re-
quirements are met (see Claim 3.7). So it only remains to show that the
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inaccessibility requirements Q. are met too. Here the proof given in Theo-
rem 2.7 (see Claim 3.9) directly carries over. Note that Claim 3.2, Claim 3.3,
Claim 3.4 and Claim 3.5 proven there hold in the given context too. So,
as in the proof of Claim 3.9, given a stage sg such that neither Q. nor a
higher priority requirement requires attention after stage sg, it suffices to
show that — assuming that Q. is not satisfied at any stage s > sg and
that the clauses (i) and (ii) in Q. hold while clause (x) fails — there is
an infinite computable set S of stages s satisfying (3.26). Such a set S is
obtained as in the proof Theorem 2.7 by making some obvious changes:
in the definition of stage eg there, condition (3.60) has to be replaced by
the condition that P., is not permanently satisfied (note that in the old
context (3.60) is equivalent to this fact), and, correspondingly, the set S
now consists of the stages s > t., satisfying

Ve >eyVp>0(yp(e”,s) | &Per is not satisfied at stage s
= Gp(e’,s+1) Je+1=0")

where now ., + 1 is the last stage at which P., becomes active.

6. Open Problems

We conclude the chapter with some open problems.

Open Problem 6.1: Can Theorem 2.8 be extended to show that any high
degree can be split into two high s.m.i. degrees?

An affirmative answer to Open Problem 6.1 would show that any gen-
erator of the high degrees is a join generator of the high degrees.

The next open problem asks if Theorem 2.8 can be generalized in a
different direction.

Open Problem 6.2: Can every highs or even every non-lowy degree be split
into two s.m.i. degrees?

An affirmative answer to Open Problem 6.2 would show that every
generator of the c.e. degrees generates the highs (or even the non-lows)
degrees under join.

Open Problem 6.3: Is the class of s.m.i. degrees definable in R?

Neither the definition of strong meet inaccessibility nor any of the three
equivalent conditions given in Lemma 2.2 are obviously first-order.
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Open Problem 6.4: Does every strongly meet inaccessible degree satisfy
Condition (2.3)?

Since Condition (2.3) is clearly first-order, an affirmative answer to Open

Problem 6.4 together with Lemma 2.3 would imply an affirmative answer
to Open Problem 6.3.
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