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s Union Closed For Regular Langs?

Statements
1. A,and A, are regular languages

4." Construct DFA M = (Q, Z, 6, gy, F) (todo)

5. Mrecognizes A, U A,

How to create this? Don’t |

know what A; and A, are!

6. A, UA,Isaregular language

/.

[n other words, if A; and As are regular languages, so is A; U As.

Justifications

1.
2. ADFA Ml = (Q]_J Z) 51; ql; Fl) FECOgniZES Al 2.
%’é DFA MZ = (QZJ Z) 52; qz; Fz) FECOgniZES AZ 3.
4,

Assum
Def of
Def of
Def of

ption “Corollary”

Regular Language
Regular Language
DFA

5. See examples
6. Def of Regular Language
The class of regular languages is closed under the union operation. 7 From stmt #1 and #6



DEFINITION

M 4 N\ A finite automaton is a 5-tuple (Q, X, 6, qo, F'), where
1 1. Q is a finite set called the states,
. A 2. ¥ is a finite set called the alphabet,
recognizes A, 3. 6: Q x S—>(Q is the transition function,

4. qo € Q is the start state, and

© 5. F C Q is the set of accept states.

Regular language A4,
Regular language A4,

\
[
M 2
recognizes A, _)O
O
O

O

N

Even if we don't know what these
languages are, we still know...

My = (Q2, %, 92, q2, F2), recognize As,

]

/| If L'is a regular language, then a DFA recognizes L

\
© My = (Q1,%,01,q1, F1), recognize Ay,




M,

recognizes A,

M

recognizes A,

Want: M

Recognizes
A, UA4,

(to prove 4, U 4,
is regular)

=

>/ \\} Union

Rough sketch Idea:
M is a combination
of M, and M, that:
checks whether its
input is accepted
by either M, or M,

But: a DFA can only
read its input once!

Need to: somehow

X_ simulate “being in”
both an M, and M,

state simultaneously

THEOREM

The class of regular languages is closed under the union operation.

In other words, if A, and A3 are regular languages, so is A4; U As.



Union i1s Closed For Regular Languages

Proof (continuation)

: M = Y F I :
* Glven: Ml B (@1, E’ il’ AL Fl)’ Hecoghze A1, Want: M that can simultaneously
2 = (Q2, X392, g2, F2), recognize Az, | “pain” both an M, and M, state

 Construct: M = (@, %, 6, qo,-F ), using M, and M,, that recognizes A, U A4,

. . Q={(ri,r2)|m € Qrand ro € Q2} =0, %@,
states of M. This set is the Cartesian product of sets ()1 and Q-

A finite automaton is a S-tuple (Q, X, J, qo, F'), where A S.tate of M Is a palir:
- first part: state of M,

c Qi ' lled th
1. @ is a finite set called the states, - second part: state of M,

2. ¥ is a finite set called the alphabet,

3. 0: Q x ¥X—Q is the transition m‘tion,1 . .
4. qo SQ e fmmm and s states of M: all possible pair

S, € @) i e s 6l s S combinations of states of M, and M,




DFA Union Example

M, 1 0 1

https://cs.wellesley.edu/~cs235/falll0/lectures/14 DFA operations_revised 2.pdf



Union i1s Closed For Regular Languages

Proof (continuation)
e Glven: My = (Ql;2951.,Q1,F1),recognize Ay,
- My = (Q2,%, 02,42, F2), recognize A,

 Construct: M = (@, %, 6, go:-F'), using M, and M,, that recognizes A, U A4,

' This set is the Caxtesianproduct of sets Q1 and (-
P

A finite automaton is a 5S-tuple (Q, X, 6, qo, F'), where g) — (51 (?"1 , &), 52 (T'Qj QJ)) A step in M is both:
1. Q is a finite set called the states, -astep !n M;, and
2. ¥ is a finite set called the alpbhabet, - astep in M,
3. 0: Q x X—Q is the transition ﬁmctionﬂ
4. qo € Q is the start state, and
5. F C Q is the set of accept states.



Sllee)E 5,(C,0)=C
y 2(C,0)

A step in M is both:
- a step in M,, and

(B,D) -astepin M,

https://cs.wellesley.edu/~cs235/falll0/lectures/14 DFA operations_revised 2.pdf



Union i1s Closed For Regular Languages

Proof (continuation)
e Glven: My = (Ql;2951,Q1,F1),recognize Ay,
- My = (Q2,%,02,q2, F2), recognize A,

 Construct: M = (@, %, 6, qo, F'), using M, and M,, that recognizes A, U 4,

. . Q={(ri,r2)|r € Qrand r2 € Q2} =0, %0,
states of M. "This set is the Cartesian product of sets ()1 and Q)

* M transition fn: §((ry,r2),a) = (61(r1, a), d2(r2, a))

Start state of M is both
* M start state: (91, 42) start states of M, and M,



DFA Union Example

M, 0 1 0

M, 1 0 1
o OF ol o
° 4
M 0
0
1 1 1 1

0

Start state of M is both

(A.D) (B,D) start states of M, and M,

https://cs.wellesley.edu/~cs235/falll0/lectures/14 DFA operations_revised 2.pdf



Union i1s Closed For Regular Languages

Proof (continuation)
e Glven: My = (Ql;2951,Q1,F1),recognize Ay,
- My = (Q2,%,02,q2, F2), recognize A,

 Construct: M = (@, %, 6, qo, F'), using M, and M,, that recognizes A, U 4,

o . Q={(r1,r2)|m € Qrand ry € Q2} =0; %0,
states of M. "This set is the Cartesian product of sets ()1 and Q)

* M transition fn: §((ry,72),a) = (61(r1, a), d2(r2, a))
Remember:

e M start state: (ql, q:,;»_) Accept states must
be subset of Q

* M accept states: F' = {(ry,r2)| r1 € F} or ro € Fy}| Accept if either M, or M, accept



xample

0

DFA Union E

Accept if either M, or M, accept



Union i1s Closed For Regular Languages

Proof (continuation)
e Glven: My = (Ql;2951,Q1,F1),recognize Ay,
- My = (Q2,%,02,q2, F2), recognize A,

 Construct: M = (@, %, 6, qo, F'), using M, and M,, that recognizes A, U 4,

o . Q={(r1,r2)|m € Qrand ry € Q2} =0; %0,
states of M. "This set is the Cartesian product of sets ()1 and Q)

* M transition fn: §((ry,r2),a) = (61(r1, a), d2(r2, a))

e M start state:  (¢1,92)

* M accept states: F = {(ry,r2)|r1 € Fy orry € Fy} aen? B
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s Union Closed For Regular Langs?

Statements Justifications

1. A, and A, are regular languages 1. Assumption

2. ADFAM,=(0Q,, %, 6,,q, F;) recognizes A; 2. Def of Regular Language
(ﬁné DFA M, = (Q,, %, 8,, q,, F,) recognizes A, 3. Def of Regular Language

4. Construct DFAM=(Q,%,6,q, F) ™ 4. Def of DFA

5. Mrecognizes A, U A, jonioceaethiszbont 5 See examples (toboy

know what A, and A, are!

6. A, UA,Isaregular language

6. Def of Regular Language

7. The class of regular languages is closed under the union operation. 7 From stmt #1 and #6

In other words, if A; and As are regular languages, so is A7 U As.



“Prove” that DFA recognizes a language

Lets, €A, and s, €A,

Be careful when choosing examples!

Lets; € A, and s, € A,

In this class, a table like this
is sufficient to “prove” that a
DFA recognizes a language

"Suing | Intang, U 4,7 | Accepted by 17

Don’t know A4; and A, exactly ...

My = (Q1, 3,01, q1, F1), recognize Aj,
My = (Q2,3, 02, q2, F2), recognize A,

... but we know ...

.. they are sets of strings!

constructed M = (Q, 2, (5, q0, F) recognizes A, U 4,?



“Prove” that DFA recognizes a language

Lets, €A, and s, €A,

PYCYRCLTR  svice | intangs,Ud,z | Accepted by i

Sq Yes
S, Yes
S5

My = (Q1, 3,01, q1, F1), recognize Aj,
My = (Q2,3, 02, q2, F2), recognize A,

constructed M = (Q, 2, (5, q0, F) recognizes A, U 4,?



Union i1s Closed For Regular Languages

Proof (continuation)
. Given: My = (Q1,%,91,q1, F1), recognize Ay,
- My = (Q2,%,02,q2, F2), recognize A,

 Construct: M = (@, %, 46, qo, F'), using M, and M,, that recognizes 4, U 4,

. . Q={(r1,r2)|m € Q1 and ry € Q2} =0, %0,
states of M. "This set is the Cartesian product of sets ()1 and Q)

* M transition fn: §((ry,r2),a) = (61(r1, a), d2(r2, a))

e M start state:  (¢1,92)

Accept if either M, or M, accept
* M accept states: F' = {(ry,r2)|r1 € Frorry € F5}




“Prove” that DFA recognizes a language

Lets, €A, and s, €A,

Letsc € A, and € A4,

]Lfl = (Ql, E, 61, qi, Fl), recognize Al,
Ms = (Q2, X, 02, q2, Fz), recognize As,

(this column needed when
machine is not concrete, i.e.,
can’t directly run machine to
check if string is accepted)

BT T

S, Yes

Se No

a striing € A, — accepted by M, - accepted by M | (J1)

striing €A @A, > M ana M, rejects - M rejects | (J2)

constructed M — (Q >, 0, qo, F) to | Accept if either M, or M, accept

Else reject

F ={(r1,r3)|r1 € F1 orre € F5}
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s Union Closed For Regular Langs?

Justifications

5. See Examples Table ]

Assum
Def of
Def of

Def of

ntion
Regular Language
Regular Language

DFA

6. Def of Regular Language

Statements

1. A, and A4, are regular languages 1.

2. ADFAM,=(Q %, 64, q, F;) recognizes A, 2.

3. ADFA M, =(Q,, %, 6,, q,, F,) recognizes A, 3.

4. Construct DFAM=(Q,%,6,q,F) ™ b,

5. Mrecognizes A, U A,

6. A, UA, Is aregular language

7. The class of regular languages is closed under the union operation. 7 From stmt #1 and #6

In other words, if A; and As are regular languages, so is A; U As.

0ED. IR



Another (common string) operation: Concatenation

Example: Recognizing street addresses

212 Beacon Street

\

M,: “CONCAT”
M,: recognize M,: recognize
numbers words




Concatenation: Ao B = {zy|x € Aand y € B}

Concatenation of Languages

Let the alphabet ¥ be the standard 26 letters {a, b, ..., z}.

If A= {fort,south} B = {point,boston}

Ao B = { fortpoint, fortboston, southpoint, southboston }



s Concatenation Closed?

THEOREM -------------------------------------------------------------------------------------------------------------------------

The class of regular languages is closed under the concatenation operation.

In other words, it A; and As are regular languages then so is 4; o As.

Construct a new machine M recognizing Ao A,? (like union)
» Using DFA M, (which recognizes A,),
« and DFA M, (which recognizes 4,)



PROBLEM:
Can only
read input
once, can't
backtrack

O

Concatentation

O

<
©
©,

Let M, recognize Ay, and M, recognize A,.

Want: Construction of M to recognize A; o As

Need to switch
machines at some
point, but when?

-

~N

~

o 512?22

O ©




Concatenation: Ao B = {zy|z € Aand y € B}

Overlapping Concatenation Example

* Let M, recognize language A={ jen, jens}
« and M, recognize language B={smith}
« Want: Construct M to recognize AoB = {Eensmith,\jenssmith }

 |f M sees jen ...
« M must decide to either:




Concatenation: Ao B = {zy|z € Aand y € B}

Overlapping Concatenation Example

* Let M, recognize language A={ jen, jens}
« and M, recognize language B={smith}
« Want: Construct M to recognize AoB={ jensmith, jenssmith}

 |f M sees jen ...

« M must decide to either:
e stay in M, (correct, if full inputis jenssmith)




Concatenation: Ao B = {zy|z € Aand y € B}

Overlapping Concatenation Example

* Let M, recognize language A={ jen, jens}
« and M, recognize language B={smith}
« Want: Construct M to recognize AocB={ jensmith, jenssmith}

/

. If M sees jen ... A DFA can’t do this!

« M must decide to either:
e stay in M, (correct, if full input is jenssmith)
« or switch to M, (correct, if full input is jensmith)

« But to recognize AoB, it needs to handle both cases!!
« Without backtracking




s Concatenation Closed?
FALSE?

THEOREM -------------------------------------------------------------------------------------------------------------------------

The class of regular languages is closed under the concatenation operation.

In other words, it A; and As are regular languages then so is A4; o As.

« Cannot combine A, and A,’s machine because:
« Need to switch from A, to 4, at some point ...
« ... but we don't know when! (we can only read input once)

 This requires a new kind of machine!
« But does this mean concatenation is not closed for regular langs?




Nondeterminism



Deterministic vs Nondeterministic

Deterministic
computation

e Start

states

b k£ Ak Ak— £k
.. [ ° ° ®

* accept or reject

DFAs



Deterministic vs Nondeterministic

Deterministic Nondeterministic
computation computation

L Stal't (.

. I

can be in multiple states at

. : f \' the same time
reject ( 1

( )

* accept or reject * accept

states fl\_ ,\\ Nondeterministic computation
e o v

b k£ Ak Ak— £k

DFAs New FA
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DFAs: The Formal Definition

DEFINITION
deterministic

A finite automaton is a 5-tuple (Q, X, 9, qo, F'), where

1. () is a finite set called the states,

2. 3 1s a finite set called the alphabet,

3. 0: Q X X—(Q is the transition function,
4. qo € Q is the start state, and

5. F C Q is the set of accept states.

Deterministic Finite Automata (DFA)



Nondeterministic Finite Automata (NFA)

Compare with DFA:

DEFINITION

A nondeterministic finite automaton
is a S-tuple (Q, X, 4, qo, F'), where

1. () 1s a finite set of states,
2. 3 is a finite alphabet,

Difference

A finite automaton is a S-tuple (Q, X, 0, qo, F'), where

1. @ is a finite set called the states,

. X is a finite set called the alphabet,

. 0: Q x ¥—Q is the tramnsition function,
. Qo € Qs the start state, and

A7 C () is the set of accept states.

wi b~ W N

3.0: Q x X.—>P(Q) is the transition function,

4. qp € Q 1s the start state, and
5. F C (@ is the set of accept states.

Power set, i.e. a transition
results in set of states



Power Sets

* A power set is the set of all subsets of a set

« Example: S={a, b, c}

 Power set of S =
* {{},{a},{b},{c},{a, b}, {a,c},{b,c},{a,b,c}}

« Note: includes the empty set!



Nondeterministic Finite Automata (NFA)

DEFINITION

A nondeterministic finite automaton
is a S-tuple (Q, X, 4, qo, F'), where

1. () 1s a finite set of states,
2. 3 is a finite alphabet,
3.0: Q x3.—>P(Q) is the transition function,

; CAREFUL:
4. do € Q is the start state, and e symbol is reused here, as a transition label

E L r MNicslho coe ~F (ie, an argument to §)
. L[] acce t States. ,’ ®
Transition label can be “empty”, P - It's not the empty string!

' i 4 - And it’s (still) not a character in the alphabet 3!
l.e., machlne can trzfmsmon Y. =2 U {8} p
without reading input




NFA Example

« Come up with a formal description of the following NFA:

DEFINITION

A nondeterministic finite automaton
is a 5-tuple (Q, 3,46, qo, F), where
1. @ is a finite set of states,
2. ¥ is a finite alphabet,
3. 0: Q x X.—>P(Q) is the transition function,
4. qp € @ is the start state, and
5. F C Q is the set of accept states.



The formal description of N; is (@, X, 6, q1, F'), where

1. Q — {glaQQaq.?nqé.L}a 0: Q X ZEHP(Q)

B Empty transition
2. Y = {0,1}; (no input read)

3. 0 1s given as

Result of transition
Is a set

: Empty transition
1
4. q; is the start state, and : T —
5. F ={qs}.

Multiple 1 transitions No 0 transition



In-class Exercise

« Come up with a formal description for the following NFA
e X={a,b}

DEFINITION

A nondeterministic finite automaton
is a S-tuple (Q, X, 9, qo, F'), where
1. Q is a finite set of states,
2. ¥ is a finite alphabet,
3. 0: Q x X.—>P(Q) is the transition function,
4. qo € Q is the start state, and
5. F C @ is the set of accept states.




INn-class Exercise Solution

LetN=(Q, 26,90 F)  §(q,a)={)

*0={91,9, 953 } 6(qu,b)={q,}

*2X={a,b} o(q,€e)=1{qs}
o(qa)=19 93}

) ... 0(qpb)=1{qs}
0(q¢€)=1}

* g, = q; 0(gq32a)=1{q,}

F={q,) o(gq3b)={}

o(qs €e)={}



