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(recursive)



Announcements
• HW 5

• Out: Mon 10/6 12pm (noon)
• Due (unofficial): Mon 10/13 12pm 

(noon)
• Due (up to): Wed 10/15 12pm (noon)

• HW 6 (most likely)
• Out: Mon 10/13 12pm (noon)
• Due: Wed 10/20 12pm (noon)

• No class: next Mon 10/13 
(Indigenous Peoples)

(stay on schedule!)



Regular Expressions = Regular Langs?

(But we have to prove it)

Last Time

We would like to say: 

a regular language

a regular expression …
equivalent

the set of all regular languages

the set of all regular expressions …
equivalent



Thm: A Lang is Regular iff Some Reg Expr 
Describes It

 ⇒ If a language is regular, then it’s described by a reg expression

 ⇐ If a language is described by a reg expression, then it’s regular
(Easier)
• Key step: convert reg expr → equivalent NFA!
• (Hint: we mostly did this already when discussing closed ops)

How to show that a 
language is 

regular?

Construct a DFA or NFA!



RegExpr→NFA

CONCATNFA

STARNFA

UNIONNFA



 ⇒ If a language is regular, then it’s described by a reg expression
(Harder)
• Key step: Convert an DFA or NFA → equivalent Regular Expression
• First, we need another kind of finite automata: a GNFA

 ⇐ If a language is described by a reg expression, then it’s regular
(Easier)
• Key step: Convert the regular expression → an equivalent NFA! 

Thm: A Lang is Regular iff Some Reg Expr 
Describes It


(full proof requires writing Statements and Justifications, and creating an “Equivalence” Table)

GNF
A



Generalized NFAs (GNFAs)

• GNFA = NFA with regular expression transitions

Goal: convert GNFAs 
to equivalent 
Regular Exprs

plain NFA 
= GNFA with single char 
regular expr transitions

Transition can read 
multiple chars



GNFA→RegExpr function :
On GNFA input G: 
• If G has 2 states, return the regular expression (on the 

transition), e.g.:

• Else:
• “Rip out” one state 
• “Repair” the machine to get an equivalent GNFA G’
• Recursively call GNFA→RegExpr(G’)

GNFA

Equivalent regular expression

Could there be 
less than 2 

states?



GNFA→RegExpr Preprocessing
• Modify input machine to have:

• New start state:
• No incoming transitions
• ε transition to old start state

• New, single accept state:
• With ε transitions from old accept states

Does this change the language of 
the machine? i.e., are before/after 

machines equivalent?

Modified machine always has 2+ 
states:
- New start state
- New accept state



GNFA→RegExpr function (recursive)

On GNFA input G: 
• If G has 2 states, return the regular expression (from 

transition), e.g.:

• Else:
• “Rip out” one state 
• “Repair” the machine to get an equivalent GNFA G’
• Recursively call GNFA→RegExpr(G’)

Base 
Case

Recursive 
Case

Recursive definitions have:
- base case and 
- recursive case 
   (with “smaller” self-reference)



GNFA→RegExpr: “Rip/Repair” step

To convert GNFA -> regular expression: 
1. “rip out” a state,
2. “repair” so machine is equivalent
3. repeat until only 2 states remain



GNFA→RegExpr: “Rip/Repair” step
Before: two paths from qi to qj:
1. Not through qrip

2. Through qrip



GNFA→RegExpr: “Rip/Repair” step
After: UNION of two “paths” from qi to qj

1. Not through qrip

2. Through qrip



GNFA→RegExpr: “Rip/Repair” step

Before: 
- path through qrip  has 3 transitions
- One is self-loop



GNFA→RegExpr: “Rip/Repair” step

STAR operation

CONCAT

After: 
- Self loop becomes STAR operation
- CONCAT with removed transitions

Before: 
- path through qrip  has 3 transitions
- One is self-loop



 ⇒ If a language is regular, then it’s described by a regular expr
Need to convert DFA or NFA to Regular Expression …
• Use GNFA→RegExpr to convert GNFA → equiv regular expression!

 ⇐ If a language is described by a regular expr, then it’s regular
• Convert regular expression → equiv NFA!

Thm: A Lang is Regular iff Some Reg Expr 
Describes It



 ??? This time, let’s really 
prove equivalence! 

(we previously “proved” it 
with an Examples Table)



GNFA→RegExpr Correctness
• Correct = input and output are equivalent
• Equivalent = the language does not change (same strings)!

Statement to Prove:

LANGOF ( G ) = LANGOF ( R )
• where: 

• G = a GNFA
• R  = a Regular Expression = GNFA→RegExpr( G )

• Key step: the rip/repair step

??? We are ready to really 
prove equivalence! 

(we previously “proved” it 
with some examples)

• Key step: the rip/repair step



GNFA→RegExpr: Rip/Repair Correctness

Must show these 
are equivalent

Equivalent = 
same language = 

accepts the same strings



GNFA→RegExpr: Rip/Repair Correctness

Must prove:
• Every string accepted before, is accepted after
• 2 cases:

1. Let w1 = str accepted before, doesnt go through 
qrip
• after still accepts w1 bc: both use R4 transition

2. Let w2 = str accepted before, goes through qrip
• w2 accepted by after?
• Yes, via our previous reasoning

Must show these are 
equivalent




(Similar to Equivalence Table!)



GNFA→RegExpr Equivalence
• Correct = input and output are equivalent
• Equivalent = the language does not change (i.e., same set of strings)!

Statement to Prove:

LANGOF ( G ) = LANGOF ( R )
• where: 

• G = a GNFA
• R  = a Regular Expression = GNFA→RegExpr( G )

• Key step: the rip/repair step

???input output

Language could be infinite set of strings!

(how can we show equivalence for a possibly infinite set of strings?)

Recursion!

This time, let’s 
really prove equivalence! 
(we previously “proved” it 

with some examples)



Previously:
Recursive function
• Use it when: writing a function involving a recursive definition

Now:
Proof by induction (recursion) = “a recursive proof”
• Use it when: proving something involving a recursive definition

A valid recursive definition has:
- base case(s) and 
- recursive case(s) (with “smaller” self-reference)

Proof by 
Induction

The recursive definition 
is (always) the key!



Proof by 
Induction

To Prove: Statement for recursively defined “thing” x:
1. Prove: Statement for base case of x
2. Prove: Statement for recursive case of x:

• Assume: induction hypothesis (IH)
I.e., Statement is true for some xsmaller
• E.g., if x is number, then “smaller” = lesser number

• Prove: Statement for x, using IH (and known definitions, theorems …)
• Typically: show that going from xsmaller to larger x is true!

A valid recursive definition has:
- base case(s) and 
- recursive case(s) (with “smaller” self-reference)

(A proof for each case
of some recursive definition)

(This is just the recursive part from the recursive definition!)

i.e., a normal proof



A Natural Number is:
• 0
• Or k + 1, where k is a Natural Number

So, proving things about:
recursive Natural Numbers requires
recursive proof, 
i.e., proof by induction!

Natural Numbers Are Recursively 
Defined

Recursive definition is valid because self-reference is “smaller”

Self-referenceBase Case

Recursive 
Case

A valid recursive definition has:
- base case(s) and 
- recursive case(s) (with “smaller” self-reference)



Proof By Induction Example (Sipser Ch 0)

Prove true: 

• Pt = loan balance after t months
• t = # months 
• P = principal = original amount of loan
• M = interest (multiplier)
• Y = monthly payment

(Details of these variables not too important here)



Prove true: 

Proof: by induction on natural number t

Base Case, t = 0:
• Goal: Show P0 = P (amount owed at start = loan amount)

• Proof:

A proof by induction follows 
the cases of the recursive 
definition (here, natural 
numbers) that the induction is 
“on”

Plug in t = 0
Simplify
(Justification)

A Natural Number is:
• 0
• Or k + 1, where k is 

a natural number

Proof By Induction Example (Sipser Ch 0)

P0 = P is a true statement !
(amount owed at start =
 loan amount)


Goal statement to prove (for t = 0):



Prove true: 

Inductive Case: t = k + 1, for some natural num k
• Inductive Hypothesis (IH), assume statement is true for some t = 

(smaller) k

• Goal statement to prove, for t = k+1:

• Proof of Goal:

A proof by induction follows cases of 
recursive definition (here, natural 
numbers) that the induction is “on”

A Natural Number is:
• 0
• k + 1, for some nat num k

Simplify, to get to goal statement

Write t = k+1 
case in terms 
of “smaller” k

Proof By Induction Example (Sipser Ch 0)

Definition of Loan:
amt owed in month k+1 = 
amt owed in month k * interest M – amt paid Y

Plug in IH for 
Pk



IH plugs in 
“smaller” k



In-class Exercise: Proof By Induction
Prove: (z ≠ 1)

Use Proof by Induction. 

Make sure to clearly state:

A Natural Number is:
• 0
• k + 1, for some nat num k

A proof by induction follows cases of 
recursive definition (here, natural 
numbers) that the induction is “on”

i.e., which recursively defined value (and its type) will the proof focus on

And the Goal statement to prove (for each case)

 what the induction is “on”



Proof by Induction: CS 420 
Example

Statement to prove: 

Proof: by Induction on # of states in G
1. Prove Statement is true for base case

2. Prove Statement is true for recursive case:
• Assume the induction hypothesis (IH): 

• Statement  is true for smaller G’
• Use it to prove Statement  is true for larger G

• Show that going from G to G’ preserves Statement

LANGOF ( G ) = LANGOF (                   R                 
  )

• Where: 
• G = a GNFA
• R  = a Regular Expression GNFA→RegExpr( G )

• i.e., GNFA→RegExpr must not change the language!

R = GNFA→RegExpr( G )

This time, let’s 
really prove equivalence! 
(we previously “proved” it 

with some examples)



Statement to prove: 

Proof: by Induction on # of states in G
1. Prove Statement is true for base case

2. Prove Statement is true for recursive case:
• Assume the induction hypothesis (IH): 

• Statement  is true for smaller G’
• Use it to prove Statement  is true for larger G

• Show that going from G to G’ preserves Statement

Proof by Induction: CS 420 
Example

LANGOF ( G ) = LANGOF 
( GNFA→RegExpr( G ) )

G has 2 states

Recursively defined “thing”

Why is this an ok 
base case 
(instead of zero)?

A “NatNumber > 1” is:
• 2
• Or k + 1, where k is 

a “NatNumber > 1”

(Modified) Recursive definition:



GNFA→RegExpr (recursive) function
On GNFA input G: 
• If G has 2 states, return the regular expression (from the 

transition), e.g.:
Base 
Case

Last Time

GNFA

Equivalent regular expression



Statement to prove: 

Proof: by Induction on # of states in G
1. Prove Statement is true for base case

2. Prove Statement is true for recursive case:
• Assume the induction hypothesis (IH): 

• Statement  is true for smaller G’
• Use it to prove Statement  is true for larger G

• Show that going from G to G’ preserves Statement

Statements
1. LANGOF (       ) = LANGOF ( R )
2.  GNFA→RegExpr(       ) = R )
3. LANGOF (       ) = LANGOF ( GNFA→RegExpr(         

 ) )

Proof by Induction: CS 420 
Example

LANGOF ( G ) = LANGOF 
( GNFA→RegExpr( G ) )

G has 2 states
Justifications
1. Definition of GNFA
2. Definition of GNFA→RegExpr (base case)
3. From (1) and (2)Goal

Don’t forget the
Statements / Justifications !

Plug in

Plug in R



Proof by Induction: CS 420 
Example

Statement to prove: 

Proof: by Induction on # of states in G
1. Prove Statement is true for base case

2. Prove Statement is true for recursive case:
• Assume the induction hypothesis (IH): 

• Statement  is true for smaller G’
• Use it to prove Statement  is true for larger G

• Show that going from G to smaller G’ is true!

LANGOF ( G ) = LANGOF 
( GNFA→RegExpr( G ) )

G has 2 states

G has > 2 states





GNFA→RegExpr (recursive) function
On GNFA input G: 
• If G has 2 states, return the regular expression (from the 

transition), e.g.:

• Else:
• “Rip out” one state 
• “Repair” the machine to get an equivalent GNFA G’
• Recursively call GNFA→RegExpr(G’)

Base 
Case

Recursive 
Case

Last Time

Recursive call
 (with a “smaller” G’)



Proof by Induction: CS 420 
Example

Statement to prove: 

Proof: by Induction on # of states in G
1. Prove Statement is true for base case

2. Prove Statement is true for recursive case:
• Assume the induction hypothesis (IH): 

• Statement  is true for smaller G’
• Use it to prove Statement  is true for G > 2 states

• Need to show: going from G to smaller G’ is true!

LANGOF ( G ) = LANGOF 
( GNFA→RegExpr( G ) )

LANGOF ( G’ )
=

LANGOF ( GNFA→RegExpr( G’ ) )
(Where G’ has less states than G)

Show that “rip/repair” step 
converts G to smaller, equivalent G’

G has 2 states

G has > 2 states





G smaller G’

Don’t forget the
Statements / Justifications !

IH Assumption



Proof by Induction: CS 420 
Example

Statement to prove: 

Proof: by Induction on # of states in G
1. Prove Statement is true for base case

2. Prove Statement is true for recursive case:
• Assume the induction hypothesis (IH): 

• Statement  is true for smaller G’
• Use it to prove Statement  is true for G > 2 states

• Need to show: going from G to smaller G’ is true!

LANGOF ( G ) = LANGOF 
( GNFA→RegExpr( G ) )

LANGOF ( G’ )
=

LANGOF ( GNFA→RegExpr( G’ ) )
(Where G’ has less states than G)

G has 2 states

G has > 2 states



Statements
1. LANGOF ( G’ ) = LANGOF ( GNFA→RegExpr( G’ ) )
2. LANGOF ( G ) = LANGOF ( G’ )
3.  GNFA→RegExpr( G ) = GNFA→RegExpr( G’ )
4. LANGOF ( G ) = LANGOF ( GNFA→RegExpr( G ) )

Justifications
1. IH
2. Equivalence of Rip/Repair step (prev)
3. Def of GNFA→RegExpr (recursive call)
4. From (1), (2), and (3)Goal



Plug in

IH Assumption
Known “facts” available to 
use:
- IH
- Equiv of Rip/Repair step
- Def of GNFA->RegExpr







 ⇒ If a language is regular, then it’s described by a regular expr
Need to convert DFA or NFA to Regular Expression …
• Use GNFA→RegExpr to convert GNFA → equiv regular expression!

 ⇐ If a language is described by a regular expr, then it’s regular

• Convert regular expression → equiv NFA!

Now: we can use regular expressions 
to represent regular langs! So a regular language has 

these equivalent 
representations:
- DFA
- NFA
- Regular Expression

So we also have another way to prove 
things about regular languages!

Thm: A Lang is Regular iff Some Reg Expr 
Describes It







So Far: How to Prove A Language Is 
Regular?

• Construct DFA

• Construct NFA

• Create Regular Expression Slightly different because 
of recursive definition

Key step, either:



Proof by 
Induction

To Prove: a Statement about a recursively defined “thing” x:
1. Prove: Statement for base case of x
2. Prove: Statement for recursive case of x:

• Assume: induction hypothesis (IH)
I.e., Statement is true for some xsmaller
• E.g., if x is number, then “smaller” = lesser number
• E.g., if x is regular expression, then “smaller” = …

• Prove: Statement for x, using IH (and known definitions, theorems …)
• Usually, must show that going from xsmaller to larger x is true!



“smaller”

Whole reg expr



Thm: Reverse is Closed for Regular Langs
 

Theorem:  

Proof: by induction on R, the regular expression of A

cbaabc

{ a, ab, abc } { a, ba, cba }

Example string:

Example language:

IF-THEN Statement to prove: 
If A is a regular language described by regular expression R, then Aℛ is regular

Using regular expressions and proof by induction



Thm: Reverse is Closed for Regular 
Langs

Proof: by Induction on R, the regular expression of A:

same reg. expr. represents       so it is 
regular

same reg. expr. represents       so it is 
regular
same reg. expr. represents       so it is 
regular

Base cases

Inductiv
e cases

IH1: if A1 is a regular language, described by reg expr R1, then A1
R is regular

“smaller”

IH2: if A2 is a regular language, described by reg expr R2, then A2
R is regular

(6 cases)

if A is a regular language, described by reg expr R1 U R2, then AR is regularNeed to 
prove:



Statements
1. Language A is regular, with reg expr R1 U R2

2.  R1 and R2 are regular expressions

3.  R1 and R2 describe regular langs A1 and A2

4. If A1 is a regular language, then A1
R is regular

5. If A2 is a regular language, then A2
R is regular 

6.  A1
R and A2

R are regular

7.  A1
R U A2

R is regular

8.  A1
R U A2

R = (A1 U A2)R 

9.  A = A1 U A2

10.  AR is regular

Justifications
1. Assumption of IF in IF-THEN
2. Def of Regular Expression
3. Reg Expr  Reg Lang (Prev Thm)
4. IH1
5. IH2
6. By (3), (4), and (5)
7. Union Closed for Reg Langs
8. Reverse and Union Ops Commute
9. By (1), (2), and (3)
10. By (7), (8), (9)

Thm: Reverse is Closed for Regular 
Langs

Proof: by Induction on R, the regular expression of A:(Case # 4)

if A is a regular language, described by reg expr R1 U R2, then AR is regular by Stmts #1 and #10Need to 
prove:



Thm: Reverse is Closed for Regular 
Langs

Proof: by Induction on regular expression of A:

Base cases

Inductiv
e cases

(6 cases)

Remaining 
cases will use 

similar 
reasoning








???

Next Time

Non-Regular Languages?
• Are there languages that are not regular languages?

• How can we prove that a language is not a regular 
language?

???

???

Non-
regular 
language?

Regular 
languag
e



So Far: Regular or Not?
• Many ways to prove a language is regular:

• Construct a DFA recognizing it
• Construct an NFA recognizing it
• Create a regular expression describing the language

• Bc we proved: Regular Expression  NFA  DFA  Regular Language

• But not all languages are regular!
• E.g., programming language syntaxes are not regular

• language of all Python programs, or all HTML/XML pages, are not regular
• That means:

• There is no DFA or NFA that: accepts valid Python programs (and rejects invalid ones)
• And, there is no regular expression that: describes all valid Python or HTML programs

(a common mistake)!



Someone Who Did Not Pay Attention in CS 
420:

Trying to use regular expressions to 
describe the non-regular HTML 

language

very weird …

hmm … what’s this?
Someone who paid attention in 420 
…

ummm … this is 
getting a little weird

?????



Flashback: Designing DFAs or NFAs
• Each state “remembers” information about input

• E.g., qeven = “seen even # of 1s”
        qodd = “seen odd # of 1s”

• But finite states = finite amount of info storage (and must decide in 
advance)

• So DFAs can’t remember an arbitrary count!
• would require infinite states



A Non-Regular Language
L = { 0n1n | n  ≥ 0 }

• A DFA recognizing L would require infinite states! (impossible)
• States representing zero 0s seen, one 0 seen, two 0s, …

• This language is the same as many PLs, e.g., HTML!
• To better see this replace:

• “0” with “<tag>“  or “(“
• “1” with “</tag>” or “)”

• The Problem: remembering nestedness
• Need to count arbitrary nesting depths

• E.g., if { if { if { … } } }
• Thus: most programming language syntax is not regular!

So, how can we
 prove non-regularness?

An arbitrary count



Prove: Demons do not exist
Proving something not 

true is different (and 
usually harder) than 

proving it true

It’s sometimes possible,
 but often needs

 new proof techniques!

We know how to: prove a language is regular
Can we: prove a language is not regular?

???



• “Exists” (Existential)
• “Easier” to prove TRUE

• Just need one example!
• “Harder” to prove FALSE

• Need to prove false for all examples

• “For all” (Universal)
• “Harder” to prove TRUE

• Need to prove true for all examples
• “Easier” to prove FALSE

• Just need one (counter)example!

Quantified Logical 
Statements

“There exists a natural 
number n such that, n·n = 
25”

“For all natural 
numbers n, 2·n = n + n”



• “Exists” (Existential)
• “Easier” to prove TRUE

• Just need one example!
• “Harder” to prove FALSE

• Need to prove false for all examples

• “For all” (Universal)
• “Harder” to prove TRUE

• Need to prove true for all examples
• “Easier” to prove FALSE

• Just need one (counter)example!

Quantified Logical Statements (this 
course)

Language L is regular

There exists one DFA 
that recognizes L

For all 
regular 
languages L, 
L* is a 
regular 
language

Language L is not 
regular?

There are no possible 
DFAs that recognizes 
L

For all ...

For all strings 
in a regular 
language ...

Key is finding such a statement about regular languages!



A Fact (Lemma) About Regular 
Languages

Remember: To use an “If X then Y” 
statement, 
1. prove X is true, 
2. conclude that Y is true

This is an 
“If X then Y” 

statement

True for all regular 
languages!

∀A



A Fact (Lemma) About Regular 
Languages

Remember: To use an “If X then Y” 
statement, 
1. prove X is true, 
2. conclude that Y is true

This is an 
“If X then Y” 

statement



The Modus Ponens Inference 
Rule

If we know these statements are true …
• If P then Q

• P

Then we also know this statement is true …
• Q 

Flashback:



A Lemma About Regular Languages

To use The Pumping lemma for a language A …

Q: Can we use The Pumping lemma to prove that a language is 
regular?

NO (but we already know many other ways to do 
that!)

Uh … whatever this says …

… then we can conclude …

… first prove that A is a regular language …
(but maybe it can be 
used to prove that a 

language is not 
regular!)



Equivalence of Conditional 
Statements
• Yes or No? “If X then Y” is equivalent to:

• “If Y then X” (converse)
• No!

• “If not X then not Y” (inverse)
• No!

• “If not Y then not X” (contrapositive)
• Yes!

Seen Previously



… then the language is not 
regular!

Contrapositive:
“If X then Y” is equivalent to “If not Y then not X” 

If-then statement

Equivalent (contrapositive):
If any of these are not true …



Logical Inference Rules

Modus Ponens
Premises (known facts)

• If P then Q
• P is true
Conclusion (new fact)

• Q is true

Modus Tollens 
(contrapositive)
Premises (known facts)

• If P then Q
• Q is not true
Conclusion (new fact)

• P is not true How to: prove a 
language is not regular?

Step 1: find a fact that is true 
for all regular languages …
Step 2: where the fact can be 
proven not true!



Fact About Regular Languages: Details

Any regular language 
satisfies these three 

conditions!

Conditions are on strings in 
the language with length ≥ 

p 

NOTE:
- Lemma doesn’t give an exact p!
- Only that there is some string length p …

The exact value of p 
differs for every regular 

language



Example:  a finite language {“ab”, “cd”} 
• All finite languages are regular!
• (can easily construct DFA/NFA/Regular Expression recognizing them)

The Pumping Lemma: Finite 
Languages

So finite langs (specifically, all strings 
in the language “of length at least p”) 

must satisfy these conditions
(whatever they are)

Possible p for finite langs?

# strings in the language 
with length ≥ p?

Therefore, all strings with 
length ≥ p satisfy the 

pumping lemma conditions! 

Conclusion: pumping 
lemma is only interesting 

for infinite langs!
(which contain strings 
with repeating parts)Lemma doesn’t say what p is! Just that “there is a p 

…”

How about: 
p = LENGTH(longest string) + 
1

None
!



Strings that have a repeatable part can be split into 3 parts:
• x = part before any repeating
• y = repeated (or “pumpable”) part
• z = part after any repeating

Langs With Strings With Repeatable 
Parts

repeatable (“pumpable”) part
(= repeatable state in DFA!)

DFAs have finite states, 
so for “long enough” (i.e., length ≥ p) 

inputs,
 some state must repeat!

e.g., “long enough length” = p = # states +1 (The Pigeonhole 
Principle)

“pumped” string still in 
language



The Pigeonhole 
Principle

If # birds > # holes, 
then there must be > 
1 bird in some hole



The Pumping Lemma, a Closer Look

“long enough length” = p = # states +1
(some state must repeat)

This is the only way for 
regular languages to 

have repeating patterns 
(Kleene star)

So a substring that can repeat once, 
can also be repeated any number of 

times

In essence, the Pumping 
lemma is a theorem about 

repeating patterns in regular 
languages



Example:  infinite language A = {“00”, “010” , “0110” , “01110”, …} 

In-class exercise: Infinite Languages

Split the string “010” into three parts 
xyz, e.g.
      x = ??,      y = ??,      z = ??
so that repeating y part any number of 
times results in a new string still in A

Now do “0110”:
      x = ??,      y = ??,      z = ??



Example:  infinite language A = {“00”, “010” , “0110” , “01110”, …} 
• It’s regular bc it has regular expression 01*0

The Pumping Lemma: Infinite 
Languages

“pumpable” part of string

Note: “pumpable” part cannot be empty

E.g., “010”  ∈ A, so 
pumping lemma says it’s 
splittable into three 
parts xyz, e.g.
      x = 0,      y = 1,      z = 0

… and ”pumping” (repeating) middle y part 
creates a string that is still in the language
- repeat once (i = 1): “010”, 
- repeat twice (i = 2): “0110”, 
- repeat three times (i = 3): “01110”

Pumping lemma summary:
“All infinite regular languages must 
have a star in its regular expression”!



Summary: The Pumping Lemma …
• … states properties that are true for all regular languages
• … specifically, properties about “long enough” strings in reg. 

langs
• In general, it describes repeating patterns in reg. langs

IMPORTANT: 
• The Pumping lemma cannot prove that a language is regular!
• But … we can use it to prove that a language is not regularPumping lemma summary:

“All infinite regular languages must 
have a star in its regular expression”!

… by showing that the repeating 
pattern is not expressible with a 
star regular expression!



… then the language is not 
regular

Contrapositive:
“If X then Y” is equivalent to “If not Y then not X” 

If-then statement

Equivalent (contrapositive):
If any of these are not true …



Kinds of Mathematical 
Proof
• Deductive Proof
• Logically infer conclusion from known definitions and assumptions

• Proof by induction
• Use to prove properties of recursive definitions or functions

• Proof by contradiction
• Proving the contrapositive



How To Do Proof By 
Contradiction
3 easy steps:
1. Assume: the opposite of the statement to prove

2. Show: the assumption leads to a contradiction

3. Conclude: the original statement must be true



Pumping Lemma: Non-Regularity 
Example

Pumping lemma summary:
“All infinite regular languages must 
have a star in its regular expression”!

… by showing that the repeating 
pattern is not expressible with a 
star regular expression!

This repetition pattern cannot be expressed with a star regular expression?



• Assume: 0n1n is a regular language 
• So it must satisfy the pumping lemma
• I.e., all strings ≥ length p are pumpable

• Counterexample = 0p1p

• Choose xyz split so y contains:
• all 0s

• Pumping y: produces a string with more 0s than 1s
• Which is not in the language 0n1n

• This means that 0p1p does not satisfy the pumping lemma
• Which means that that 0n1n is a not regular language
• This is a contradiction of the assumption!
 

Want to prove: 0n1n is not a regular language

Proof (by contradiction):
Reminder: Pumping lemma says:

 all strings 0n1n ≥ length p are 
splittable into xyz where y is 

pumpable
Now we must find a contradiction …

So find string ≥ length p that is not 
splittable into xyz where y is 

pumpable

We must show that there is 
no possible way to split this 

string to satisfy the 
conditions of the pumping 

lemma!



Possible Split: y = all 0s
• Assume: 0n1n is a regular language 

• So it must satisfy the pumping lemma
• I.e., all strings ≥ length p are pumpable

• Counterexample = 0p1p

• Choose xyz split so y contains:
• all 0s

• Pumping y: produces a string with more 0s than 1s
• … not in the language 0n1n  !
• So 0p1p is not pumpable? (according to pumping lemma)
• So 0n1n is a not regular language? (contrapositive)
• This is a contradiction of the assumption?

00 … 011 … 1
p 0s p 1s

x y z

BUT … pumping 
lemma requires 

only one pumpable 
splitting

Want to prove: 0n1n is not a regular language

Proof (by contradiction):

Contrapositive: If not true …

… then not 
true

So the proof is not 
done!

Reminder: Pumping lemma says:
 all strings 0n1n ≥ length p are 
splittable into xyz where y is 

pumpableSo find string ≥ length p that is not 
splittable into xyz where y is 

pumpable

Is there another 
way to split into xyz 

?

Co
nt

ra
di

ct
io

n?

Not yet!



Possible Split: y = all 1s
• Assume: 0n1n is a regular language

• So it must satisfy the pumping lemma
• I.e., all strings ≥ length p are pumpable

• Counterexample = 0p1p

• Choose xyz split so y contains:
• all 1s

• Is this string pumpable (repeating y produces string still in 0n1n)?
• No!
• By the same reasoning as in the previous slide

 

00 … 011 … 1
p 0s p 1s

x y z

Want to prove: 0n1n is not a regular language

Proof (by contradiction):

Is there another 
way to split into xyz 

?



Possible Split: y = 0s and 1s
• Assume: 0n1n is a regular language 

• So it must satisfy the pumping lemma
• I.e., all strings ≥ length p are pumpable

• Counterexample = 0p1p

• Choose xyz split so y contains:
• both 0s and 1s

• Is this string pumpable (repeating y produces string still in 0n1n)?
• No!
• Pumped string will have equal 0s and 1s …
• But they will be in the wrong order: so there is still a contradiction!
 

00 … 011 … 1
p 0s p 1s

x y z

Did we examine 
every possible 

splitting?

Yes! QED

Want to prove: 0n1n is not a regular language

Proof (by contradiction):

But maybe we 
did’t have to …



The Pumping Lemma: Condition 3

The repeating part y … 
must be in the first p characters!

00 … 011 … 1
p 0s

y must be in here!



The Pumping Lemma: Pumping Down

Repeating part y must be non-empty 
… 

but can be repeated zero times!

Example: L = {0i1j  | i > j}



Pumping Down
• Assume: L is a regular language 

• So it must satisfy the pumping lemma
• I.e., all strings ≥ length p are pumpable

• Counterexample = 0p+11p

• Choose xyz split so y contains:
• all 0s
• (Only possibility, by condition 3)

• Repeat y zero times (pump down): produces string with # 0s ≤ # 1s
• … not in the language {0i1j  | i > j} 
• So {0i1j  | i > j} does not satisfy the pumping lemma
• So it is a not regular language
• This is a contradiction of the assumption!
 

00 … 011 … 1
p+1 0s p 1s

x y z

Want to prove: L = {0i1j  | i > j} is not a regular language

Proof (by contradiction):

co
nt

ra
di

ct
io

n



Next Time (and rest of the Semester)
• If a language is not regular, then what is it?

• There are many more classes of languages!
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