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But rementer ... COmputation = Programs!

| A “Programming language” M Turing Machines

| A “Programming language” _ Linear bounded Automata

More powerful
More complex
Less restricted

| A “Programming language”

| A “Programming language”

%r’d},;‘«/analogy fﬂf Lhis course,
- aset of machines / computational model (a rectangle) ~ a Programming Language!
- asingle machine (one thing in a rectangle) ~ @ Program!

Lecture 1 slide 12
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Programming = Mathematical logic!

Programming Concepts Math(ematical Logic) Concepts
* Functions * Functions
* Variables * Variables
+ If-then » If-then (implication)
* Recursion * Recursion
+ Strings * Strings
« Sets (and other + Sets (and other
data structures) groupings of data)

\ (Studying logic, i.e., this class, will make you a better programmert) ‘

Lecture 1 slide 17
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This semester, we will ...

1. Define and study models of computation
- models will be as simple as possible (to make them easier to study)

2. Compare and contrast models of computation
« which “programs” are included by a model
» which “programs” are excluded by a model
= overlap hetween models?

3. Prove things about the models

Lecture 1 slide 18
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How Mathematics (Proofs) Work

Mathematician
(or student) More Definitions

\ Theorem
Adding next level is hard ... -

3 Sl Theorem
Preciseness is important

(just like in programming) : L,l."m (__

Proofs = Figuring out how to
(precisely) stack the pieces together

i

Definitions

Lecture 1, slide 21
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The “Modus Ponens” Inference Rule

(Precisely Fitting Blocks Together)

Premises (if we can show these statements are true)
« If Pthen Q

* Pis TRUE

I DON'T KNOW WHAT MODUS
. . ~===  PONENSIS
Conclusion (then we can say that this is also true)

* @ must also be TRUE

\
AND/AT,THIS BOINT{EMITO0
WnernID[TolSKEY

Lecture 1, slide 22
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= def no_divO(x): “testexpr”
Deductive Proof Example e

[Statements [ Justifications Table |

‘ Prove: no_dive never throws ZeroDivisionError

PLOf:| Prior steps are already-proved, can be used to prove later steps! ‘

Statements Justifications
1. | Ifrunning “testexpr” is True, | 1. Rules of Python w e
then “first branch” runs . Il:wecan LIOvEltese:
5 v — T=|fPthen@
2. Ifrunning “test expr” is False, 2. Rules of Python E thenlg|
then “second branch” runs
; - — p | Then we've proved:
3. running “test expr” is (always) True 3. Definition of “numbers”| _ 7]
== 4. “first branch” (always) runs 4, By steps 1, 3, and modus ponens

7. no_div0 never throws ZeroDivisionError

Lecture 1, slide 25
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def no_dive(x):

Deductive Proof Example = oot a<o i x=o:

| Prove: no_dive never throws ZeroDivisionError

Proof:
Statements
1. If running “testexpr” is True,
then “first branch” runs
2. If running “test expr” is False,
then “second branch” runs
3. running “test expr” is (always) True
4, “first branch” (always) runs
5. “second branch” never runs
6. no_div@neverruns1 / 0
=7, no_div0 never throws ZeroDivisionError

Lecture 1, slde 27

return x + 1
‘ else:

Justifications

1. Rules of Python

2. Rules of Python

3. Definition of “numbers”

4. By steps 1, 3, and modus ponens
5. By step 4, and Rules of Python???
6. Bystep5s

7. Bystep 6 and Rules of Python???

Q
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How This Course Works

50% ~

More Definitions, Axioms,
& Theorems

Theorems

Definitions & Axioms |

Set Thory

Prerequisite = ]
(Cs 220) Boolean
(see hwo) Logic
- [
Mathematical
Logic
S

(what you will learn
this semester)

Lecture 1, slide 34
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Textbooks
« Sipser. Intro to Theory of Computation, 3" ed.

* Hopcroft, Motwani, Ullman. Intro to Automata Theory, Languages,
and Computation, 3" ed.

- Slides (posted) and lecture will try to be self-contained,
- BUT, students who read the book earn higher grades

All course info available on (joint) web sites:
- ¢s.umb.edu/~stchang/cs620/f25

- cs.umb.edu/~stchang/cs420/f25

- cs.umb.edu/~hdeblois/cs420/f25/

Lecture 1, slide 37
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In-class questions (in Gradescope) PREVIEW

* |f we Rnow statement AAB is TRUE
... what do we know about A and B?

* If we want to prove AAB is TRUE
... what do we need to prove about A and B?

* If we kRnow statement A—B is TRUE
... what do we know about A and B?

* If we want to prove statement A—B is TRUE
... what are valid ways to do so?

* If we want to prove statement A—B is TRUE
... what is the most common way to do so?

Lecture 2, slide 3

50% ~



lecture02 s0% v | Q
lecturenz.pdf

Last Tine Araliyy;
: : Computation Model
Th IS Sem eSte r, we Wi l[ (system of definitions and rules)
, =
. formal, precisely-defined ) .
1. Define and study models of computation FrogiammingLaneyage

» models will be as simple as possible (to make them easier to study)
Aaligg:

. AC tati del
2. Compare and contrast models of computation | * ©™mPHttign in 2 moded
» which “programs” are included [ excluded by a model A Program

» Equality or overlap between models?

3. Prove things about the models

Lecture 2, slide 4
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Mathematical Logic Operators

» Conjunction (AND, A)

« Disjunction (OR, V) T somestons
Must understand difference

- Negation (NOT, -, ~) between Using vs Proving
a mathematical statement!

« Implication (IF-THEN, =, —)




Lecture 2, slide 18
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Mathematical Statements: AND

Using:
* If we know AA Bis TRUE ... o
what do we know about A and B individually?

« A is TRUE, and

* B is TRUE A | B [AAB
True - We want

PrOVing: True | False | False

*To prove AAB is TRUE: False | True @ False

* Proveis TRUE, and False False @ False

* Prove[Blis TRUE

Lecture 2, slide 20
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Mathematical Logic Operators: IF-THEN

Using:
* [f we know P— Qis TRUE,
what do we know about P and @ individually?
e Either Pis FALSE, or
« If we prove P is TRUE, then Q is TRUE (modus ponens)

) P | 4 P-4
PTOV_g_In . _ True | True = True - ant
* To prove P — QIs TRUE: '

« Either Prove P is FALSE (usu. hard or impossible), OF

+ Assume (not prove!) P is TRUE, False | True | True —_—
then prove Q is TRUE False False True

True | False False

Lecture 2, slide 23
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[Statements [ Justifications Table ‘

Lumte: Proving an IF-THEN Statement

Prove: IF If z > 4, then 2% > 22 AND =z is the sum of the squares of four positive integers

THEN 2° > 2?
Proof:
Statement Justification
=" Ch-rierd 1. Assumption (F part of IF-THEN)
e @2l 2= e g gl 7 Assumption (IF part of IF-THEN)
3. 2> >L32>Ld2>1 3. By Stmt #2 & arithmetic laws
4, >4 4, Stmts #1, #3, and arithmetic
5. Ifz > 4, then|2* > o7 _ 5. Assumption (Fpqjedutonene
-6 2% > g2 6. Stmts #4 and #5 -fPthencl
-0 | 4m |

Lecture 2, slide 26
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Finite Automata
« A finite automata or finite state machine (FSM) ...

+ .. computes with a finite number of states

Lecture 2, slide 30
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Model-view-controller (MVC) is an FSM

Input events change states
onclick
onmouseover

onmousedown

States

The View draws states

Lecture 2, slide 35
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pEFINITION | A “Programming Language” )_ An Example (as formal description)

)
A finite automaton is a 5-tuple (Q, %, 6, qo, F'), where Ml = (Q, E, 5, q1, F), where
1. @ is a finite set called the states,

1.0 —
2. ¥ is a finite set called the alphabet, Q {ql 22,93 } ’
3. 0: Q x ¥—Q is the transition function, 2. X = {071}1
4. gy € Q is the start state, and 3. § is described as
5. F C Q is the set of accept states.
o 1
oo e
g2 | 93 ¢2
43 | 92 92,
4. ¢ is the start state, and

5. F = {qz}.

. o [ This “analogy” is meant to help your intuition
P /‘ﬂfzﬁdﬂll(lly Aﬂdﬁ?f/y ‘

But it's important not to confuse with formal definitions.

Lecture 2, slide 53
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In-class Exercise: solution

*@={91,92,q3}

*¥={ab}

L)
*§(ql,a)=0q2
« (g, b)=q1
*6(92,a)=q3
*+6(092,b)=q3
*6(93,a)=q2
* (g3, b)=q1

*qo=q1

» F={q2}

Lecture 2, slide 55

Given the definition of Finite Automata, then write the formal description of a particular machine.

(there are many ways
to define a function,

i.e., a mapping from
domain elements to

range elements)

M = (Q'.E!é: QOsF)

50% ~
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A Computation Model is ... (from lecture 1)

» Some definitions ...

e.g., A Natural Number is either
- Zero
- a Natural Number + 1

* And rules that describe how to compute with the definitions ...

To add two Natural Numbers:

- Add the ones place of each num

- Carry anything over 10

- Repeat for each of remaining digits ...

Lecture 2, slide 56

50% ~
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A Computation Model is ... (from lecture 1)

DEFINITION

» Some definitions ...

A finite automaton is a 5-tuple (Q, %, 8, qo, F'), where

1. @ is a finite set called the states,

2. ¥ is a finite set called the alphabet,

3. §: Q x —Q is the transition function,
4. qg € Q is the start state, and

5. F C Q is the set of accept states.

* And rules that describe how to compute with the definitions ...

??7?

Lecture 2, Slide 58

50% ~
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Sipser Fig 1.4

Computation with DFAS (JFLAP demo)

|
- DFA: }o 1 e

* Input: “1101"

HINT: always work out concrete
examples to understand how a
machine works

Lecture 2, slide 59
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§: Q x X—Q is the transition function

DFA Computation Rules

‘ Informally ‘ ‘Formally (i.e, mathematically) ‘
Given

« ADFA (~ a “Program”) M = (Q,%,6,q, F)

+ and Input = string of chars, eg “1161” s W = WiWa -+ Wn

A DFA computation is a sequence of states

A DFA computation (~ “Program run”): o - Iy € Q Where:

 Starts in start state e To=qo
« Repeats: e 1 =0(ri—1,w;), fori=1,...,n
+ Read 1 char from Input, and ——
« Change state according to transition rules This is still pretty
verbose ...
Result of computation: )
+ Accept if last state is Accept state——————— * Macceptswifr, € F
» Reject otherwise * Mrejectswifr, ¢ F

Lecture 3, slide 42 DFA computation rules (above)
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(or “extended transition function” --- HMU 2.2.4) 5 Q X YX— Q is the tmmitionﬁmrtion
A Multi-Step Transition Function

Define a multi-step transition function: §:Q x ¥* — Q
* Domain: /
+ Input state ¢ € @ (doesn't have to be start state)
* Inputstring w = wWiwW2- - Wy where w; € ¥

= Range: | —
+ Output state (doesn’t have to be an accept state) SSSUEE PSR

Recursive Function

A String is either:

(Defined recursively) e st o
" + xa (non-empty string)
R —— T | where .
[ Basecase |4(q,e) =g Trosmwe

*| Recursive Case | S(Qv w’wn) = 5(5((],%‘,), wn)

where w' = wy -+ - wp—1

Lecture 3, slide 53 (above)

50% ~
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DFA Computation Rules

Lecture 3, slide 52

50% ~

‘ Formally (ie., mathematically)

M = (QaE)J:QOJF)

. w:wlw2...wﬂ

- M accepts w if 3(qo,w) cF
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Alphabets, Strings, Languages
An alphabet defines “all possible strings”
« An alphabet is a non-empty finite set of symbols e winnonaiphaset

zl _ {O.l} symbols are impossible)

Yo ={a,b,c,d,e,f,g,h,i,j,k 1,mn,0,p,49,7,8,t,0,V,¥,X¥,2}

» A string is a finite sequence of symbols from an alphabet

01001 abracadabra € Empty string (length 0)
(e symbol is not in the alphabet!)
+ A language is a set of strings | Languages can be infinite |
A = {good, bad} A = {w| w contains at least one 1 and
o {1} an even number of OsTfo]Jow the last 1}

| The Empty set is a language | “the set of all ..." “such that ...”

Lecture 3, slide 54
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Machine and Language Terminology

DFA M accepts w<—— string|
M recognizes language A< Set of strings |
if A = {w| M accepts w
“the set of all ...” ‘ M

Lecture 3, slide 55
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Languages Are Computation Models

* The language of a machine = set of strings that it accepts

» E.g, a DFA recognizes a language

4w
5. F C Q is the set of accept states.

« E.g, all possible DFAs are a computation model

= set of set of strings

Thus: a computation model equivalently = a set of languages

\This class is really about studying sets of languages! \

Lecture 3, slide 58
Definition of Regular Language skipped

Lecture 4, slide 1

50% ~
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Strings Are Defined Recursively

Base case
Recursive case

A String is either:
—>e« the empty string (g), or

Lecture 4, slide 19

——>+ xa (non-empty string) where
+ xis a string <-—{ “smaller” argument ‘
+ aisa‘“char’in X

Remember: all strings are
formed with “chars” from
some alphabet set £

I = set of all
possible strings!

50% ~
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Regular Languages: Definition

If a deterministic finite automata (DFA) recognizes a language,
then that language is called a regular language.

Lecture 3, slide next to last (above)

Lecture 4 continues...

50% ~
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Proving That a Language is Regular

}Prove: Alanguage L={...}is a regular language \

Proof: . .
Statements Justifications

1. DFAM = (Q,X%,4,qo, F) 1. Definition of a DFA
(TODO: actually define M)
(no unbound variables!)

2. DFA M recognizes L 2. TODOQ: ?7?

3. If a DFA recognizes L, ' 3. Definition of a regular
then L is a regular language language Modus Ponens

4. Language L is a regular 4. Stmts 2 and 3 ‘T.f;r::c:nne:;vmse:
language (and modus ponens) .,

Then we've proved:

-Q

Lecture 4, slide 34
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“Prove” that DFA recognizes a language

These columns must match Fogﬂzrgpgitori'::g:s =
. In_class exercise (pa rt 2): for the DFA to be “correct”!

= the language
m In the language? | - Rejects strings not
1

in the language

Yes

0 No

01 Yes
1 No

1101 Yes
€ no

Not a real proof, but ...

In this class, a table like this
is sufficient to “prove” that a
DFA recognizes a language

Analogous to what programmers do (write tests)
10 “prove” their computation (code) “works”

7 ={0,1}

Lecture 4, slide 40
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Proving That a Language is Regular

‘Prove: Alanguage L={...}is a regular language ‘

Proof:
Statements Justifications
1. DFA M = | 1. Definition of a DFA
See state diagram ol —
(only fproblem ailows.) e
2. DFA M recognizes L M 2.| See examples table
3. If a DFA recognizes L, 3. Definition of a regular
then L is a regular language language
4, Language L is a regular 4, Stmts2and 3
language (and modus ponens)

Lecture 4, slide 42
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Remember:
To understand the language,

s always come up with string
In-class exercise 2 examples firs (n a tabloh Bott:
- in the language
- and not in the language

« Prove: the following language is a regular language:

* A={w|whas exactly three 1's } You will need this later in the
proof anyways!

* Where 2= {0, 1},

DEFINITION
A finite automaton is a 5-tuple (Q, T, 5, go, F), where
1. @ is a finite set called the states,
2. ¥ is a finite set called the alphabet,
3. §: Q x ©—Q is the transition function,
4. qo € Q is the start state, and
5. F C Q is the set of accept states.

Lecture 4, slide 42
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In-class exercise Solution

So a DFA's computation

» Design finite automata recognizing: recognizes simple string
« {w|w has exactly three 1’s} patterns?

+ States:

« Need one state to represent how many 1's seen so far

* Q={d 91, 92 93 4.} Have you ever used a
rogramming language
+ Alphabet: Z= {0, 1} prog g languag

- feature to I'E‘COgI’liZG

simple string patterns?

+ Transitions:

()

= Start state:
* o

» Accept states:

* {q3}

Lecture 4, slide 44
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Odd # 1s DFA: Proof of Correctness

P(x) = M accepts strings X with odd # of 1s, else rejects

O , (
o T
]
DFAM
» Use P(x’) to prove P(x), analyzing all possible ways to get x from x’:
* If X’ has odd # 1s, then M is in state g4,

- Letx = x’0: M stays in q,,, and accepts, so P(x) = Trug, 1NUS We have proven th
* Letx =X'1: M goes to q.,., and rejects, so P(x) = True | Machine M recognizes t

« If X' has even # 1s, then M is in state q,,: language of strings
* Letx = X’0: M stays in q.,., and rejects, so P(x) = True | containing an odd # 1:
* Letx=x"1: M goes to q,,, and accepts, so P(x) = TRL-R “Q.E.D.”

» Induction step:
e letx=Xa,wherea=0o0r1

* Induction Hypothesis (IH): Assume P(X’) = TRUE

Lecture 5:
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Designing Finite Automata: Tips
* Input is read only once, one char at a time (can’t go back!)
« Must decide accept/reject after that

* States = the machine’s “memory”!
- # states must be decided in advance
« Think about what information must be “remembered”.

« Every state/symbol pair must have a defined transition (for DFAs)

« Come up with examples to help you!

Lecture 5, slide 15
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“Prove” that DFA recognizes a language

0 209

¢m==) Language = { w|w has odd # of 1s}

m In the language? | Q1: How can we “prove” that a
] — computation does what it's

“supposed to do"?

0 No
These kinds of proofs (e.g., HMU 2.3.4)
01 Yes : ; .
are usually hard, sometimes impossible!
" No
1101 Yes ... so we will not do them in this course
e =@ But we still need to do something ...

Q2: How do programmers
“prove” that a computation does

what it's “supposed to do”?

¥ ={0,1}
i.e, that the program is “correct”?

Lecture 5, slide 17
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“Closed” Operations

* Set of Natural numbers ={0, 1, 2, ...}
« Closed under addition:
« ifx and y are Natural numbers,

- thenz=x+yis a Natural number A set is closed under an operation if:
« Closed under multiplication? the result of applying the operation to

. yes ) members of the set is in the same set
» Closed under subtraction?

* no

i.e., input set(s) = output set

« Integers ={...,-2,-1,0,1, 2, ...}
» Closed under addition and multiplication
» Closed under subtraction?
* yes
» Closed under division?
* no
* Rational numbers = {x| x=y/z y and z are Integers}
+ Closed under division?
+ No?
* Yesifz!=0

Lecture 5, slide 18
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Want: “Closed” Ops For Regular Langs!

+ Set of Regular Languages = {L,, L,, ...}
* Closed under ...? - —

« OR (union) Asetis closed ungier an operation I

SDAND (ifitersection) the result of applying the operation to

. members of the set is in the same set

i.e., input set(s) = output set

Lecture 5, slide 28

50% ~
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Is Union Closed For Regular Langs?

(In general, a set is closed under an operation if
applying the[operation|to|members of the set|
produces a fesult in the same set)

THEOREM
The class of regular languages is under the[union operation. | \

™

Want to

prove this

statement A member of the
set of regular

In other words, 'f|A1 and Aj are regular languagesl so is Ay U As.
or:his (Sarr;e) languages is ...
statemen’

.. a regular language,
which itself is a set
(of strings) ...

... 50 the operations
we're interested in
are set operations

Lecture 5, slide 33
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Lecture 5, slide 43
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DEFINITION
A finite automaton is a 5-tuple (Q, 3, 8, go, F), where
1. @ is a finite set called the states,
2. X is a finite set called the alphabet,
3. 8: Q x B—Q is the transition function,
4. qo € Q is the start state, and
5. F C Q is the set of accept states.

Regular language 4,
Regular language 4,

Even if we don't know what these
languages are, we still know...

My = (Q1,%,61,q1, 1), recognize A,
My = (Q2, %, 62, g2, F2), recognize As,

||fL is a regular language, then a DFA recognizes L |

Q
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; want: M )
Ml Recognizes
AU A, Rough sketch Idea:

M is a combination
(to prove 4, U4, | | || of M, and M, that:
is regular) | | checks whether its

O 8 / '\ input is accepted

@@

by either M, or M,

|

N/ \' ‘ But, a DFA can only
read its input once!

MZ

ecogre, || ()
Q
OO

N |
\\ Need to somehow
‘ e—\\_‘,k){ simulate “being in”
‘ ‘ both an M, and M,
state simultaneously

000
=

THEOREM

\ / \ "The class of regular languages is closed under the union operation.

Tn other words, if Ay and A are regular languages, 5o is Ay U Aa.

Lecture 5, slide 44
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Is Union Closed For Regular Langs?

Statements

1. A, and A, are regular languages

2. ADFA M, =(Q, %, &, q,, F,) recognizes A,
3. ADFA M, =(Q, %, 8, q,, F,) recognizes A,
4. Construct DFAM=(Q,%,6,q,F) ™
5. Mrecognizes A; U 4,
6. A, UA, is aregular language
7

The class of regular languages is closed under the union operation.

In other words, if A, and A; are regular languages, so is A; U As.

Lecture 5, slide 54

Justifications
1. Assumption

2. Def of Regular Language
3. Def of Regular Language
4. Def of DFA

5. See Examples Table V]
6. Def of Regular Language
7. From stmt #1 and #6

aen.
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s Concatenation Closed?

THEOREM

The class of regular languages is closed under the concatenation operation.

In other words, if A; and A; are regular languages then so is A1 o As.

/
d
o
/

» Construct a new machine M recognizingAio A,? (like union)
« Using DFA M, (which recognizes A,),
« and DFA M, (which recognizes 4,)

Lecture 5, slide 57
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Union is Closed For Regular Languages

Proof (continuation)

. My = 2 F; i
e Given: ! (Q1, %, 01,41, F), recognize A, I simultaneously
My =(Q :92: F2), recognize Az, | e in” both an M, and M, state

» Construct: M = (Q, X, 4, qo: M, and M,, that recognizes A, U 4,

. . Q ={(r1,m2)| 1 €Qrandr; €Q2} =0:%0Q,
Slatesion M This set is the Cartesian product of sets Q1 and Q-

A state of M is a pair:
- first part: state of M,
- second part: state of M,

A finite automaton is a 5-tuple (Q. X, 6, go, F), where

1. Q is a finite set called the states,
2. ¥ is a finite set called the alphabet,

3. 6: Q x X—»Q is the transiti ction,] 5 7
L gQis theg;;ﬂ;:ﬁ e e states of M: all possible pair
. combinations of states of M, and M,

5. F C Q is the set of accept states.

Lecture 6, slide 24
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Deterministic vs Nondeterministic

Deterministic Nondeterministic

computation computation

o Start ( .
\1\.\5\

.
L . o o

- e

hhhk‘\.k‘\

* accept or reject

reject ( \

Nondeterministic computation

— | canbein multiple states at

the same time

)

* accept

Lecture 6, slide 49 Nondeterminism
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Nondeterministic Finite Automata (NFA)
DEFINITION  Compare with DFA:

A finite automaton is a S-ruple (Q, X, 8, qo, F), where

A nondeterministic finite automaton 1. Qs a finite set called the states,
2. ¥ is a finite set called the alphabet,

1S a S—tuple (Q, E, 5, qo, F); Where 3. 6: Q x £—Q is the transition function,
. . 4. qo € Qisthe start state, and

1. @ is a finite set of states, ;i{gi:i set of accept states.
Difference

2. ¥ is a finite alphabet

3. 6: Q x ©.—P(Q) is the transition function,
4. qo € @ is the start state, and

5. F C @ is the set of accept states.

Power set, i.e. a transition
results in set of states

Lecture 6, slide 51
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Power Sets
* A power set is the set of all subsets of a set

* Example: S={a, b, ¢}

* Power set of S =
* {{}.{a}. {b}, {c}. {a, b}, {a,c},{b,c},{a,b,c} }

» Note: includes the empty set!

Lecture 6, slide 52 power sets
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Nondeterministic Finite Automata (NFA)

DEFINITION

A nondeterministic finite automaton
is a S-tuple (@, 3,0, qo, F'), where
1. Q is a finite set of states,
2. ¥ is a finite alphabet,
3. 0: Q x ¥.—P(Q) is the transition function,

CAREFUL:
4. qo € Q s the start state, and £ symbol is reused here, as a transition label

R Al @ oA b a3 (ie, an argument to 8)
T ccept states. 4 a
Transition label can be “empty”, p - It’s not the empty string!

i.e, machine can transition Y —YU {E} - And it's (still) not a character in the alphabet 3!

without reading input i

Lecture 6, slide 53
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NFA Example

* Come up with a formal description of the following NFA:

(@)

DEFINITION
A i inistic finite automato
is a 5-tuple (Q, %, 6, qo, F), where
1. @ is a finite set of states,
2. ¥ is a finite alphabet,
3. 4: Q x ¥.—>P(Q) is the transition function,
4. qo € Q is the start state, and
5. F C @ is the set of accept states.

Lecture 6, slide 54 and the following ones that give the answer
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In-class Exercise

* Come up with a formal description for the following NFA
*X={a,b}

DEFINITION
A nondeterministic finite
is a S-tuple (Q, X, 6, o, F), where
1. @ is a finite set of states,
2. X is a finite alphabet,
3. §: Q x £.—P(Q) is the transition function,
4. go € Q is the start state, and
5. F C @ is the set of accept states.

Lecture 6, slide 56
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NFA Computation Sequence

Symbol read

Each step can
R branch into
NFA accepts input if multiple states at
at least one path |1 the same time!
ends in accept state

So this is an accepting
computation

Lecture 7, slide 50
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0: @ x X.—>P(Q) is the transition function

NFA [Multi-Step Transition Function
§:Q xT* 5P(Q)

» Domain (inputs):
. state ¢ € @@ (doesn't have to be start state)
s string w = wi1Ws * -+ Wy where w; € ¥
‘ @gﬁ (OUtDUt): Recursively Defined Input

states @gs C Q needs
Recursive Function

A String is either:
+ the empty string (g), or

(Deﬂ ﬂed recu I’Slve [y) Recursive case (= xah(non-empty String)
where
A = xisastring
Base case (j'(qv7 g) — Recursve part_ |+ ais a “char” in T
“second to last”
7 @ R i t set of states
Recursive Case I 6(q, w{wn)_; ecursion on‘l‘recurswe par
¥ ey :
where w' = wy - wy_1 ’J(Q7w)_{q1:---=Qk}

Lecture 7, slide 60
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lecture07.pdf 0% § Q

| Handling € transitions now!

NFA [Multi-Step Transition Function
§:Q xT* 5P(Q)

All chars “second to last”
except last set of states

o e
(Defined recursively)
Base case 8(q, g) = E—REACHAEI:E(q) :
“last” set 0
: . ’/,/’ & states (no )
| Recursive Case | d(q,w wn) - U E—REACHABLE(Tj)

j=1

Lecture 7, slide 67
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An NFA's Language?

*For NFA N = (Q,%,6,q0, F)

Intersection ... | | ... with accept states ... \

« N accepts w if 6((]07 w) e 7é @ = ..is not empty set
* i.e, accept if final states contains at least one accept state

+ Language of N=L(N) = {w | 5(q0,w) NF # (ﬂ}

' Q: What kind of languages do NFAs recognize? |

Lecture 7, slide 45 NFAs language
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Concatenation Closed for Reg Langs?

* Combining DFAs to recognize concatenation of languages ...

... produces an NFA

* So to prove concatenation is closed ...

... We must prove that NFAs also recognize regular languages.

Specifically, we must prove:
NFAs < regular languages

Lecture 8, slide 46
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How to Prove an “iff” Statement

X&Y = “Xifandonlyify" = Xiffy =

X<=>Y

Proof has two (If-Then proof) parts:

1. =>ifX,thenY
» “forward” direction
- assume X, then use it to prove Y

2. «ifY, thenX
» “reverse” direction
- assume Y, then use it to prove X

Lecture 8, slide 48
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Proving NFAs Recognize Regular Langs

Theorem:
A language L is regular if and only if some NFA N recognizes L.

Proof:
M = If L is regular, then some NFA N recognizes it.

(Easier)
- We know: if L is regular, then a DFA exists that recognizes it.

« So to prove this part: Convert that DFA — an equivalent NFA! (see HW 4)

< If an NFA N recognizes L, then L is regular. “equivalent” =
(Harder) “recognizes the same language”

- We know: for L to be regular, there must be a DFA recognizing it
« Proof Idea for this part: Convert given NFA N — an equivalent DFA

Lecture 8, slide 53
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How to convert NFA-DFA?

A finite automaton is a 5-tuple (Q, X, 9, qo, F'), where

1. Q is a finite set called the states,

2. ¥ is a finite set called the alphabet,

3. §: Q x X—Q is the transition function,
4. qp € () 1s the start state, and

5. F C Q is the set of accept states. A nondeterministic finite automaton

is a 5-tuple (@, X, 4, go, F), where
- 1. Q is a finite set of states,
Proof idea: 2. Y is a finite alphab
Let each “state” of the DFA »-2415 4 linite alptia Et: . .
= set of states in the NFA 3. 4: Q x X.—>P(Q) is the transition function,
4. go € @ is the start state, and
5. F C Q@ is the set of accept states.

Q
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Symbol read @ Start

P IL— ' @ / be in multiple states
@ DFA computation can

50% ~

NFA computation can

only be in one state

So encode:
a set of NFA states
as one DFA state

This is similar to the proof strategy from
“Closure of union” where:
a state = a pair of states

Lecture 8, slide 55
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Example:

»LetNFAN,=(Q, X, 6, qo, F)
« An equivalent DFA D has states =7P(Q) (power set of Q)

The NFA Ny

A DFA D that is equivalent to the NFA Ny

Lecture 8, slide 57
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With empty transitions |

NFA-DFA

Have: NFA N = (Quea Z, Syea Gonear Frea)
Want: DFA D = (Qpra Z, 8pra Goora Fora)

1. Qppa= P(QNFA)

| Almost the same, except ... |

2. FOI’q.“'-i)FAaﬂdaEZ U

= £-REACHABLE(S)
* Spraltr -, q € gs ONFACHD

seS
_ 1
3. Qopra = {?ﬁﬂme-REACHABLE(qu FA)

4. Fpea={qs € Qpea | gs contains accept state of N}

Lecture 8, slide 60

hactupens, 50% ~

| Sipser Theorem 1.47 ‘

‘ New possible proof strategy! |

Concat Closed for Reg Langs: Use NFAs| Only

PROOF
. _ If language is regular,
Let N1 = (Q1,%, 01, q1, F1) recognize Ay, and=— " then it has an NFA recognizing it ...
N2 = (Q2, B, 02, 2, F») recognize Az~ /A
CONCATys (NyNp) =N = (Q, T, 6, g1, F) to recognize A; o Ag . NFA| T, NFA
1.Q=0Q1UQ2

Q ©
. -0 ° -0 o
2. The state ¢ is the same as the start state of Ny [ © o 8 ’ ‘ ° Oo @]

3. The accept states Fg?u,t??amc as the accept states of N l
ALl NFAs

4. Define 9 so that for dhy’¢% ¥ and any a € X, o NFA
? q€E@iand q € Fy , O o
; 2 g€ Franda#e¢ {—O 0o O g=. sals
0(q,a) = O o o

? qge Fianda=¢
R q € Qa.




Lecture 8, slide 63, new proof strategy — see Sipser, Th 1.47

lecture0s 50% ~ | Q -

lecture0s.pdf

lh-class solution

Kleene Star is Closed for Regular Langs

(part of)

N
PROOF Let Ny = (Q17 E, alaquFl) I‘ECOgﬂiZE Al- M
N =STARy;, (N) = (Q.%,0,q0, F) to recognize A3. _,O o 8 »
1.Q = {p}UQ °

2. The state go is the new start state.
1= {QQ} U
4. Define 4 so that for any ¢ € Q and any ¢ € X,

geEQandg g Iy
g€ Fianda #¢€
ge€ Fianda=¢

0(g,a) =
g=qoanda=¢

q=goand a # e.

) n) Send emy emd

Lecture 8, slide 75
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Newt Tine: Why These Closed Operations?

* Union
« Concat
» Kleene star

All regular languages can be constructed from:
- single-char strings, and
- these three combining operations!

Lecture 8, slide 76
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Why These (Closed) Operations?

* Union AUB={z|z € Aorz € B}
« Concatenation AoB={ay|z € Aandy € B}
+ Kleene star (repetition) A* = {z172...7%| k > 0 and each z; € A}

All regular languages can be constructed from:
- (language of) single-char strings (from some alphabet), and
- these three closed operations!

They are used to define regular expressions! \

50% ~
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Regular Expressions: Formal Definition

R is a regular expression if R is — =
gh 5 This is a recursive

1. a for some a in the alphabet %, definition

g
0,

Ry U Ry), where Ry and R; are regular expressions,

oWk W

- (
. (R1 o Ry), where R; and R» are regular expressions, or
. (R}), where R, is a regular expression.

Lecture 9, slide 47



