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Statements

Definition (Statement)

A statement is an unambiguous, declarative sentence that is objectively
true or false.

Examples (Statements) Examples (Not statements)

> |t is raining, and | have no > The smallest two-digit prime
umbrella. number.

> If the wait-queue is empty, the » Who knows what evil lurks in the
machine halts. hearts of men?

> Sodium hydroxide is an > Look at that plumage!
ingredient in solid soaps. » 9is the best number. *

> The floor is lava. > “Embiggen” is a perfectly

> There is another planet with cromulent word. *

intelligent life within 200
light-years of Earth.
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Statement Ingredients

A statement seems to consist of
» domain knowledge (math, science, programming, etc)

> logical structure

Examples (Domain knowledge)

> “Itis raining.”
> “7isodd.”
> “Sodium hydroxide is an

ingredient in solid soaps.

> “Array A has 5 elements.”

i

Examples (Logical structure)

vV vy VvYyy

u ”

and
[ O|" ”n
“If , then !

“It's not truethat "

Idea: let’s split them and tackle them separately.
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Exercise: Decompose Statements

Logical structures:

u ” “ ”

and or
“If , then " “Itsnottruethat "

Decompose each statement into basic statements and logical structure.
1. “Itis raining, and | have an umbrella.”

2. “If it is snowing, then the trees have flowers.”
3. “If f(x) >a,thenf(x+ 1) > 2a’

4. “36 is a multiple of either 8 or 9.

5. “2is less than 3, which is less than 5.”

6. “I like apples and oranges, but not pears.”
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Exercise: Decompose Statements

Logical structures:

u ” “ ”

and or
“If , then " “Itsnottruethat "

Decompose each statement into basic statements and logical structure.
1. “It is raining, and | have an umbrella.”

2. “If it is snowing, then the trees have flowers.”
3. ‘“ff(x) >a,thenf(x+ 1) > 2a.”

4. “36 is a multiple of either 8 or 9.

5. “2is less than 3, which is less than 5.”

6. “I like apples and oranges, but not pears.”
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Exercise: Decompose Statements

Logical structures:

u ” “ ”

and or
“If , then " “It's not true that

Decompose each statement into basic statements and logical structure.
1. “It is raining, and | have an umbrella.”

2. “If it is snowing, then the trees have flowers.”
3. ‘“ff(x) >a,thenf(x+ 1) > 2a.”
4. “36 is a multiple of either 8 or 9.
= “36 is a multiple of 8, or 36 is a multiple of 9."
5. “2is less than 3, which is less than 5.”

= “2 is less than 3, and 3 is less than 5."

6. “I like apples and oranges, but not pears.”
= “| like apples, and I like oranges, and it is not true that / like pears.”
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Propositional Logic

In propositional logic there are two kinds of propositions:

> propositional variables (aka, atomic propositions) which stand for
individual statements of domain knowledge, and

> compound propositions formed by combining smaller propositions
with logical connectives (aka, logical operators)

A proposition is a formal representation of a statement.

Example

Let R represent “it is raining” and let U represent “I have an umbrella”.
We write —U for “I do not have an umbrella”.

We write R A =U for “It is raining, and | do not have an umbrella”.
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Compound Propositions

Here are the logical connectives most used in mathematics:

Connective Read as Preferred notation Other notations
Negation “not” —-P ~P P
Conjunction  “and” PA@ P&Q
Disjunction “or” Pv@

Implication “implies”, “if-then” P=qQ P-Q PDOQ
Biconditional “equivalent to” P=@Q P—@ P=q

Other logical operators are used in other contexts; for example, NAND and
NOR and XOR are common in digital circuit design.
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Evaluating the Truth of Propositions

Definition (Truth Value)

There are two truth values: true (T) and false (F).

The truth value of a compound proposition depends only on
> the logical connective, and
> the truth values of the component propositions
For example, we evaluate these propositions in exactly the same way:
> “8iseven” = “9is odd” T
> “8is even” = “Mars is a planet” T
That is, the logical connectives simply act like operators on truth values.
They do not try to judge relevance, causality, etc.

The logical connectives’ behavior can be summarized by truth tables.
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Negation (=, “not”, “it is not true that”)

”

Meaning: “It is not true that

P P
T F
FI T

Examples

> “l don't like pears” = —(“l like pears”) = =F = T
> “today is not Monday” = —(“today is Monday”) = —T = F

(This lecture is delivered on a Monday.)
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Conjunction (A, “and”)

Meaning: “ and !

il ]
| | T 1D

| | | = >

> “2<3and3<5" = 2<3)AB<5) =TAT =T
> “itis cloudy, and | have an umbrella”
= “itis cloudy” A “l have an umbrella” = TAF = F
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Disjunction (v, “or”)

Meaning: “ or (or both).”

Note: Disjunction is “inclusive or” — it allows both cases to be true. That is often not
what “or” means in ordinary English. (“You can have soup or salad.")

PlQ|PvR
T T T
T|F T
FIT T
FIF F

> “it is Monday or the moon is made of cheese”
= “itis Monday” v “moon is cheese” = TVF =T

> “72 is a multiple of 6 or 8"
= “72is a multiple of 6” v “72 is a multiple of 8" = TVT =T
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Exclusive Or (&, XOR)

Meaning: “ or (but not both)”
P Q| Po@
T| T F
T| F T
FIT T
F|F F

Not used in mathematical logic, but common in programming, circuits, etc.

PaoQisequivalentto (PVR) A=(PAR).
P o Qisalso equivalentto (PA —=Q) V (=P A Q).
P @ Q is also equivalent to = (P < Q).
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Implication (=, “if-then”, “implies”)

Meaning: “If , then !
P|Q|P=>Q
T T T
T[F F
FIT T
FIF T

P is called the hypothesis; @ is called the conclusion.
P = @ is equivalentto —P v Q.

Examples

> “if today is Monday, then you have class” = T=T
> “if 1 = 2, then | am the king of France” = F= F =
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Biconditional (“if and only if”, sometimes written “iff”)

Meaning: “ if and only if
P[QP=Q
T| T T
T|F F
FIT F
F|F T

P < Qisequivalentto (P = Q) A (@ = P).
P < Qisalso equivalentto (P A Q) V (=P A Q).
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Summary: Logical Connectives

P[P

T F

FI T
PI[QPAQ[PVQ[P=>Q[P=Q
TIT T T T T
T F F T F F
FIT F T T F
FIF F F T T
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Evaluating Propositions

Truth tables can be used to evaluate complex propositions.

1. Create a column for each propositional variable, and create 2#3" rows.
Fillin every combination of truth values for the propositional variables.

2. Create a column for each sub-expression, smallest first.

3. Fill in each column by applying the truth table of its main connective to
the truth values of its arguments from that row.

Evaluate the proposition: =P v =@

T|T| F | F F
TIF| F | T T
FIT | T | F T
FIF| T | T T

Ryan Culpepper 02 Propositional Logic Truth Tables 15



Evaluating Multiple Propositions

You can evaluate multiple statements in a truth table.

Evaluate = (P A @) and —P Vv —Q.
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Evaluating Multiple Propositions

You can evaluate multiple statements in a truth table.

Evaluate = (P A @) and —P Vv —Q.

PI[QPAQ[-PAQ) | =PV @
TT T F F
T|F F T T
FIT F T T
FIF F T T
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Evaluating Multiple Propositions

You can evaluate multiple statements in a truth table.

Example
Evaluate = (P A @) and —P Vv —Q.

PI[QPAQ[-PAQ) | =PV @
TT T F F
T|F F T T
FIT F T T
FIF F T T

Notice that the —(P A @) and =P v =@ columns have the same values.
The two propositions are logically equivalent.
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Logically Equivalent Statements

If two propositions X and Y are logically equivalent,
then the proposition X < Y always evaluates to T, and vice versa.

T| T F F T
T|F T T T
F| T T T T
F|F T T T
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Exercise: Implications and Logical Equivalence

Make a truth table with the following four propositions:

Are any of those propositions logically equivalent?
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Exercise: Implications and Logical Equivalence

Make a truth table with the following four propositions:

P=Q

=P

Are any of those propositions logically equivalent?

T| T T T T T
T F F T T F
FIT T F F T
F|F T T T T
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Exercise: Implications and Logical Equivalence

Make a truth table with the following four propositions:

Are any of those propositions logically equivalent?

T| T T T T T
T F F T T F
FIT T F F T
F|F T T T T

P = @ is equivalent to =@ = —P, and
@ = Pis equivalent to =P = —Q.
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Contrapositive

The contrapositive of P = @ is —-Q = —P.
It is logically equivalent to the original proposition.

Examples

> Original: “If today is Tuesday, then you have class.”
Contrapositive: “If you don’t have class, then today is not Tuesday.”

> Original: “If my light is green, then the other light is red.”
Contrapositive: “If the other light is not red, then my light is not green.”
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Logical Equivalences

Name Disjunction Conjunction

Identity AVF o A ANT o A
Dominance AvT o T AANF & F
Idempotent AVA s A ANA s A

Inverse Av-A T AN-A & F
Commutative AVB < BVA AANB < BAA
Associative (AVvB)vVC & Av (BVO0O) AAB)AC & ANBANO)
Distributive AVBAC)= AVB)AAVC) AANBVC)<= AANB)VAANOC
Absorption AVAAB) < A ANAVB) < A
DeMorgan —-(AVB) & —-AA-B —-(AAB) & -AvV -B
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Logical Equivalences

Name Equivalence
Double Negation -——A = A
Conditional A=B < -AVB
Contrapositive A=>B & -B=-A

Biconditional A=B) © (A=B)A B =A4))
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Main Connective

A complex proposition may contain many logical connectives.

The main connective is the one that forms the whole proposition.
That is, the main connective is not inside of any sub-proposition.

Examples

What is the main connective of each of the following propositions?
» PA—-Q
» A=>B) > (Bv -4)
» XV YANZ)V (=Y AN-Z)
> (P = (@AR))
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Tautologies and Contradictions

A tautology is a proposition that is always true.
A contradiction is a proposition that is always false.

A contingent proposition is neither always true nor always false.
Its truth value depends on the truth values of its propositional variables.

Examples (Tautologies) Examples (Contradictions)

» Rv =R » RA =R
> 2(PAQ) & (=PV -Q) > (PAQ) = (=PV Q)

The negation of any tautology is a contradiction.
The negation of any contradiction is a tautology.
The negation of any contingent proposition is contingent.
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Satisfiability

A truth assignment maps propositional variables to truth values.
Each row of a truth table corresponds to a truth assignment.

Definition (Satisfiable)

A proposition is satisfiable if there is a truth assignment that makes it true.
A proposition is valid if every truth assignment makes it true.

A proposition is unsatisfiable if every truth assignment makes it false.
(That is, valid = tautology, unsatisfiable = contradiction.)

Is there an algorithm for determining if a proposition is satisfiable?
Is there an algorithm for determining if a proposition is valid?
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From Truth Table to Proposition

Given a truth table, can we find a proposition that has that truth table?

P[Q[R]~?
T{T|T]|F
T|T|F|F
T|F|TIF
T|F|F|T
FIT|T|F
FIT|F|F
FIF|T|T
FIF|IF|T
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From Truth Table to Proposition

Given a truth table, can we find a proposition that has that truth table?

We can get a true result by:
pickRing row 4 OR
picking row 7 OR
picking row 8

Y

Under what circumstances
does row 4 apply?
(Likewise, 7 and 8.)

mm T 4444
i B B B B B B | 0
eI e B R B s (=)

A 4 T m ATy
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From Truth Table to Proposition

Given a truth table, can we find a proposition that has that truth table?

We can get a true result by:
pickRing row 4 OR
picking row 7 OR

PA—-QA-R picking row 8

Y

Under what circumstances

does row 4 apply?
-PA-QAR . ;
—PA—QA—R (Likewise, 7 and 8.)

i B B B B B B | 0
eI e B R B s (=)
e B e e B B o B o B o | IRIN)

mm T 4444

Ryan Culpepper 02 Propositional Logic From Truth Tables to Propositions 25



From Truth Table to Proposition

Given a truth table, can we find a proposition that has that truth table?

IT) ? 1_? ; We can get a true result by:
111 elE picking row 4 OR
TlElTlE picking row 7 OR
TIF|F|T| PA=QA=R picking row 8
FITI|T F .
FlTlElE Under what circumstances
FLFT|T| PA-@AR does row 4 apply?
FlF|F|T|aPA—QASR (Likewise, 7 and 8.)
Solution:

(PAN—-QAN-R) V (=PA=-QAR) V (=PA-QAN—-R)

This proposition is in disjunctive normal form.
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Rewriting with Logical Equivalences

That technique gives us some proposition. Is it the best? The shortest?
We can rewrite the proposition using logical equivalences:

(PAN-QAN-R) V (-PAN-QAR) V (=PA-QA-R)

= -Q A [PA-R) V (-PAR) V (=P A =R)] Distrib.
= -Q AN [PA=R) V (-PA-=R) V (-PAR)] Commut.
= -Q AN [PA=R) V (-PA-R) V (=PA-=R) V (-PAR)] Idem.
= =@ A [(PV—=P)A=R) V (-PA (=R VR))] Distrib.
= =@ AN [(TA=R) V (=PAT)] Inv.
= Q@ AN [-R Vv =P] Ident.
= =@ A ~(RAP) DeMorgan
= =(QV (RAP)) DeMorgan
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Rewriting with Logical Equivalences

That technique gives us some proposition. Is it the best? The shortest?
We can rewrite the proposition using logical equivalences:

(PAN-QAN-R) V (-PAN-QAR) V (=PA-QA-R)

= -Q A [PA-R) V (-PAR) V (=P A =R)] Distrib.
= -Q AN [PA=R) V (-PA-=R) V (-PAR)] Commut.
= -Q AN [PA=R) V (-PA-R) V (=PA-=R) V (-PAR)] Idem.
= =@ A [(PV—=P)A=R) V (-PA (=R VR))] Distrib.
= =@ AN [(TA=R) V (=PAT)] Inv.
= Q@ AN [-R Vv =P] Ident.
= =@ A ~(RAP) DeMorgan
= =(QV (RAP)) DeMorgan

This should remind you of algebra.

High-school algebra is mainly about R with the operations + and - (and — and ).
The algebra of {T, F} with the operations v, A, — is called Boolean algebra.
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vV vvVvyyVvyy

vV vvyyVvYyy

statement, proposition

domain knowledge vs logical structure

propositional logic: variables, compound propositions, connectives
truth value, truth tables

connectives: not (—), and (A), or (v), conditional/implies (=),
iff/ biconditional (<)

evaluating the truth of propositions
logical equivalence, logical equivalences
tautology, contradiction, contingent
satisfiable, valid, unsatisfiable

from truth table to proposition in DNF
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