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M1: M2: 

M3: “CONCAT” 
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• M  A1∘ A2
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• S = { , , } 

• S =  
• { { }, { }, { }, { }, { , }, { , }, { , }, { , , } } 
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ε
δ



•



01



•
• Σ = { a, b } 



N = (Q, Σ, δ, q0, F) 

• Q = { q1, q2, q3 } 

• Σ = { a, b } 

 

• δ  

 

• q0 = q1 

• F = { q1 } 

δ( q1, a ) = { } 

δ( q1, b ) = { q2 } 

δ( q1, ε ) = { q3 } 

δ( q2, a ) = { q2, q3 } 

δ( q2, b ) = { q3 } 

δ( q2, ε ) =  { } 

δ( q3, a ) = { q1 } 

δ( q3, b ) = { } 

δ( q3, ε ) = { } 
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Informally Formally (i.e., mathematically) 
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• M w rn ∈ F 
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Flashback 



•

•

•

•
•

•

•
•

Informally Formally (i.e., mathematically) 

•

•

•

• M w rn ∈ F 
• M

Flashback 



•

•

•

•
•

•

•
•

Informally Formally (i.e., mathematically) 

•

•

•

• M w … 
• M

For each 



Informally Formally (i.e., mathematically) 

•

•

•

• M w … 
• M

??? 

•

•

•

•
•

•

•
•

For each 



• ε

• xa

• x
• a Σ 

•
•

•

•
•

•

Flashback 



• ε

• xa

• x
• a Σ 

•
•

•

•
•

•

•

Flashback 



• ε

• xa

• x
• a Σ 

•
•

•

•
•

•

•

Flashback 



• ε

• xa

• x
• a Σ 

•
•

•

•
•

•

•



• ε

• xa

• x
• a Σ 

•
•

•

•
•

•

•

• ε

• xa

• x
• a Σ 



•
•

•

•
•

•

•

• ε

• xa

• x
• a Σ 



•
•

•

•
•

•

•

• ε

• xa

• x
• a Σ 

For each 



•
•

•

•
•

•

•

• ε

• xa

• x
• a Σ 

•

•

•

•
•

•For each 



δ 

•

•

•

•

δ

where: 



•

• q

•

•





•
•

•

•
•

•

•



•
•

•

•
•

•

•
ε



•

•
•

•
•

•

•
•

•
•



Proof requires
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Previously 



N
M1

M2

ε
N

M1 M2 

M1 M2 



M1 = (Q1, Σ, δ1, q1, F1) A1 

M2 = (Q2, Σ, δ2, q2, F2) A2 

M1 

M2 

M1 M2 



M1 = (Q1, Σ, δ1, q1, F1) A1 

M2 = (Q2, Σ, δ2, q2, F2) A2 

M1 

M2 

M1 M2 

: δ(q, ε) = ∅,     q ∈ Q, q ∉ F1 

{                 } 

{                 } 

{                 } 
δ

ε

q2 

 

CONCAT (M1,M2) = N = 



1. A1 A2

M1 A1 

M2 A2 

M = (Q, Σ, δ, q0, F)

5. M A1 ⋃ A2 

6. A1 ⋃ A2

UNION  

Previously 

Proof 

UNION (M1,M2) 

If If-Then 



1. A1 A2

M1 A1 

M2 A2 

5. M A1 ⋃ A2   A1 ∘ A2 

6.  A1 ⋃ A2 A1 ∘ A2 

Proof? 

If If-Then 

N = CONCAT (M1,M2) CONCAT  
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 XY = X Y = X Y = X <=> Y 

1. ⇒ X Y 
•

 

2. ⇐ Y X 
•

 



 

 XY = X Y = X Y = X <=> Y 

If-Then

1. ⇒ X Y 
•

• X Y 

2. ⇐ Y X 
•

• Y X 
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⇒ L N
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⇒ L N

1. L

M L

N = M

M N
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L
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CONVERT (M) 



M N N

w

w'
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r1 … rn  ri ∈ Q

r1 = q0 and rn ∈ F 

N  =  convert(M)

N w

 N w 

M w

CONVERT (M) 
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 N  =  convert(M)
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NFA→DFA





NFA→DFA

• N

• M Q’ Q



• N4

• D      Q



N = (Q , Σ, δ , q0 , F )  

D = (Q , Σ, δ , q0 , F )  

NFA→DFA

qs = =

1. Q  =       (Q ) 

 

2.   qs ∈ Q  a ∈ Σ 
• δ (qs, a)=       q ∈ qs δ (q, a) 

 

3. q0  = {q0 } 

 

4. F  = { qs ∈ Q  | qs N } 
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N = (Q , Σ, δ , q0 , F )  

D = (Q , Σ, δ , q0 , F )  

NFA→DFA

1. Q  =       (Q ) 

 

2.   qs ∈ Q  a ∈ Σ 
• δ (qs, a)=       q ∈ qs δ (q, a) 

 

3. q0  = {q0 } 

 

4. F  = { qs ∈ Q  | qs N } 
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M1 = (Q1, Σ, δ1, q1, F1) A1 

M2 = (Q2, Σ, δ2, q2, F2) A2 

M1 

M2 

M1 M2 



{                 } 

{                 } 

{                 } : δ(q, ε) = ∅,   q ∈ Q, q ∉ F1 
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CONCAT (M1,M2) = N = 
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  = Q1 × Q2 

M1 M2
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M  =  
M1 M2

UNION (M1,M2) = M = 
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UNION (N1,N2) = N = 
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In-class exercise 



In-class solution 

N = STAR (N1)  



In-class solution 

N = STAR (N1)  
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