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Announcements

HW 0
• Due: 9/15 12:30pm EDT

HW 1
• Out: 9/15
• Due: 9/22 12:30pm EDT

Lecture videos
• Posted to Canvas
• Presented as-is, no guarantees

• Not accepting questions

• For emergency / supplemental use only
• Attendance still taken in lectures



HW Hints and Reminders

• Problems must be: assigned to the correct pages

• Proofs must use constructors and syntax from this semester 
only!
• See piazza



How to ask for HW help 
(there’s no such thing as a stupid question, but …)

… there is such thing as a less useful 
question (gets less useful answers)

• “Is this correct?”

• “I don’t get it”

• “Give me a hint?”

• “Do I need to do the 
thing DFA thing?”

Useful question examples 
(gets useful answers):

• “I don’t understand this 
notation A ⊗ B ⋙ C … and I 
couldn’t find it in any lecture”

• “I couldn’t find this word’s 
definition …”

Most HW questions can be 
answered by looking up the 
meaning of a word or 
notation or definition!



Mathematical Logic Operators

• Conjunction (AND, ⋀)

• Disjunction (OR, ⋁)

• Negation (NOT, ¬)

• Implication (IF-THEN, ⇒)
…

This semester:   
Must understand difference 

between Using vs Proving 
a mathematical statement!

We will write proofs using a programming style:
Proving: equivalent to constructing, 
 e.g., an object
Using: equivalent to using the proof object, 
 e.g., GETTING a field, or APPLYING a method

(No other 
symbols 

allowed! … 
unless 

explicitly 
introduced)

Last Time



Mathematical Statements: AND

Using: 
• If we know A ⋀ B is TRUE  … (i.e., we have a proof of it)

what do we know about A and B individually?
• A is TRUE, and
• B is TRUE

Proving: 
• To prove A ⋀ B is TRUE:

• Prove A is TRUE, and
• Prove B is TRUE

We know
Programming-style:

if proofAB is a proof of A ⋀ B …

then to get a proof of A … FIRST proofAB

and to get a proof of B … SECOND proofAB

Last Time



Mathematical Statements: AND

Using: 
• If we know A ⋀ B is TRUE …

what do we know about A and B individually?
• A is TRUE, and
• B is TRUE

Proving: 
• To prove A ⋀ B is TRUE:

• Prove A is TRUE, and
• Prove B is TRUE

We want

Programming-style:

if we have prA and prB as proofs of A and B, respectively …

then to construct a proof of A ⋀ B … mk-AND-proof prA prB



Mathematical Statements: IF-THEN

Using: 
• If we know P ⇒ Q is TRUE …

what do we know about P and Q individually?
• If (we can prove) P is False, then Q … can be TRUE or FALSE
• If (we can prove) P is TRUE, then (we have proven) Q is TRUE

Proving: 
• To prove A ⋀ B is TRUE:

• Prove A is TRUE, and
• Prove B is TRUE



(modus ponens)

We know

or we know

or we know

(not interesting!)

Programming-style:

if we have prP⇒Q as proof of P ⇒ Q …

then to get a proof of Q … APPLY prP⇒Q TO prP

… and prP as proof of P …
(it’s like a function)

⇒

NOTHING!!
(an IF-THEN only 
says something about 
them together!)



Mathematical Logic Operators: IF-THEN

Using: 
• If we know P ⇒ Q is TRUE …

what do we know about P and Q individually?
• If (we can prove) P is False, then Q … can be TRUE or FALSE
• If (we can prove) P is TRUE, then (we have proven) Q is TRUE

Proving: 
• To prove P ⇒ Q is TRUE:

• Either Prove P always FALSE (usu. impossible), or
• Assume (we have proof that) P is TRUE, 

then prove Q is TRUE

Analogy: implication as a promise, implication is true means promise unbroken

If 90+, then AIf rain, then wet

Want?

Want?

Want

⇒



Mathematical Logic Operators: IF-THEN

Using: 
• If we know P ⇒ Q is TRUE, 

what do we know about P and Q individually?
• Either P is FALSE, or
• If we prove P is TRUE, then Q is TRUE (modus ponens)

Proving: 
• To prove P ⇒ Q is TRUE:

• Either Prove P is FALSE (usu. hard or impossible), or
• Assume (we have proof that) P is TRUE, 

then prove Q is TRUE

Analogy: implication as a promise, implication is true means promise unbroken

If 90+, then AIf rain, then wet

Programming-style:

if we want to construct a proof of P ⇒ Q …

mk-IFTHEN-proof ( with ASSUMPTION = proof of P ):

… construct proof of Q …

… which can use the ASSUMPTION (parameter) proof of P 

     (which is only valid, i.e., “in-scope”, in here) …

(it’s like defining a function!) Function parameter

Body of the function

But how can we “construct” a multi-line proof?



Prove the following:

• IF:     

      AND:

• THEN:

Example: Proving an IF-THEN Statement

Assume (we have proof that) this AND statement is True

Prove this is True, using Assumption

Proving IF-THEN

Using AND

Using IF-THEN

Proving: 
To prove P ⇒ Q is True:

Assume (we have proof that) P is True, 
then prove Q is True

HMU Ch 1.2.1

i.e., AND

IF THEN



mk-IFTHEN-Proof (with ASSUMPTION = proof of                          ):

Statement

1.  
2.  
3.  
4.  
5.  
6.  

Justification
1. SECOND ASSUMPTION
2. THIRD ASSUMPTION
3. APPLY ARITH TO Proof2

4. SUBST Proof3 INTO Proof1

5. FIRST ASSUMPTION
6. APPLY Proof5 TO Proof4

Prove: IF   AND
 THEN

Example: Proving an IF-THEN Statement

But how can we “construct” a multi-line proof?

AND

<3clause AND in IF part of IF-THEN above>

Some facts from 
previous courses will 
available as a “library”

Proof1

⋮

IF THEN

IF THEN

Statements / Justifications Table of (sub) Proofs

(end with the Statement we want to prove)

(AND “getter”)
Use of “fn parameter”

Proof2



mk-IFTHEN-Proof (with ASSUMPTION = proof of                          ):

Statement

1.  
2.  
3.  
4.  
5.  
6.  

Justification
1. SECOND ASSUMPTION
2. THIRD ASSUMPTION
3. APPLY ARITH TO Proof2

4. SUBST Proof3 INTO Proof1

5. FIRST ASSUMPTION
6. APPLY Proof5 TO Proof4

Prove: IF   AND
 THEN

Example: Proving an IF-THEN Statement
AND

<3clause AND in IF part of IF-THEN above>

New rule: 
SUBST can 
replace 
“equals”

IF THEN

IF THEN A proof of an IF-THEN 
is like a function!

Proof1

Proof3

Proof4

Proof5

(and,  
 APPLY
 ARITH …)

Use an IF-THEN 
“function” with APPLY



Substitution Rule – Replace Equivalents

Programming-style:

if we have prx=y as proof of x=y …

then SUBST prx=y INTO prPx

… and prPx is a proof of statement P that contains x …

… is a proof of statement P where y replaces x …



Models of Computation Hierarchy

Turing Machines

Linear bounded Automata

Push-down Automata

Finite State 

Automata

We’ll start here …

More powerful
More complex
Less restricted

?

Last Time



A (Mathematical) Theory …

… must explain (predict) some 
real-world phenomena …



Finite Automata: “Simple” Computation / “Programs”



A Microwave Finite Automata

Input “symbols” change states
(possibly)

States



Finite Automata: Not Just for Appliances

Finite Automata:
 a common 

programming pattern

(More powerful?) Computation 
“Simulating” other (weaker?) Computation 

(a common theme this semester)



Video Games Love Finite Automata



Finite Automata in Video Games



Model-view-controller (MVC) is an FSM

States
Input events change states

The View draws states

onclick
onload
onmouseover
onmousedown
…



Analogy: Finite Automata is a “Program”

• A restricted “program” with access to finite memory
• Actually, only 1 “cell” of memory!
• Possible contents of memory = # of “states”

• Finite Automata has different representations:
• Code (won’t use in this class)
➢State diagrams



Finite Automata state diagram

States

Inputs specify state transitionsStart State

Accept State



Analogy: Finite Automata is a “Program”

• A restricted “program” with access to finite memory
• Only 1 “cell” of memory!
• Possible contents of memory = # of states

• Finite Automata has different representations:
• Code (won’t use in this class)
➢State diagrams



• A restricted “program” with access to finite memory
• Only 1 “cell” of memory!
• Possible contents of memory = # of states

• Finite Automata has different representations:
• Code (won’t use in this class)
• State diagrams
➢Formal math description 

(essentially same as code but in a very different “programming language”)

Analogy: Finite Automata is a “Program”



Finite Automata: The Formal Definition

Analogy

This is the “programming 
language” for (deterministic) 
finite automata “programs”

This semester

Things in bold have precise formal 
definitions. 
(be sure to look up and review the 
definition whenever you are unsure)

deterministic

(DFA)

mk-DFA



Finite Automata: The Formal Definition

5 parameters???
(functions can only have one domain set)

mk-DFA

Constructor function

A (mathematical) function is … … a mapping of elements in a domain set to elements in a range set

In this course … … function definitions must have a signature (with 
notation →), which specifies the domain set and range set

mk-DFA

: Q × Σ × δ×q0 × F → DFA 

: ??? → DFA 



Finite Automata: The Formal Definition

5 parameters???
(functions can only have one domain set)

mk-DFA

Constructor function

mk-DFA : ??? → DFA 

Elements of a set can be a 
combination of elements from 

multiple sets, i.e., cartesian product!

1 “parameter”, 5 components (tuple)

This definition uses a “pattern 
match” tuple notation for the 

input parameter

- Specifies “input” is a 5-tuple 
- “extracts” the 5 components
- and gives them names

mk-DFA : ? × ? × ? × ? × ? → DFA 



Finite Automata: The Formal Definition

1 “parameter”, 5 components (tuple)

mk-DFA Let’s play a game: 
Set or sequence?

mk-DFA : ? × ? × ? × ? × ? → DFA 



Interlude: Sets and Sequences

Sets

• Unordered
• Duplicates not allowed

• Notation: { }

• Empty set written: ∅ or { }

• A language is a (possibly infinite) 
set of strings

Sequences

• Ordered
• Duplicates ok

• Notation: varies: ( ), comma, or concat
• Empty sequence: ( )

• A tuple is a finite sequence
• A string is a finite sequence of characters

▪ Both are: mathematical objects that group other objects
▪ Members of the group are called elements
▪ Can be: empty, finite, or infinite
▪ Can contain: other sets or sequences

sequences used a 
lot in this course

A set used a lot in 
this course



Set or Sequence ?

sequence

set

set

A pair is … a sequence of 2 elements

Set (range)
Don’t know!
(states can be 

anything)
set

A function !

of …?
Set of pairs
(domain)

… but a function is also a set of pairs 
(1st of each pair from domain, 2nd from range) 

mk-DFA



Finite Automata: The Formal Definition

5 components

mk-DFA

: ? × ? × ? × ? × ? → DFA : Setof<A> × Setof<C> × (A × C → A) × A × Setof<A> → DFA mk-DFA

Summary: this is the only way to construct a DFA!



• A restricted “program” with access to finite memory
• Only 1 “cell” of memory!
• Possible contents of memory = # of states

• Finite Automata has different equivalent representations:
• Code (won’t use in this class)
➢State diagrams
➢Formal math description 

(think of it as code in a very different “programming language”)

Analogy: Finite Automata is a “Program”



Finite Automata:
State Diagram

States
Transition labels must be from alphabetStart State

Accept State(s)

Arrows specify transition function

mk-DFA



An Example (as state diagram)

mk-DFA



braces = 
set notation
(no duplicates)

Note: 
Not the same Q

An Example (as state diagram)

An Example (as formal description)

mk-DFA

(constructor function definition)

(constructor function use)

(function input parameter)

M1 = mk-DFA( Q, Σ, δ, q1, F ), where

(function input argument)



Possible chars of input

Alphabet defines all 
possible input strings 
for the machine

mk-DFA M1 = mk-DFA( Q, Σ, δ, q1, F ), where



There are many different 
ways to write a function, i.e., 
a mapping …
- from every element in the 

input set(s) (domain)
- to some element in the 

output set (range)

mk-DFA

δ : Q × Σ → Q

M1 = mk-DFA( Q, Σ, δ, q1, F ), where

“If in this 
state”

Functions must be defined 
with signatures specifying 
domain and range sets!

“And this is next
input symbol”

“Then go to
this state”



mk-DFA M1 = mk-DFA( Q, Σ, δ, q1, F ), where

δ : Q × Σ → Q

M1 = mk-DFA( Q, Σ, δ, q1, F ), where

( )
(do we need 

to write this?)

We already 
wrote it

q1



WARNING: This is a set!

WARNING: This is a set!

Writing a non-set 
here makes the 
whole thing an 
invalid DFA

mk-DFA M1 = mk-DFA( Q, Σ, δ, q1, F ), where

δ : Q × Σ → Q

M1 = mk-DFA( Q, Σ, δ, q1, F ), where

( )q1



“Programming” Analogy

A “Programming Language”

This “analogy” is meant to help your intuition

But it’s important not to confuse with formal definitions. 

An Example (as formal description)

mk-DFA M1 = mk-DFA( Q, Σ, δ, q1, F ), where

δ : Q × Σ → Q

M1 = mk-DFA( Q, Σ, δ, q1, F ), where

( )

A “Program”

q1



In-class Exercise (5min)

Come up with a formal description of the following machine:

Submit in-class work in gradescope!

mk-DFA



In-class Exercise: solution

• Q = {q1, q2, q3}

• Σ = { a, b } 

• δ
• δ( q1, a ) = q2
• δ( q1, b ) = q1
• δ( q2, a ) = q3
• δ( q2, b ) = q3
• δ( q3, a ) = q2
• δ( q3, b ) = q1

• q0 = q1
• F = {q2}

There are many different 
ways to write a function, i.e., 
a mapping …
- from every element in the 

input set(s) (domain)
- to some element in the 

output set (range)

q2 {q2}
???

δ : Q × Σ → Q

M = mk-DFA( Q, Σ, δ, q0, F ), where

(do we need to write this?)

Yes! Otherwise q0 is an unbound variable!



A Computation Model is … (from lecture 1)

• Some definitions …

• And rules that describe how to compute with the definitions ...

e.g., A Natural Number is either
- Zero
- a Natural Number + 1

To add two Natural Numbers:
- Add the ones place of each num
- Carry anything over 10
- Repeat for each of remaining digits …



A Computation Model is … (from lecture 1)

• Some definitions …

• And rules that describe how to compute with the definitions ...



A Computation Model is … (from lecture 1)

• Some definitions …

• And rules that describe how to compute with the definitions ...

???

mk-DFA



Computation with DFAs (JFLAP demo)

• DFA:

• Input: “1101”

HINT: always work out concrete 
examples to understand how a 
machine works

Sipser Fig 1.4
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