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 Questions / Complaints about grading?
» GradeScope re-grade requests welcome
« Must refer to specific deduction

* This Is the only way to discuss grading
* Do not ask individual instructor or TAs

e HW 2
+ Due-Tue 9/28

« HW 3
e Qut: Tue 9/29
« Due: Tue 10/6 12:30pm




Last [ine

want: “Closed” Ops on Regular Langs!

* Set of Regular Languages ={L;, L, ...
e Closed under...?

« Union (“OR”) * tﬁ set lSlfJiclOid under an operat;pn n;:
+ Intersection (“AND”) sl e s operation to

members of the set is in the same set

For Example: .e., input set(s) = output set

U : Language X Language — Language
Union: AUB ={z|z € Aorx € B}

We proved:

U : Regular Language x Regular Language — Regular Language

N4



Last [ine

Why Care About Closed Ops on Reg Langs?

* Closed operations for regular langs preserve “regularness”

e |.e., it preserves the same computation model!

« Can “combine” smaller “regular” computations to get bigger ones:

« This semester, we will spend a lot of time looking for operations
that are closed! (for different sets of languages)

U : Regular Language x Regular Language — Regular Language

N4



Are Regular Languages Closed Under Union?

THEOREM ..................................................................................................................

— The class of regular languages is closed under the union operation.
ant to

prove this
statement



Are Regular Languages Closed Under Union?

THEOREM ..................................................................................................................

The class of regular languages is closed under the union operation.

In other words, ,IF A, IS-A Regular Language AND A, IS-A Regular Language
orthis(same) . THEN A, U A, IS-A Regular Language

statement

How to prove an IF-THEN statement?



- 5 - [F A, IS-A Regular Language AND
s Union Closed For Regular Langs?, ie, . 15-4 Regular Language

THEN A, U A, IS-A Regular Language

“assume the IF part ..."

mk-IFTHEN-Proof (with ASSUMPTION = proof of 4, IS-A Regular Language AND A, IS-A Regular Language):
Statements Justifications

7. A; U A, IS-A Regular Language

“... prove the THEN part”



s Union Closed For Regular Langs?, ie, 'F4:15-A RegularLanguage AND

A, IS-A Regular Language
THEN A, U A, IS-A Regular Language

mk-IFTHEN-Proof (with ASSUMPTION = proof of 4, IS-A Regular Language AND A, IS-A Regular Language):

Statements

D. M

ODO: construct the DFA!)

'IS-A DFA Machine
6. M recognizes A, U A,
7. A; U A, IS-A Regular Language 7. APPLY DefReglLang

Justifications

DefReglang

IF M IS-A DFA Machine AND M recognizes L
THEN L IS-A Regular Language

2277
2277

TO mk-AND-proof Proof:,, Proof,,



s Union Closed For Regular Langs?, ie, 'F4:15-A RegularLanguage AND

A, IS-A Regular Language
THEN A, U A, IS-A Regular Language

mk-IFTHEN-Proof (with ASSUMPTION = proof of 4, IS-A Regular Language AND A, IS-A Regular Language):

Statements Problem: 4, and 4, are unknown languages! Justifications

1. A, IS-A Regular Language 1. FIRST ASSUMPTION But we do
2. A, 1S-A Regular Language 2. SECOND ASSUMPTION ~ iowsome
3. M, IS-A DFA Machine AND 3. APPLY DefRegLangCoro

M, recognizes A,

5. let|M = (TODO: construct the DFA!)
[S-A DFA Machine

6. M recognizes A, U A,
7. A, UA, IS-A Regular Language 7.

TO Pr00f1 DefRegLang

IF M IS-A DFA Machine AND M recognizes L
THEN L IS-A Regular Language

@ DefReglLangCoro

IF L IS-A Regular Language
THEN M IS-A DFA Machine AND M recognizes L

APPLY DefReglLang
TO mk-AND-proof Proof:,, Proof,,



s Union Closed For Regular Langs?, ie, 'F4:15-A RegularLanguage AND

A, IS-A Regular Language
THEN A, U A, IS-A Regular Language

mk-IFTHEN-Proof (with ASSUMPTION = proof of 4, IS-A Regular Language AND A, IS-A Regular Language):

Statements
1. A, IS-A Regular Language

2. A, IS-A Regular Language

3. M, IS-A DFA Machine AND
M recognizes A,

4. M, IS-A DFA Machine AND
M recognizes A,

5. let|M = (TODO: construct the DFA!)

IS-A DFA Machine
6. M recognizes A, U A,

7. A, UA, IS-A Regular Language 7.

1.
2.
3.

Justifications
FIRST ASSUMPTION

SECOND ASSUMPTION

APPLY DefRegl.angCoro
TO Proof,

. APPLY DefReglLangCoro

TO Proof,

2007

20707

APPLY DefReglLang
TO mk-AND-proof Proof:,, Proof,,



- 5 - [F A, IS-A Regular Language AND
s Union Closed For Regular Langs?, ie, AL 15.A Regular Language

THEN A, U A, IS-A Regular Language
mk-IFTHEN-Proof (with ASSUMPTION = proof of 4, IS-A Regular Language AND A, IS-A Regular Language):

Statements Justifications
1. A, IS-A Regular Language 1. FIRST ASSUMPTION
2. A, IS-A Regular Language 2. SECOND ASSUMPTION
3. M, IS-A DFA Machine AND 3. APPLY DefRegLangCoro
M1 TO Proof,
b T o saconsiact wusing o, 1, pars Y DefReglangCoro

5. let|M = UNIONp A UM, M) 5. Dk
[S-A DFAIMachine

Allowed to use let to define DFA in an IS- A stmt
prlsdeihy A A, 2727

7. A, UA, IS-A Regular Language 7. APPLY DefReglLang
TO mk-AND-proof Proof:,, Proofy,



Are Regular Languages Closed Under Union?

. . NOTE:
Proof (continuation) Some students were confused with

Define function UNION,, : DFA x DFA — DFA Isgine same netEien ier
- input deconstruction (i.e., “getters”)

UNIONpgs (M, Mp) = M, where and .
- Output construction ...
= FA( Ql’ Za 61’ Q1a Fl )

M, = mk-DFA( &), =

* Qutput: M = mk-DFA( &, =, 8, qy, /) using M, M, parts (that accepts if either accepts)
where:

.. S0 I'm changing it

* [Input:

(construction) mk-DFA :Setof<A> X Setof<(C> X (AX C—> A) X A X Setof<A>—DFA

(same as before)

Edeconstruct)ion) get-DFA-parts :DFA - Setof<A> x Setof<C> X (A x C - A) X A X Setof<A>
l.e., “getter”




Are Regular Languages Closed Under Union?

Proof (continuation)
Define function UNIONy;, : DFA X DFA — DFA

UNIONge, (M, M) =M, where (pattern match”)

_ CACA simultaneously “be
let ( &2, 61, g, I ) = get-DFA-parts M, in” both an M, and
let ( &, 2,85, @, F,, ) = get-DFA-parts M, M, state

Output: M = mk-DFA( @, X, 6, ab; £ ) _using M,, M, parts (that accepts if either accepts)

here:
° States (;ij\r;. Q — {(Tlﬂ 732)| € Ql and ro € QQ} = Ql X QZ
' This set is the Cartesian product of sets Q1 and Q-

Want: M that can

A state of M is a pair:
- first part: state of M,
- second part: state of M,

A finite automaton is a mk-DFA (), X, 4, qo, F'), where

1. @ is a finite set called the states,

2. ¥ is a finite set called the alphabet,

3. 0: Q x X—Q is the transition ﬁmction,1
4. qo € Q is the start state, and

5. F C Q is the set of accept states.

states of M: all possible pair
combinations of states of M, and M,




Are Regular Languages Closed Under Union?

Proof (continuation)
Define function UNIONy;, : DFA X DFA — DFA

UNIONpe, (M4, M,) = M, where
let ( @, 2, 6, @y, I} ) = get-DFA-parts I/,
let ( &, 2, 850, F, ) = get-DFA-parts M,
Output: M = mk-DFA( &, =, 8,\qy, F*) using M;, M, parts (that accepts if either accepts)

where: -
. states of M: Q={(r,r2)|r1 € Qpand ry € Q2} =Q X @
' "This set is the Cartesian product of sets ()1 and Q)

A finite automaton is a mk-DFA ((), ﬁ(a@%f}a%ﬁ‘%“?ﬁ) — (51 (T1§ a,), (52 (7"'2.). GJ)) A step in M is both:
1. Q is a finite set called the states, - astep !n M;, and
2. ¥ is a finite set called the alphabet, - astep in M,
3. 0: Q x X—Q is the transition ﬁmction,[
4. qo € Q is the start state, and
5. F C Q is the set of accept states.



Are Regular Languages Closed Under Union?

Proof (continuation)
Define function UNIONy;, : DFA X DFA — DFA
UNIONpe, (M4, M,) = M, where
let ( @, 2, 61, @y, I} ) = get-DFA-parts I/,
let ( @, 2, 65, @o, I, ) = get-DFA-parts I/,
Output: M = mk-DFA( &, =, 8, qy, /) using M, M, parts (that accepts if either accepts)

here:
o StateS C\;ij\r;. Q — {(Tlls fg)‘ r1 € Ql ‘&Ild ro & QQ} - Ql X Qg
' "This set is the Cartesian product of sets ()1 and Q)5

e M transition fn: 5((’*’"1.-. r2), flf) = (51(’!"1a a),d2(ra, fff))

Start state of M is both
* M start state: ¢~ (41,42) start states of M, and M,



Are Regular Languages Closed Under Union?

Proof (continuation)
Define function UNIONy;, : DFA X DFA — DFA

UNIONpe, (M4, M,) = M, where
let ( @, 2, 61, @y, I} ) = get-DFA-parts I/,
let ( @, 2, 65, @o, I, ) = get-DFA-parts I/,
Output: M = mk-DFA( @, =, 8, qy, F©') using M, M, parts (that accepts if either accepts)

here:
o StateS C\)ij\r;. Q — {(Tlls fg)‘ r1 € Ql ‘&Ild ro & QQ} - Ql X Qg
' "This set is the Cartesian product of sets ()1 and Q)5

e M transition fn: 5((?"1, ), a,) — ((51 (r1,a), (5'2(-1“2?(1;))
Remember:
Accept states must

e M start state: ¢,= (91, 92) be subset of g

Accept If either M, or M, accept
« M accept states: ' = {(r1,m2)|r1 € Fyorry € Fb}



s Union Closed For Regular Langs?, i, 'F4: 154 RegularLanguage AND

A, IS-A Regular Language
THEN A, U A, IS-A Regular Language

mk-IFTHEN-Proof (with ASSUMPTION = proof of 4, IS-A Regular Language AND A, IS-A Regular Language):

Statements
1. A, I1S-A Regular Language

2. A, IS-A Regular Language

3. M, IS-A DFA Machine AND
M recognizes A,

4. M, IS-A DFA Machine AND
M recognizes A,

5. let M = UNIONppa (M4, M)
[S-A DFA|Machine

6. M recognizes A, U A,

7. A;UA, IS-A Regular Language 7.

1.
2.
3.

4 .

5.

Justifications
FIRST ASSUMPTION

SECOND ASSUMPTION

APPLY DefReglLangCoro
TO Proof,

APPLY DefReglLangCoro
TO Proof, nput output

TO (M, M,) : DFA x DFA
2277

APPLY DefReglang

TO mk-AND-proof Proof:, Proof,




- oI [F A, IS-A Regular Language AND
s Union Closed For Regular Langs?, ie, AL 15.A Regular Language

THEN A, U A, IS-A Regular Language

mk-IFTHEN-Proof (with ASSUMPTION = proof of 4, IS-A Regular Language AND A, IS-A Regular Language):

Statements Justifications
1. A, I1S-A Regular Language 1. FIRST ASSUMPTION
2. A, IS-A Regular Language 2. SECOND ASSUMPTION
3. M, IS-A DFA Machine AND 3. APPLY DefRegLangCoro
M recognizes A, TO Proof;
4. M, 1S-A DFA Machlne AND 4 . APPLY DefRegLangCoro
M recognizes A, TO Proof,
5. let M = UNIONppa (M4, M) 5. APPLY UNIONpg, : DFA x DFA — DFA
[S-A DFA Machine TO (M,, M,) : DFA x DFA
6. M recognizes A, U 4, 6. BY i) COMPARING M, A, U A,

7. A; UA, IS-A Regular Language 7. APPLY DefReglLang
TO mk-AND-proof Proof:, Proof,



“Prove” that DFA recognizes a language

In this class, a table like this

let s, €Ay, 5; €4, || lets; €4y, 5, €4, Is sufficient to “prove” that a

Be careful when choosing examples! DFA recognizes a language
from: Don't know A, and A, exactly ... .. but we know ... .. they are sets of strings!

let ( &, =, 61, @, F; ) = get-DFA-parts ), |recognizes 4,

let ( &, 2, 65, @,, I, ) = get-DFA-parts I/, |recognizes 4,
Constructed:

M = UNIONppa (M, M) = mk-DFAC @, X, 6, qy, F°) thatrecognizes 4; U A,?




“Prove” that DFA recognizes a language
let 5, €Ay, 5, €4, | 6T 8 A, L €A

let s € A, and € A,

S1 Yes
S, Yes
S5

From:

let ( &, =, 61, @, F; ) = get-DFA-parts ), |recognizes 4,

let ( &, 2, 65, @,, I, ) = get-DFA-parts I/, |recognizes 4,
Constructed:

M = UNIONppa (M, M) = mk-DFAC @, X, 6, qy, F°) thatrecognizes 4; U A,?




Define function UNIONy., : DFA X DFA — DFA
UNIONq, (M, M,) = M, where

let( Ql’ Z, 61, C]l, Fl > — get—DFA-partS Ml
let ( &, =, 8,, @y, F, ) = get-DFA-parts M,

M = mk-DFA( &, =, 6, qy, F')

where:

. : Q={(r1,m2)|m € Qrand r2 € Q2} =@ X &
states of IM: This set is the Cartesian product of sets ()1 and Q)

* M transition fn: §((ry,72),a) = (61(r1, a), d2(r2, a))

L]
4

e M start state: ¢,= (¢1,¢2)

* M accept states: F' = {(ry,r2)|r1 € Frorry € F5}

Accept if either M, or M, accept




“Prove” that DFA recognizes a language

(this column needed when

let S{€A,,5,€EA, machine is not concrete, i.e,,
can't directly run machine to
letsc € A, € A, check if string is accepted)
o s
S, Yes ??
Sc No ?7?
From:
let 25, 6 F ) = get-DFA-parts M, i
( Ql’ » O G141 ) 8 P | | FECOEES Ay Accept if either M, or M, accept
let ( &, 2, 65, @,, I, ) = get-DFA-parts N/, | recognizes A, where:
Constructed: F={(r1,m)|r € Fiorry € Fo}

M = UNIONppa(My, M) = mk-DFAC &), >, 6, q,, /) that recognizes A; U A,?



“Prove” that DFA recognizes a language

(these extra columns are allowed (this column needed when
let S{€A,,5,€EA, | required when machine is not machine is not concrete, i.e.,
concrete, and constructed from can’t directly run machine to
letsc € A, € A, smaller machines) check if string is accepted)
run 4 on s ustification
S Yes Accept 7?7 L
S, Yes 2
Sc No ?7?
From:
let ( &, =, 61, @, F; ) = get-DFA-parts M, | recognizes 4,
let ( &, 2, 65, @,, I, ) = get-DFA-parts N/, | recognizes A, where:
Constructed: FZ{(Tl,Tg)l’ﬁ € Fj or re EFQ}.

M = UNIONpea (M, M) = mk-DFAC &, 2, 6, gy, I7) thatrecognizes 4, U 4,7



let ExTable, =

“Prove” that DFA recognizes a language

(these extra columns are allowed (this column needed when
let S{€A,,5,€EA, | required when machine is not machine is not concrete, i.e.,
concrete, and constructed from can’t directly run machine to
letsc € A, € A, smaller machines) check if string is accepted)
seA; UA? run M,ons = run M,ons = run Mons? run MonsJustlﬂcatlon
Q1) -+ qp where g, € F; Accept ??
S, Yes A run of a machine = 2

sequence of states

A rejecting run does

An accepting run X
not end in accept state!

ends in accept state!

Sc No re
From: Reject if neither M, or M, accept
let > F, ) = get-DFA-parts /N, i

( Ql’ , 01 G, 11 ) g P 1| [ECogzEs Ay Accept if either M, or M, accept
let ( &, 2, 65, @,, I, ) = get-DFA-parts N/, | recognizes A, where:
Constructed: F ={(r1,r2)|r € Fiorry € Fb}

M = UNIONpea (M, M) = mk-DFAC &, 2, 6, gy, I7) thatrecognizes 4, U 4,7
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s Union Closed For Regular Langs?, ie,

[F A, IS-A Regular Language AND
A, IS-A Regular Language
THEN A, U A, IS-A Regular Language

mk-IFTHEN-Proof (with ASSUMPTION = proof of 4, IS-A Regular Language AND A, IS-A Regular Language):

Statements Justifications
1. A, IS-A Regular Language 1. FIRST ASSUMPTION
2. A, IS-A Regular Language 2. SECOND ASSUMPTION
3. M, IS-A DFA Machine AND 3. APPLY DefRegLangCoro
M recognizes A, TO Proof;
4. M, IS-A DFA Machlne AND 4 . APPLY DefRegLangCoro
M recognizes A, TO Proof,
5. let M = UNIONppa (M4, M) 5. APPLY UNIONpg, : DFA x DFA — DFA
IS-A DFA Machine TO M, : DFA, M, : DFA
6. M recognizes A, U 4, 6. BY jorrene) COMPARING M, A, U A,
7. A; U A, IS-A Regular Language 7. APPLY DefReglLang

TO mk-AND-proof Proof:, Proof, -



Another (common string) operation: Concatenation

Example: Recognizing street addresses

212 Beacon Street

\

M,: “CONCAT”

M,: recognize M,: recognize

numbers words




©: Language X Language — Language
Concatenation: Ao B = {zy|z € Aand y € B}

Concatenation of Languages

Let the alphabet ¥ be the standard 26 letters {a, b, ..., z}.

If A= {fort,south} B = {point,boston}

Ao B = { fortpoint, fortboston, southpoint, southboston}



Regular Languages Closed Under Concat?

THEOREM -------------------------------------------------------------------------------------------------------------------------

The class of regular languages is closed under the concatenation operation.

IF A, IS-A Regular Language AND A, IS-A Regular Language
THEN A, o A, IS-A Regular Language

In other words,
Construct a new machine M recognizing Ao A,? (like union)
 Using DFA M, (which recognizes A4,),

« and DFA M, (which recognizes 4,)



PROBLEM:
Can only
read input
once, can't
backtrack

O

Concatentation

O

<
©
©,

Let M, recognize Ay, and M, recognize A,.

Want: Construction of M to recognize A; o A

Need to switch
machines at some
point, but when?

-

~N

~

o 1222

O ©




Concatenation: Ao B = {zy|z € Aand y € B}

Overlapping Concatenation Example

 Let M, ... recognize language A={ jen, jens }
« and M, ... recognize language B={ smith}
« Want: Construct M to recognize AoB = {Eensmith,\jenssmith }

 |[f M sees jen ...
« M must decide to either:




Concatenation: Ao B = {zy|z € Aand y € B}

Overlapping Concatenation Example

 Let M, ... recognize language A={ jen, jens }
« and M, ... recognize language B={ smith}
« Want: Construct M to recognize AoB={ jensmith, Jjenssmith}

 |[f M sees jen ...

« M must decide to either:
e stay in M, (correct, if full input is jenSsmith)




Concatenation: Ao B = {zy|z € Aand y € B}

Overlapping Concatenation Example

 Let M, ... recognize language A={ jen, jens }
« and M, ... recognize language B={ smith}
« Want: Construct M to recognize AoB={ jensmith, jenssmith}

/

* If M sees jen ... A DFA can’t do this!

« M must decide to either: E——,
e stay in M, (correct, if full input is jenssmith)
« or switch to M, (correct, if full input is jensmith)

« But to recognize A-B, it needs to handle both cases!!
« Without backtracking




Regular Languages Closed Under Concat?

THEOREM -------------------------------------------------------------------------------------------------------------------------

The class of regular languages is closed under the concatenation operation.

« Cannot combine A, and A,’s machine because:
« Need to switch from A, to 4, at some point ...
« ... but we don’t know when! (we can only read input once)

 This requires a new kind of machine!
« But does this mean concatenation is not closed for regular langs?




Nondeterminism



Deterministic vs Nondeterministic

Deterministic
computation

e Start

states

b k£ Ak Ak— £k
.. [ ° ° ®

* accept or reject

DFAs



Deterministic vs Nondeterministic

Deterministic Nondeterministic
computation computation

° Start (.

. ()

can be in multiple states at

. : f \' the same time
reject ( 1

( )

* accept or reject * accept

states fl\_ ,\\ Nondeterministic computation
e o v

b k£ Ak Ak— £k

DFAs New FA
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DFAs: The Formal Definition

DEFINITION
deterministic

A finite automaton is a mk-DFA (Q), X, 4, qo, F'), where

1. () is a finite set called the states,

2. 3 1s a finite set called the alphabet,

3. 0: Q X X—(Q is the transition function,
4. qo € Q is the start state, and

5. F C Q is the set of accept states.

Deterministic Finite Automata (DFA)



Nondeterministic Finite Automata (NFA)

DefNFA

DEFINITION

A nondeterministic finite automaton
is amk-NFA(Q, X, 9, qo, F'), where

1. () 1s a finite set of states,
2. 3. 1s a finite alphabet,

Compare with DFA:

Difference

A finite automaton is a mk-DFA (Q, X, 0, qo, F'), where

1. @ is a finite set called the states,

2. Y is a finite set called the alphabet,

3. 0: Q x X—Q is the transition function,
4. qo € Qs the start state, and

5.47°C Q) is the set of accept states.

3.0: @ x X.—>P(Q) is the transition function,

4. qp € Q) 1s the start state, and
5. F C Q 1s the set of accept states.

Power set, i.e. a transition
results in set of states



Power Sets

» A power set Is the set of all subsets of a set

« Example: S={a, b, ¢}

e Power set of S =
* {{},{a},{b},{c},{a, b}, {a,c},{b,c},{a,b,c}}

« Note: includes the empty set!



Nondeterministic Finite Automata (NFA)

DEFINITION

A nondeterministic finite automaton
is amk-NFA(Q, X, 9, qo, F'), where

1. () 1s a finite set of states,
2. 3. 1s a finite alphabet,
3.0: @Q x 3.—>P(Q) is the transition function,

’ CAREFUL:
4. qo € Q is the start state, and e symbol is reused here, as a transition label

E D r (inshao cne ~F (ie, an argument to §)
o accept states. ', .
Transition label can be “empty”, P - It's not the empty string!

' : o - And it’s (still) not a character in the alphabet 3!
l.e., machlne can tr§n5|t|on Y. =2 U {8} p
without reading input




NFA Example

« Come up with a formal description of the following NFA:

DEFINITION

A nondeterministic finite automaton
is amk-NFA(Q, >, 0,qo, F), where

1. () is a finite set of states,

2. ¥ is a finite alphabet,

3. 0: Q x X.—>P(Q) is the transition function,
4. qp € @ is the start state, and

5. F C Q is the set of accept states.



let V; =mk-NFA( &, X, 6, q1, F'), where

Q — {Qla g2, 43, q4} Emoty transition (SI Q X Z;—; ? P(Q)
B y iti
2= {031} (no input read)

Result of transition
is a set

1 Empty transition
0 (no input read)

F = {qa}

Multiple 1 transitions No 0 transition



In-class Exercise

« Come up with a formal description for the following NFA
X={ab}

DEFINITION

A nondeterministic finite automaton
is amk-NFA(Q, >, 0,qo, F), where

1. () is a finite set of states,

2. ¥ is a finite alphabet,

3. 0: Q x X.—>P(Q) is the transition function,
4. qp € @ is the start state, and

5. F C Q is the set of accept states.




Differences with DFA?
- S output is a set

In-class Exercise Solution = Zgmseamer oo

state can have multiple transitions for

let N=mk-NFA( @, =, S, q,, F'), where "~ one symbol

Q={9192 93}

X={ab}
0 ..
do = 41
F={q:}

- can have “empty” transitions
0(qp,a)=1{} (6 output is empty set)

o(q,b)={q,}
o(q,€)=1{qs}
0(qza)=14q2 93}
o(g,b)={qs}

o(gye)={}
0(qsa)=149,}
o(qs;b)={}

o(q3€) =1}



NFA Computation (JFLAP demo): 010110

s
O OO



NFA Computation Sequence

Symbol read

Each step can
branch into
multiple states at
the same time!

So this is an accepting
computation



Flashback

DFA Computation Rules

Informally

Given
« ADFA (~ a “Program”)
« and Input = string of chars, eg “1101"

A DFA computation (~ “Program run”):
« Start in start state

* Repeat:

« Read 1 char from Input, and
« Change state according to transition rules

Result of computation:
« Accept If last state is Accept state
« Reject otherwise



Flashback

DFA Computation Rules

Informally Formally (ie, mathematically)

Glven

« A DFA (~ a “Program”) « M= mk-DFA( @, =, &, qp, ) ..
« and Input = string of chars, eg “1101” W = WiW3 - Wy

A DFA computation (~ “Program run”): A DFA computation is a

o Start in start state sequence of states:

e Repeat:

« Read 1 char from Input, and
« Change state according to transition rules

Result of computation:
« Accept If last state is Accept state
« Reject otherwise



NFA |Computation Rules

Informally

Given
« An| NFA |(~ a “Program”)
« and Input = string of chars, eg “1101”

An

NFA |computation (~ “Program run”):

o Start in start state

* Repeat:

« Read 1 char from Input, and

For each “current” state, |according to transition rules
go to next states ... then combine all “next states”

lgnoring € transitions, for now!

Result of computation:

* Accept If last| set of states has accept state
* Reject otherwrse




lgnoring € transitions, for now!

NFA [Computation Rules

Informally Formally (i.e, mathematically)
Glven
« An| NFA |(~ a “Program”) « N=mk-NFA( @, =, 6, qy, F) ..
« and Input = string of chars, eg “1101” W = WiW3g -+ Wy
An| NFA |computation (~ “Program run”): An NFA computation is a sequence of:
e Start in start state sets of states
e Repeat:
« Read 1 char from Input, and
For each “current” state, |according to transition rules 999
go to next states ... then combine all “next states” ==

Result of computation:

 Accept if last| set of states has accept state
« Reject otherwise




Flashback

DFA Multi-Step Transition Function
0:Q XY = Q

« Domain (inputs):

. state ¢ € () (doesn’t have to be start state)
* string w = wiws2 - - Wy where w; € X

Recursive Input Data
needs
Recursive Function

A String is either:
- the empty string (), or

« xa (non-empty string)
~ where

Base case 5((]75) — - xis a string

e gisa“char’inX

Base case



Flashback

DFA Multi-Step Transition Function

0:Q x X" = Q
« Domain (inputs):
. state ¢ € () (doesn’t have to be start state)
e string w = wWiwWs -+ Wy where w; € X

- Range (output):
. state ¢ € () (doesn't have to be an accept state)

(Defined recursively)

Recursive case

0(q,e) = q

string char

Base case Recursion on string

A

6(q, w'w,) =

Recursive Case

“second to last” state
where w’ = wy -+ - w,_1

“smaller” argument

Recursive Input Data
needs
Recursive Function

A String is either:
 the empty string (), or

« xa (non-empty string)
where Recursion

« xis astring | on string
*aisa‘“char’ inX
string

char



Hshback d: Q X ¥—Q is the transition function

DFA Multi-Step Transition Function
0:Q XY = Q

« Domain (inputs):
. state ¢ € () (doesn’t have to be start state)
e string w = wWiwWs -+ Wy where w; € X

- Range (output): |
« state g © Q (doesn’t have to be an accept state) RecurS'xZéggm e

Recursive Function

A String is either:

(D@fined reCU rSively) e the emptystring (8), or
+ xa (non-empty string)
~ where

aisa‘“char’inX

Base case 5((]7 5) —q - xisastring

ey e

. / /
Recursive Case 5(q, w wn) — 5(5(61, w ), wn) Single step from “second to last” state

and last char gets to last state
where w’ = wy -+ - w,_1



NFA

- Range (output):

states

s C Q

\ Result is set of states

d: @ x X¥e—>"P(Q) is the transition function

Multi-Step Transition Function
5:Q x T 5 P(Q)

« Domain (inputs):
. state ¢ € () (doe
e string w = wiw

't have to be start state)

*+* Wn where w; € X



d: @ x Xe—>"P(Q) is the transition function
NFA [Multi-Step Transition Function
0:Q x X —>73(Q)\

e Domain (in puts): Result is set of states
. state ¢ € () (doesn’t have to be/start state)
* string w = wiwWs2 - - Wy where w; € 1

’ @gﬁ (OUtDUt): Recursively Defined Input
states (@S C Q needs

Recursive Function

A String is either:
« the empty string (), or

(Deﬂned recurSively) « xa (non-empty string)

where
« xIis astring

Base case 5((]7 5) —{q} + aisa‘char’ inz

Base case



« Domain (inputs):

. state ¢ € () (doesn’t have to be start state)
* string w = wiwWs2 - - Wy where w; € X

- Range (output):
states ¢s C ()

(Defined recursively)

Base case 3((]7 g) —{q}

Recursive Case d(q, whw,) =

where w’ = wy -+ - w,_1

A

d: Q x X.—P(Q) is the transition function

NFA [Multi-Step Transition Function
0:Q x T = P(Q)

Recursively Defined Input
needs
Recursive Function

A String is either:
 the empty string (), or

Recursive case s xg (non-empty string)
where

« _xis a string
Recursive part e qgisa‘“char’ inX

“second to last”
Recursion on recursive part set of states

~

6(q,w) ={q1,...,qx}



0: Q x X.—>P(Q) is the transition function

d0:Q xX" =P(Q)
« Domain (inputs):
. state ¢ € () (doesn’t have to be start state)
* string w = wiwWs2 - - Wy where w; € 2
- Range (output):
states ¢s C ()

(Defined recursively) o st st
take single step
Base case 5((]7 6) = {q} . on last char

~

Recursive Case 5((], w’wn) _ LJI 5(%; wn)
1=

where w’ = wy -+ - w,_1

0(q, w

NFA [Multi-Step Transition Function

Recursively Defined Input
needs
Recursive Function

A String is either:
 the empty string (), or

* xa (non-empty string)
where
« xIis astring
e aisa“char’inX
Last char

’):{Qh---,%}



d: Q x X.—P(Q) is the transition function

NFA [Multi-Step Transition Function

A . Glven
01 QX 27 =1, An NFA (~a “Program”)
« Domain (inp{* and Input = string of chars, eg. “1161”
 state q ©
* string W = A DFA computation (~ “Program run”):
’ @gﬁ (OUtpL o Start in start state Recursively Defined Input
states (s ¢ . needs
+ Repeat: Still ignoring € transitions!
. . « Read 1 char from Input, and « the empty string (g), or
(Deﬂ ﬂed €CUI] For each “current” state, according to transition rules * xa (non-empty string)
go to next states AN wnere string
Desacsoa —t > — « aisa“charinx

... then combine all sets of “next states” k
I\ _\LJ 0 19 wn)

Recursive Case | §(q, w'wy,) = At . ,
0(q,w') ={q1,...,qk}

where w' = wy - - wp_1




Base case: 5(q, €) = {q}

N FA M U ltl _Ste p 8 Exa m p le Recursive case: S(Q,UJ) _

0, 1

k
5((]’127 w’n)
1=1

where
o(q,wy -+ wp—1) ={q1,- .., qr }
Start m 0 1 : 1 : :
—=(%) ~(41)
. 0 — :
(90, €) We haven’t considered

empty transitions!

® ‘5(‘?09 0) —

Combine result of recursive call with “last step”
° 5(‘?0; 00) —

s

® 5(QU, 001) =



Adding Empty Transitions

» Define the set e-REACHABLE(q)
« ...to be all states reachable from q via zero or more empty transitions

(Defined recursively)

» Base case: ¢ € e-REACHABLE(q)

* Recursive case: A state is in the reachable set if ...

e-REACHABLE(q) = {r | p € e-REACHABLE(q) and r € d(p,€)}

... there is an empty transition to it from
another state in the reachable set



e-REACHABLE Example

e-REACHABLE(1) ={1,2,3,4,6}



Handling € transitions now!

NFA [Multi-Step Transition Function
0:Q x T = P(Q)

(Defined recursively)

A

Base case 5((]7 g) — g—REACHABLE(q)

Recursive Case



NFA

Handling € transitions now!

Multi-Step Transition Function

0:Q x T =P(Q)

All chars “second to last”
except last set of states
(Defined recursively)
Base case 5((]7 g) — 6—REACHABLE(Q) z
“last” set o
| X , ¢ states (no ¢)
Recursive Case | 0(q, w'wn) = | | e-REACHABLE(r;)

j=1



Summary: NFA vs DFA Computation

DFAs NFAs
« Can only be in one state « Can be in multiple states
* Transition: * Transition
« Must read 1 char « Has empty transitions
* Acceptance: * Acceptance:

« If final state is accept state « If one of final states is accept state
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