
CS450 High Level Languages

Recursion in the Lambda Calculus 
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Previously 



for

(for/list ([x lst]) (add1 x)) 

(map add1 lst) 

(for/list ([x n]) (add1 x)) 

(build-list n add1) 

(for/list ([x lst] #:when (odd? x)) (add1 x)) 

(filter odd? (map add1 lst)) 

(for/sum ([x lst] #:when (odd? x)) (add1 x)) 

(foldl + 0 (filter odd? (map add1 lst))) 



for*
for 
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;; A Shape is one of: 
;; - (mk-Rect [h : Num] [w : Num] [c : Color]) 
;; : fields are width, height, color 
;; - (mk-Circ [r : Num] [c : Color]) 
;; : fields are radius and color 
;; Represents a shape to be drawn on a canvas 



;; A Shape is one of: 
;; - (mk-Rect [h : Num] [w : Num] [c : Color]) 
;; : fields are width, height, color 
;; - (mk-Circ [r : Num] [c : Color]) 
;; : fields are radius and color 
;; Represents a shape to be drawn on a canvas 

;; shape-fn : Shape -> ??? 
(define (shape-fn sh) 
 (cond 
  [(Rect? sh) … (rect-h sh) … (rect-w sh) … (rect-c sh) … ] 
  [(Circ? sh) … (circ-r sh) … (circ-c sh) … ])) 



;; A Shape is one of: 
;; - Rectangle 
;; - Circle 

;; A Rectangle is a (mk-Rect [h : Num] [w : Num] [c : Color]) 
;; : fields are width, height, color 
;; A Circle is a (mk-Circ [r : Num] [c : Color]) 
;; : fields are radius and colors 



;; A Rectangle is a (mk-Rect [h : Num] [w : Num] [c : Color]) 
;; : fields are width, height, color 
;; A Circle is a (mk-Circ [r : Num] [c : Color]) 
;; : fields are radius and colors 

;; A Shape is one of: 
;; - Rectangle 
;; - Circle 

;; shape-fn : Shape -> ??? 
(define (shape-fn sh) 
 (cond 
  [(Rect? sh) … (rect-fn sh) … ] 
  [(Circ? sh) … (circ-fn sh) … ])) 



;; A Rectangle is a (mk-Rect [h : Num] [w : Num] [c : Color]) 
;; : fields are width, height, color 
;; A Circle is a (mk-Circ [r : Num] [c : Color]) 
;; : fields are radius and colors 

;; A Shape is one of: 
;; - Rectangle 
;; - Circle 

;; shape-fn : Shape -> ??? 
(define (shape-fn sh) 
 (cond 
  [(Rect? sh) … (rect-fn sh) … ] 
  [(Circ? sh) … (circ-fn sh) … ])) 

;; render : Shape -> Image 
(define (render sh) 
 (cond 
  [(Rect? sh) (rect-img sh)] 
  [(Rirc? sh) (circ-img sh)])) 



interface Shape 
Image render(); 

class Circle 
 
Num radius; 
Color col; 
 
Image render() { 
  return circ-img ( radius, col ); 
} 

class Rectangle 
 
Num width;    Num height; 
Color col; 
 
Image render() { 
  return rect-img ( width, height, col ); 
} 



interface Shape 
Image render(); 

class Circle 
 
Num radius; 
Color col; 
 
Image render() { 
  return circ-img ( radius, col ); 
} 

class Rectangle 
 
Num width;    Num height; 
Color col; 
 
Image render() { 
  return rect-img ( width, height, col ); 
} 



• struct

•

• cond

•

•

• class

•

•

•

•



interface Shape 
Image render(); 

class Circle 
 
Num radius; 
Color col; 
 
Image render() { 
  return circ-img ( radius, col ); 
} 

class Rectangle 
 
Num width;    Num height; 
Color col; 
 
Image render() { 
  return rect-img ( width, height, col ); 
} 

cond
Shape

cond
Shape
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interface Shape 
Image render(); 

class Circle 
 
Num radius; 
Color col; 
 
Image render() { 
  return circ-img ( radius, col ); 
} 

class Rectangle 
 
Num width;    Num height; 
Color col; 
 
Image render() { 
  return rect-img ( width, height, col ); 
} 

;; A Shape is one of: 
;; - Rectangle 
;; - Circle 

(struct rect [w h col]) 

(struct circ [r col]) 

;; render: Shape -> Image 
(define (render sh) 
 (cond 
  [(Rect? sh) (rect-img sh)] 
  [(Circ? sh) (rect-img sh)])) 



• struct

•

•

• cond

•
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•

•

•

•
;; (explicit) render: Shape -> Image 
(define (render sh) 
 (cond 
  [(Rect? sh) (rect-img sh)] 
  [(Circ? sh) (circ-img sh)])) 

;; (implicit) render: Shape -> Image 
Image render (Shape sh) 
  if (sh instanceof Rectangle){ rect-img(sh); } 
  else if (sh instanceof Circle){ circ-img(sh); } 



interface Shape 
Image render(); 

class Circle 
 
Num radius;    Color col; 
// … 
Circle( r, c) { 
  radius = r; 
  col = c; 
} 

class Rectangle 
 
Num width;    Num height;    Color col; 
// … 
Rectangle( w, h, c) { 
  width = w;    height = h; 
  col = c 
} 

Circle c = Circle( 10, blue ); 
Image img = c.render(); 
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(struct Shape [render-method]) 

(struct circ Shape [r col]) 

Shape



Interlude: 

;; A Shape is one of: 
;; - Rectangle 
;; - Circle 
(struct Shape []) 
(struct rect Shape [w h c]) 
(struct circ Shape [r c]) 

Shape?

;; A Shape is one of: 
;; - Rectangle 
;; - Circle 
(struct rect [w h c]) 
(struct circ [r c]) 

(define (Shape? s) 
  (or (rect? s) (circ? s))) 

(rect 1 2 ‘red)  
(rect? ) = true  

    (Shape? ) = true 



;; A Shape is one of: 
;; - Rectangle 
;; - Circle 
(struct Shape []) 
(struct rect Shape [w h c]) 
(struct circ Shape [r c]) 

Interlude: 

Inheritance is bad





Shape?



(define (mk-Circ r col circ-render-fn) 
  (circ circ-render-fn r col) 
(define (mk-Circ r col  
           [circ-render-fn circ-img]) 
  (circ circ-render-fn r col) 

;; render : Shape -> Image 
(define (render sh) 
 (cond 
  [(Rect? sh) (rect-img sh)] 
  [(Circ? sh) (circ-img sh)])) 

Shape

(struct Shape [render-method]) 

(struct circ Shape [r col]) 

rect … 

Shape

Shape

circ 
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(Racket) 

(Haskell, R) 

(Prolog) 

(SQL) 

(html, markdown) 

 

From 
Lecture 1 

0 1



λ
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Last 
Time 



;; A ChurchNum is a function with two arguments: 
;; “f” : a function to apply 
;; “base” : a base ("zero") value to apply to 
;; 
;; For a specific number, its "Church" representation  
;; applies the given function that number of times 

(define czero 
  (lambda (f base) base)) 

(define cone 
  (lambda (f base) (f base))) 

(define ctwo 
  (lambda (f base) (f (f base)))) 

(define cthree 
  (lambda (f base) (f (f (f base))))) 

f

f

f

f

Last 
Time 



(define czero 
  (lambda (f base) base)) 

(define cone 
  (lambda (f base) (f base))) 

(define ctwo 
  (lambda (f base) (f (f base)))) 

(define cthree 
  (lambda (f base) (f (f (f base))))) 

;; cplus1 : ChurchNum -> ChurchNum 
;; “Adds” 1 to the given Church num 

(define cplus1 
  (lambda (n) 
    (lambda (f base)  
      (f (n f base))))) 

f 

n f n



(define czero 
  (lambda (f base) base)) 

(define cone 
  (lambda (f base) (f base))) 

(define ctwo 
  (lambda (f base) (f (f base)))) 

(define cthree 
  (lambda (f base) (f (f (f base))))) 

;; cplus : ChurchNum ChurchNum -> ChurchNum 
;; “Adds” the given ChurchNums together 

(define cplus 
  (lambda (m n) 
    (lambda (f base)  
      (m f (n f base))))) 

f 

n f n



;; A ChurchBool is a function with two arguments, 
;; where the representation of: 
;; “true” returns the first arg, and 
;; “false” returns the second arg 

(define ctrue 
  (lambda (a b) a)) 

(define cfalse 
  (lambda (a b) b)) 



Review: 

A = True
And(A, B) = B 

A = False
And(A, B) = A 



A = True
And(A, B) = B 

A = False
And(A, B) = A 

;; cand: ChurchBool ChurchBool-> ChurchBool 
;; “ands” the given ChurchBools together 

(define cand 
  (lambda (A B) 
    (A B A))) 

(define ctrue 
  (lambda (a b) a)) 

(define cfalse 
  (lambda (a b) b)) 

;; then (A B A) = ? B 

;; if A = ctrue 

;; want (cand A B) = B 





;; then (A B A) = ? A 

;; if A = cfalse 

;; want (cand A B) = A 







(define ccons 
  (lambda (x y) 
    (lambda (get) 
      (get x y)))) 

;; A ChurchPair<X,Y> 1-arg function, where 
;; the arg fn is applied to (i.e., "selects") the X and Y data values 

;; ccons: X Y -> ChurchPair<X,Y> 

(define cfirst 
  (lambda (cc) 
    (cc (lambda (x y) x)))) 

(define csecond 
  (lambda (cc) 
    (cc (lambda (x y) y)))) 
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•

•

((λ (x) (x x)) 
 (λ (x) (x x))) 

 

 

From Lecture 2 

 



•

((λ (x) (print2x x)) 
 “(λ (x) (print2x x))”) 

 

print2x  

 

(define (print2x str) 
  (printf “(~a\n ~v)\n” str str))) 



•

•

((λ (x) (print2x x)) 
 “(λ (x) (print2x x))”) 

 



((λ (x) (x x)) 
 (λ (x) (x x))) 

 

•

•

•



((λ (x) (x x)) 
 (λ (x) (x x))) 

 

((λ (x) (λ (v) ((x x) v))) 
 (λ (x) (λ (v) ((x x) v)))) 

(λ (f) 
  ((λ (x) (f (λ (v) ((x x) v)))) 
   (λ (x) (f (λ (v) ((x x) v))))) 



(define (factorial n) 
  (if (zero? n) 
   1 
   (* n (factorial (sub1 n))))) 



(define factorial 
  (λ (n) 
    (if (zero? n) 
     1 
     (* n (factorial (sub1 n)))))) 



(define factorial 
  (λ (n) 
    (if (zero? n) 
     1 
     (* n (THE-RECURSIVE-CALL (sub1 n)))))) 



(define factorial 
  (λ (THE-RECURSIVE-CALL) 
    (λ (n) 
      (if (zero? n) 
       1 
       (* n (THE-RECURSIVE-CALL (sub1 n))))))) 



(define factorial factorial-maker 
  (λ (THE-RECURSIVE-CALL) 
    (λ (n) 
      (if (zero? n) 
       1 
       (* n (THE-RECURSIVE-CALL (sub1 n))))))) 



((λ (x) (x x)) 
 (λ (x) (x x))) 

 

((λ (x) (λ (v) ((x x) v))) 
 (λ (x) (λ (v) ((x x) v)))) 

(λ (f) 
  ((λ (x) (f (λ (v) ((x x) v)))) 
   (λ (x) (f (λ (v) ((x x) v))))) 

f
factorial-maker



((λ (x) (x x)) 
 (λ (x) (x x))) 

 

((λ (x) (λ (v) ((x x) v))) 
 (λ (x) (λ (v) ((x x) v)))) 

(λ (f) 
  ((λ (x) (f (λ (v) ((x x) v)))) 
   (λ (x) (f (λ (v) ((x x) v))))) 

f
factorial-maker




