
CS450 High Level Languages

Recursive Variables 
 



Logistics 

•
•

•
•



(+ 1 2) (??? 1 2) 

Last Time 

;; A Program is one of: 
;; - Atom 
;; - Variable (Var) 
;; - `(bind [,Var ,Program] ,Program) 
;; - (cons Program List<Program>) 



;; A Program is one of: 
;; - Atom 
;; - Variable (Var) 
;; - `(bind [,Var ,Program] ,Program) 
;; - `(lm ,List<Var> ,Program) 
;; - (cons Program List<Program>) 

Last Time 



;; A Program is one of: 
;; - Atom 
;; - Variable (Var) 
;; - `(bind [,Var ,Program] ,Program) 
;; - `(lm ,List<Var> ,Program) 
;; - (cons Program List<Program>) 

(lm (x y) (+ x y)) 

( (lm (x y) (+ x y)) 10 20 ) ; lm applied 

(lm (x) (lm (y) (+ x y)) ; “curried” 

(lambda (x y) (+ x y)) 

Last Time 



;; A Program is one of: 
;; - Atom 
;; - Variable (Var) 
;; - `(bind [,Var ,Program] ,Program) 
;; - `(lm ,List<Var> ,Program) 
;; - (cons Program List<Program>) 

parse 

;; An AST is one of: 
;; … 
;; - (mk-lm-ast List<Symbol> AST) 
;; … 
 
 
 
(struct lm-ast [params body]) 
;; … 
 

(lm (x y) (+ x y)) 



(define/contract (parse p) 
  (-> Program? AST?) 
  (match p 
       ... 
   [`(lm ,(and (list (? symbol?) ...) args) ,bod) ... ] 
   [`(lm . ,_)  
     (raise-syntax-error 'parse “invalid lm syntax" p 
        #:exn exn:fail:syntax:cs450)   ] 
   [`(,fn . ,args) ... ] 
   [_ (raise-syntax-error 
        'parse "not a valid CS450 Lang program" p 
        #:exn exn:fail:syntax:cs450)])) 

(lm (x y) (+ x y)) 



(define/contract (parse p) 
  (-> Program? AST?) 
  (match p 
       ... 
   [`(lm ,(and (list (? symbol?) ...) args) ,bod) ... ] 
   [`(lm . ,_)  
     (raise-syntax-error 'parse “invalid lm syntax" p 
        #:exn exn:fail:syntax:cs450)   ] 
   [`(,fn . ,args) ... ] 
   [_ (raise-syntax-error 
        'parse "not a valid CS450 Lang program" p 
        #:exn exn:fail:syntax:cs450)])) 



;; An AST is one of: 
;; … 
;; - (mk-lm-ast List<Symbol> AST) 
;; … 
 
 
 
(struct lm-ast [params body]) 
;; … 
 

;; A Program is one of: 
;; - Atom 
;; - Variable (Var) 
;; - `(bind [,Var ,Program] ,Program) 
;; - `(lm ,List<Var> ,Program) 
;; - (cons Program List<Program>) 

parse 

run 

;; A Result is one of 
;; - ??? 
 

eval450 



(   
  (eval450  
   ( (lm (x y) (+ x y))  
     10 20 ) ) 
   30 ) 

(   
  (eval450  
   (bind [x 10] 
     ( (lm (y) (+ x y)) 20 ))) 
   30 ) ; with bind 

(   
  (eval450  
   ( (bind [x 10]  
       (lm (y) (+ x y))) 
      20 )) 
   30 ) ; with bind (lm only) 



(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(lm-ast params body) ?? params ?? (run/e body env) ??]         
         … 
     )) 
 (run/e p INIT-ENV)) 

;; An AST is one of: 
;; … 
;; - (mk-lm-ast List<Symbol> AST) 
;; … 
(struct lm-ast [params body]) 

;; run: AST -> Result 



(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(lm-ast params body) ?? params ?? (run/e body env) ??]         
         … 
     )) 
 (run/e p INIT-ENV)) 

;; An AST is one of: 
;; … 
;; - (mk-lm-ast List<Symbol> AST) 
;; … 
(struct lm-ast [params body]) 

;; run: AST -> Result 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 
(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(lm-ast params body) ?? params ?? (run/e body env) ??]         
         … 
     )) 
 (run/e p INIT-ENV)) 

Result
;; A Result is one of: 
;; - Number 
;; - ErrorResult 
;; - (Racket) Function ??? 

;; An AST is one of: 
;; … 
;; - (mk-lm-ast List<Symbol> AST) 
;; … 
(struct lm-ast [params body]) 



;; A Result is one of: 
;; - Number 
;; - ErrorResult 
;; - (Racket) Function 
;; - (mk-lm-res List<Symbol> AST ??) 
(struct lm-result [params body ??]) 

;; An AST is one of: 
;; … 
;; - (mk-lm-ast List<Symbol> AST) 
;; … 
(struct lm-ast [params body]) 

run lm-result lm-ast



(bind [x 10]  
  (lm (y) (+ x y))) 

parse 
(bind x (num 10)  
  (lm-ast (y) 
    (call (var +)  
          (list (var x) (var y))) 

run 

(lm-result (y) 
  (call (var +)  
        (list (var x) (var y)) 

x



(bind [x 10]  
  (lm (y) (+ x y))) 

parse 
(bind x (num 10)  
  (lm-ast (y) 
    (call (var +)  
          (list (var x) (var y))) 

run 

(lm-result (y) 
  (call (var +)  
        (list (var x) (var y)) 

x

lm-result

x



;; A Result is one of: 
;; - Number 
;; - ErrorResult 
;; - (Racket) Function 
;; - (mk-lm-res List<Symbol> AST ??) 
(struct lm-result [params body ??]) 

;; An AST is one of: 
;; … 
;; - (mk-lm-ast List<Symbol> AST) 
;; … 
(struct lm-ast [params body]) 

lm-result lm-ast



;; A Result is one of: 
;; - Number 
;; - ErrorResult 
;; - (Racket) Function 
;; - (mk-lm-res List<Symbol> AST Env) 
(struct lm-result [params body env]) 

Result

lm-ast lm-result

lm-ast AST

  lm-result Result 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 
(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(lm-ast params body) ?? params ?? (run/e body env) ??]         
         … 
     )) 
 (run/e p INIT-ENV)) 

Result

;; An AST is one of: 
;; … 
;; - (mk-lm-ast List<Symbol> AST) 
;; … 
(struct lm-ast [params body]) 

;; A Result is one of: 
;; - Number 
;; - ErrorResult 
;; - (Racket) Function ??? 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 
(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(lm-ast params body) ?? params ?? (run/e body env) ??]         
         … 
     )) 
 (run/e p INIT-ENV)) 

Result
;; A Result is one of: 
;; - Number 
;; - ErrorResult 
;; - (Racket) Function 
;; - (mk-lm-res List<Symbol> AST Env) 
(struct lm-result [params body env]) 

;; An AST is one of: 
;; … 
;; - (mk-lm-ast List<Symbol> AST) 
;; … 
(struct lm-ast [params body]) 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 
(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(lm-ast params body) (mk-lm-res params body env)] 
         … 
     )) 
 (run/e p INIT-ENV)) 

env 
body

;; A Result is one of: 
;; … 
;; - (mk-lm-res List<Symbol> AST Env) 
(struct lm-result [params body env]) 



(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(call fn args) (apply  
                       (run/e fn env)  
                       (map (curryr run/e env) args))]         
         … 
     )) 
 (run/e p INIT-ENV)) 

;; A Result is one of: 
;; - Number 
;; - ErrorResult 
;; - (Racket) Function 

??? 

Previously 



(define (run p) 
 
 
  (define (run/e p env) 
    (match p 
         … 
     [(call fn args) (apply  
                       (run/e fn env)  
                       (map (curryr run/e env) args))]         
         … 
     )) 
 (run/e p INIT-ENV)) 

;; A Result is one of: 
;; - Number 
;; - ErrorResult 
;; - (Racket) Function 
;; - (mk-lm-res List<Symbol> AST Env) 
(struct lm-result [params body env]) 

apply lm-result

450apply 



;; 450apply : Result List<Result> -> Result 
(define (450apply fn args) 
 … 
) 

;; A Result is one of: 
;; - … 
;; - (Racket) Function 
;; - (mk-lm-res List<Symbol> AST Env) 
(struct lm-result [params body env]) 



;; 450apply : Result List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
 … 
  [(? procedure?)        …     s)] ;; racket function 
  [(lm-result params body env)     ;; user-defined function 
         …   params         …        body      …        env])) 

;; A Result is one of: 
;; - … 
;; - (Racket) Function 
;; - (mk-lm-res List<Symbol> AST Env) 
(struct lm-result [params body env]) 



;; 450apply : Result List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
 … 
  [(? procedure?)        …     s)] ;; racket function 
  [(lm-result params body env)     ;; user-defined function 
       …     params   …      (ast-fn body … ) … (env-fn env … ) … ])) 

;; A Result is one of: 
;; - … 
;; - (Racket) Function 
;; - (mk-lm-res List<Symbol> AST Env) 
(struct lm-result [params body env]) 

env-add : Env Var Result -> Env 



;; 450apply : Result List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
 … 
  [(? procedure?)        …     s)] ;; racket function 
  [(lm-result params body env)     ;; user-defined function 
       …    (ast-fn body … ) … (env-add env ?? args params ?? ) … ])) 

env-add : Env Var Result -> Env 

;; A Result is one of: 
;; - … 
;; - (Racket) Function 
;; - (mk-lm-res List<Symbol> AST Env) 
(struct lm-result [params body env]) 



;; 450apply : Result List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
 … 
  [(? procedure?)        …     s)] ;; racket function 
  [(lm-result params body env)     ;; user-defined function 
       …    (ast-fn body … ) … (foldl env-add env params args) … ])) 

run/e : AST Env -> Result 

inside run

;; A Result is one of: 
;; - … 
;; - (Racket) Function 
;; - (mk-lm-res List<Symbol> AST Env) 
(struct lm-result [params body env]) 



;; 450apply : Result List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
 … 
  [(? procedure?)        …     s)] ;; racket function 
  [(lm-result params body env)     ;; user-defined function 
   (run/e body (foldl env-add env params args))])) 

??? 

;; A Result is one of: 
;; - … 
;; - (Racket) Function 
;; - (mk-lm-res List<Symbol> AST Env) 
(struct lm-result [params body env]) 

run/e : AST Env -> Result 



;; 450apply : Result List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
 … 
  [(? procedure?) (apply fn args)] ;; racket function 
  [(lm-result params body env)     ;; user-defined function 
   (run/e body (foldl env-add env params args))])) 

params args

;; A Result is one of: 
;; - … 
;; - (Racket) Function 
;; - (mk-lm-res List<Symbol> AST Env) 
(struct lm-result [params body env]) 



;; 450apply : Result List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
 … 
  [(? procedure?) (apply fn args)] ;; racket function 
  [(lm-result params body env)     ;; user-defined function 
   (if (= (length params) (length args)) 
       (run/e body (foldl env-add env params args)) 
       …   ])) 



;; 450apply : Result List<Result> -> Result 
(define (450apply fn args) 
 (match fn 
 … 
  [(? procedure?) (apply fn args)] ;; racket function 
  [(lm-result params body env)     ;; user-defined function 
   (if (= (length params) (length args)) 
       (run/e body (foldl env-add env params args)) 
       ARITY-ERROR)])) 

;; A Result is one of: 
;; - Number 
;; - ErrorResult 
;; - FnResult 

;; An ErrorResult is one of: 
;; - UNDEFINED-ERROR 
;; - NOT-FN-ERROR 
;; - ARITY-ERROR 

;; A FnResult is one of: 
;; - (Racket) Function 
;; - (mk-lm-res List<Symbol> AST Env) 
(struct lm-result [params body env]) 



Interlude: 

(bind [x 10] ... ) 

(bind [x 10]  
  (+ x 1)) 

(bind [x 10]  
  (x 1)) 

(bind [x 10]  
  1) 

11 

NOT-FN-ERR 

1 



Interlude: 

(bind [x bad] ... ) 

(bind [x bad]  
  (+ x 1)) 

(bind [x bad]  
  (x 1)) 

(bind [x bad]  
  1) 

UNDEF-ERR 

UNDEF-ERR 

??? 



Interlude: 

(bind [x bad] ... ) 

(bind [x bad]  
  (+ x 1)) 

(bind [x bad]  
  (x 1)) 

(bind [x bad]  
  1) 

UNDEF-ERR 

UNDEF-ERR 

??? 1 



bind

;; A Prog is one of: 
;; … 
;; - Var 
;; - `(bind [,Var ,Prog] ,Prog) 
;; … 

;; A Variable (Var) is a Symbol 

Previously 



bind

(   
  (eval450  
   (bind [x (+ x 20)]  
      x)) 
   UNDEFINED-ERROR ) 

Previously 

??? 
;; A Prog is one of: 
;; … 
;; - Var 
;; - `(bind [,Var ,Prog] ,Prog) 
;; … 



;; A Prog is one of: 
;; … 
;; - Var 
;; - `(bind [,Var ,Prog] ,Prog) 
;; - `(lm ,List<Var> ,Prog) 
;; - (cons Prog List<Prog>) 
;; … 

bind

(   
  (eval450  
   (bind [f (lm (x) (+ x 4))] 
     (f 6))) 
   10 ) 

f

(   
  (eval450  
   (bind [f (lm (x) (f x))] 
     (f 6))) 
   UNDEF-ERR) 

f



bind/rec

;; A Prog is one of: 
;; … 
;; - `(bind/rec [,Var ,Prog] ,Prog) 
;; … 





(define (fac n) 
  (if (= n 0) 
      1 
      (* n (fac (- n 1))))) 
(fac 5) ; => 120 

(letrec 
 ([fac  
   (λ (n) 
    (if (= n 0) 
        1 
        (* n (fac (- n 1))))]) 
  (fac 5)) ; => 120 



bind/rec
(letrec 
 ([fac  
   (λ (n) 
    (if (= n 0) 
        1 
        (* n (fac (- n 1))))]) 
  (fac 5)) ; => 120 

(bind/rec 
 [fac  
  (lm (n) 
    (iffy n  
          (* n (fac (- n 1)))  
          1))] 
  (fac 5)) ; => 120 

;; A Prog is one of: 
;; … 
;; - `(bind/rec [,Var ,Prog] ,Prog) 
;; - `(iffy ,Prog ,Prog ,Prog) 
;; … 



(define f 
  (λ (n) 
    (- n 1))) 

(define (f n) 
  (- n 1)) 

 define  lambda



 define  lambda letrec

(define factorial 
  (letrec 
   ([fac  
     (λ (n) 
      (if (= n 0) 
          1 
          (* n (fac (- n 1))))]) 
   fac) 

(define (factorial n) 
  (if (= n 0) 
      1 
      (* n (factorial (- n 1))))) 



• fac

• filt

• qsort 

• gcd 

•

•
•


