
CS450 High Level Languages

Function “Arithmetic” and the 

Lambda Calculus 



Logistics 

•
•



filter 

(define (filter pred? lst) 
  (cond 
   [(empty? lst) empty] 
   [else (if (pred? (first lst)) 
             (cons (first lst) (filter pred? (rest lst))) 
             (filter pred? (rest lst)))])) 

;; filter: (X -> Boolean) Listof<X> -> Listof<X> 
;; Returns a list containing elements of given list 
;; for which the 

Previously 



;; filter: (X -> Boolean) Listof<X> -> Listof<X> 
;; Returns a list containing elements of given list 
;; for which the 

(define (filter pred? lst) 
  (cond 
   [(empty? lst) empty] 
   [else (if (pred? (first lst)) 
             (cons (first lst) (filter pred? (rest lst))) 
             (filter pred? (rest lst)))])) 

filter 

;; smaller-than: Listof<Int> Int -> Listof<Int> 
;; Returns a list containing elements of given list 

(define (smaller-than lst thresh) 
  (filter (lambda (x) (< x thresh)) lst)) 

Previously 



•
•

•

 

•

•

(define (make< thresh) 
  (lambda (x) (< x thresh))) 

;; make< : Int -> (Int -> Bool) 
;; makes a function that returns true  
;; for values thresh 

(define (smaller-than lst thresh) 
  (filter (make< thresh) lst)) 



•

•

(curry < 4) 
;; = a function that returns true when given a number greater than 4 

(define (smaller-than lst thresh) 
  (filter (lambda (x) (< x thresh)) lst)) 

(define (smaller-than lst thresh) 
  (filter (curry > thresh) lst)) 

(lambda (x) (< 4 x)) 

(define (smaller-than lst thresh) 
  (filter (curryr < thresh) lst)) 



History Lesson:

•

•

•

•

•



•
•

((compose sqrt add1) 8) 

(compose sqrt add1) 
;; = a function that first applies add1 to its argument, then sqrt 

 ; = 3 

(lambda (x) (sqrt (add1 x))) 



•
•

(apply 
 above 
 (build-list 
  5 
  (compose (curryr square "solid" "blue") 
           (curry * 20) 
           add1))) 



build-list 

(build-list 4 add1)  

;; = (map add1 (list 0 1 2 3))  

;; = (list 1 2 3 4) 

Previously 



•
•

(apply 
 above 
 (build-list 
  5 
  (compose (curryr square "solid" "blue") 
           (curry * 20) 
           add1))) 

; = (list 0 1 2 3 4) 

; = (list 1 2 3 4 5) 

; = (list 20 40 60 80 100) 

; = (list (square 20 “solid” “blue”) 
          (square 40 “solid” “blue”) 
          (square 60 “solid” “blue”) 
          (square 80 “solid” “blue”) 
          (square 100 “solid” “blue”)) 

; = (above (square 20 “solid” “blue”) 
           (square 40 “solid” “blue”) 
           (square 60 “solid” “blue”) 
           (square 80 “solid” “blue”) 
           (square 100 “solid” “blue”)) 



( (lm (x) (+ x 1)) 
   10 ) 

(bind [x 10] 
  (+ x 1)) (lm (x) (+ x 1)) 

 x  10

 x  ??

 x  10

Previously 



( (lm (x) (+ x 1)) 
   10 ) 

(bind [x 10] 
  (+ x 1)) (lm (x) (+ x 1)) 

 x  10

 x  ??

 x  10

(bind [x e] body) ((lm (x) body) e) 

 x  (run e)  x  (run e) 

Previously 
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λ



History Lesson: 

•

•

•
•

•

•
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;; A ChurchNum is a function with two arguments: 
;; “fn” : a function to apply 
;; “base” : a base ("zero") value to apply to 
;; 
;; Represents: a number where the given function is  
;; applied that number of times to the given base 

(define czero 
  (lambda (f base) base)) 

(define cone 
  (lambda (f base) (f base))) 

(define ctwo 
  (lambda (f base) (f (f base)))) 

(define cthree 
  (lambda (f base) (f (f (f base))))) 

0
add 1



(define czero 
  (lambda (f base) base)) 

(define cone 
  (lambda (f base) (f base))) 

(define ctwo 
  (lambda (f base) (f (f base)))) 

(define cthree 
  (lambda (f base) (f (f (f base))))) 

;; cplus1 : ChurchNum -> ChurchNum 
;; “Adds” 1 to the given Church num 

(define cplus1 
  (lambda (n) 
    (lambda (f base)  
      (f (n f base))))) 

 

;; A ChurchNum is a function with two arguments: 
;; “fn” : a function to apply 
;; “base” : a base ("zero") value to apply to 

n + 1 



(define czero 
  (lambda (f base) base)) 

(define cone 
  (lambda (f base) (f base))) 

(define ctwo 
  (lambda (f base) (f (f base)))) 

(define cthree 
  (lambda (f base) (f (f (f base))))) 

;; cplus : ChurchNum ChurchNum -> ChurchNum 
;; “Adds” the given ChurchNums together 

(define cplus 
  (lambda (m n) 
    (lambda (f base)  
      (m f (n f base))))) 

 

n + m 



;; A ChurchNum is a function with two arguments: 
;; “fn” : a function to apply 
;; “base” : a base ("zero") value to apply to 
;; 
;; Represents: a number where the given function is  
;; applied that number of times to the given base 

(define czero 
  (lambda (f base) base)) 

(define cone 
  (lambda (f base) (f base))) 

(define ctwo 
  (lambda (f base) (f (f base)))) 

(define cthree 
  (lambda (f base) (f (f (f base))))) 

0
add 1



;; A ChurchBool is a function with two arguments, 
;; where the representation of: 
;; “true” returns the first arg, and 
;; “false” returns the second arg 

(define ctrue 
  (lambda (a b) a)) 

(define cfalse 
  (lambda (a b) b)) 



Review: 

A = True
And(A, B) = B 

A = False
And(A, B) = A 



A = True
And(A, B) = B 

A = False
And(A, B) = A 

;; cand: ChurchBool ChurchBool-> ChurchBool 
;; “ands” the given ChurchBools together 

(define cand 
  (lambda (A B) 
    (A B A))) 

(define ctrue 
  (lambda (a b) a)) 

(define cfalse 
  (lambda (a b) b)) 

;; then (A B A) = ? B 

;; if A = ctrue 

;; want (cand A B) = B 





;; then (A B A) = ? A 

;; if A = cfalse 

;; want (cand A B) = A 







A = True
Or(A, B) = A 

A = False
Or(A, B) = B 

;; cor: ChurchBool ChurchBool-> ChurchBool 
;; “or” the given ChurchBools together 

(define cor 
  (lambda (A B) 
    (A A B))) 

(define ctrue 
  (lambda (a b) a)) 

(define cfalse 
  (lambda (a b) b)) 

;; then (A A B) = ? A 

;; if A = ctrue 

;; want (cor A B) = A 





;; then (A A B) = ? B 

;; if A = cfalse 

;; want (cor A B) = B 







;; cif: ChurchBool Any Any -> Any 
;; test p is either Church "true" or "false": 
;; if p = true, result is first branch 
;; if p = false, result is second branch 

(define cif 
  (lambda (test then else) 
    (test then else))) 

(define ctrue 
  (lambda (a b) a)) 

(define cfalse 
  (lambda (a b) b)) 





(define ccons 
  (lambda (x y) 
    (lambda (get) 
      (get x y)))) 

;; A ChurchPair<X,Y> 1-arg function, where 
;; the arg fn is applied to (i.e., "selects") the X and Y data values 

;; ccons: X Y -> ChurchPair<X,Y> 

(define cfirst 
  (lambda (cc) 
    (cc (lambda (x y) x)))) 

(define csecond 
  (lambda (cc) 
    (cc (lambda (x y) y)))) 





•
•

•

•
•

•

•

•

•



 

((λ (x) (printf "(~a\n ???)\n" x ???)) 
 "(λ (x) (printf \"(~a\\n ???)\\n\" x ???))") 


