
CS450 High Level Languages

Generative Recursion 
 (going beyond the template?!) 



Logistics 

•
•



bind

;; A Prog is one of: 
;; … 
;; - Var 
;; - `(bind [,Var ,Prog] ,Prog) 
;; … 

;; A Variable (Var) is a Symbol 

Previously 



bind

(   
  (eval450  
   (bind [x (+ x 20)]  
      x)) 
   UNDEFINED-ERROR ) 

Previously 

??? 
;; A Prog is one of: 
;; … 
;; - Var 
;; - `(bind [,Var ,Prog] ,Prog) 
;; … 



;; A Prog is one of: 
;; … 
;; - Var 
;; - `(bind [,Var ,Prog] ,Prog) 
;; - `(lm ,List<Var> ,Prog) 
;; - (cons Prog List<Prog>) 
;; … 

bind

(   
  (eval450  
   (bind [f (lm (x) (+ x 4))] 
     (f 6))) 
   10 ) 

f

(   
  (eval450  
   (bind [f (lm (x) (f x))] 
     (f 6))) 
   UNDEF-ERR) 

f



bind/rec

;; A Prog is one of: 
;; … 
;; - `(bind/rec [,Var ,Prog] ,Prog) 
;; … 





(define (fac n) 
  (if (= n 0) 
      1 
      (* n (fac (- n 1))))) 
(fac 5) ; => 120 

(letrec 
 ([fac  
   (λ (n) 
    (if (= n 0) 
        1 
        (* n (fac (- n 1))))]) 
  (fac 5)) ; => 120 



bind/rec
(letrec 
 ([fac  
   (λ (n) 
    (if (= n 0) 
        1 
        (* n (fac (- n 1))))]) 
  (fac 5)) ; => 120 

(bind/rec 
 [fac  
  (lm (n) 
    (iffy n  
          (* n (fac (- n 1)))  
          1))] 
  (fac 5)) ; => 120 

;; A Prog is one of: 
;; … 
;; - `(bind/rec [,Var ,Prog] ,Prog) 
;; - `(iffy ,Prog ,Prog ,Prog) 
;; … 



(define f 
  (λ (n) 
    (- n 1))) 

(define (f n) 
  (- n 1)) 

 define  lambda 



 define  lambda letrec

(define factorial 
  (letrec 
   ([fac  
     (λ (n) 
      (if (= n 0) 
          1 
          (* n (fac (- n 1))))]) 
   fac) 

(define (factorial n) 
  (if (= n 0) 
      1 
      (* n (factorial (- n 1))))) 



parse 

run 

;; A Result is a: 
;; - … 

;; An AST is one of: 
;; … 
;; - (mk-recb Symbol AST AST) 
;; … 
(struct recb [var expr body]) 

bind/rec

;; A Prog is one of: 
;; … 
;; - `(bind/rec [,Var ,Prog] ,Prog) 
;; … 



run 

;; A Result is a: 
;; - … 

;; An AST is one of: 
;; … 
;; - (mk-recb Symbol AST AST) 
;; … 
(struct recb [var expr body]) 

bind/rec

;; run: AST -> Result  
;; Computes result of 
running CS450 Lang AST 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
 
  (define (run/e p env) 
    (match p 
  … 
     [(recb x e body) ?? x   ??      e       ??      body )))] 
   … )) 
 (run/e p  ???  )) 

;; An AST is one of: 
;; … 
;; - (mk-recb Symbol AST AST) 
;; … 
(struct recb [var expr body]) 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
 
  (define (run/e p env) 
    (match p 
  … 
     [(recb x e body) ?? x ?? (run/e e ??) ??((run/e body ??) ))] 
   … )) 
 (run/e p  ???  )) 

;; An AST is one of: 
;; … 
;; - (mk-recb Symbol AST AST) 
;; … 
(struct recb [var expr body]) 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
  ;; accumulator env : Environment 
  (define (run/e p env) 
    (match p 
  … 
     [(recb x e body) ?? x ?? (run/e e ??) ??((run/e body ??) ))] 
   … )) 
 (run/e p INIT-ENV )) 

;; An Environment (Env) is one of: 
;; - empty 
;; - (cons (list Var Result) Env) 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

(define (run p) 
  ;; accumulator env : Environment 
  ;; invariant: Contains variable+result pairs that are in-scope 
  (define (run/acc p env) 
    (match p 
     [(num n) n] 
     [(add x y) (450+ (run x) (run y))])) 
 (run/acc p  ???  )) 

bind/rec

(define (run p) 
  ;; accumulator env : Environment 
  (define (run/e p env) 
    (match p 
  … 
     [(recb x e body)  
      (define env/x (env-add env x (run/e e env))  
      (run/e body env/x)] 
   … )) 
 (run/e p INIT-ENV )) 

add x

x



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 
(define (run p) 
  ;; accumulator env : Environment 
  (define (run/e p env) 
    (match p 
  … 
     [(recb x e body)  
      (define env/x (env-add env x (run/e e env))  
      (run/e body env/x)] 
   … )) 
 (run/e p INIT-ENV )) 

(bind/rec 
 [fac  
  (lm (n) 
    (iffy n  
          (* n (fac (- n 1)))  
          1))] 
  (fac 5)) ; => 120 

bind/rec

 

env/x 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
  (define (run/e p env) 
    (match p  … 
     [(recb x e body)  
      (define placeholder (box CIRCULAR-ERROR)  
      (define env/x (env-add env x (run/e e       ))  
      (define x-result (run/env e env/x) 
      (set-box! placeholder x-result) 
      (run/env body env/x)] 
     … )) 
 (run/e p INIT-ENV )) 

env/x 

 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
  (define (run/e p env) 
    (match p  … 
     [(recb x e body)  
      (define placeholder (box CIRCULAR-ERROR)  
      (define env/x (env-add env x placeholder)  
      (define x-result (run/env e env/x) 
      (set-box! placeholder x-result) 
      (run/env body env/x)] 
     … )) 
 (run/e p INIT-ENV )) 

;; A Result is a: 
;; … 
;; - CIRCULAR-ERROR 

;; A Result is a: 
;; - Number 
;; - FunctionResult 
;; - ErrorResult 

;; An ErrorResult is a: 
;; - UNDEFINED-ERROR 
;; - ARITY-ERROR 
;; - CIRCULAR-ERROR 

(bind/rec [f f] f) 
 ; => CIRCULAR-ERROR 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
  (define (run/e p env) 
    (match p  … 
     [(recb x e body)  
      (define placeholder (box CIRCULAR-ERROR)  
      (define env/x (env-add env x placeholder)  
      (define x-result (run/env e env/x) 
      (set-box! placeholder x-result) 
      (run/env body env/x)] 
     … )) 
 (run/e p INIT-ENV )) 

… … 

x CIRCULAR-ERROR 

env/x 

;; An Environment (OLD) (Env) is one of: 
;; - empty 
;; - (cons (list Var Result) Env) 

;; An Environment (Env) is a: Listof<(list Var EnvVal)> 

;; An EnvVal is one of: 
;; - Result 
;; - Box<Result> 

 
 

??? 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
  (define (run/e p env) 
    (match p  … 
     [(recb x e body)  
      (define placeholder (box CIRCULAR-ERROR)  
      (define env/x (env-add env x placeholder)  
      (define x-result (run/env e env/x) 
      (set-box! placeholder x-result) 
      (run/env body env/x)] 
     … )) 
 (run/e p INIT-ENV )) 

(bind/rec [f f] f) 
 ; => CIRCULAR-ERROR 

… … 

x CIRCULAR-ERROR 

env/x 
x  

 
x



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
  (define (run/e p env) 
    (match p  … 
     [(recb x e body)  
      (define placeholder (box CIRCULAR-ERROR)  
      (define env/x (env-add env x placeholder)  
      (define x-result (run/env e env/x) 
      (set-box! placeholder x-result) 
      (run/env body env/x)] 
     … )) 
 (run/e p INIT-ENV )) 

… … 

x CIRCULAR-ERROR x-result 

env/x 



;; run: AST -> Result  
;; Computes result of 
running CS450js AST 

(define (run p) 
  (match p 
   [(num n) n] 
   [(add x y) (450+ (run x) (run y))])) 

bind/rec

(define (run p) 
  (define (run/e p env) 
    (match p  … 
     [(recb x e body)  
      (define placeholder (box CIRCULAR-ERROR)  
      (define env/x (env-add env x placeholder)  
      (define x-result (run/env e env/x) 
      (set-box! placeholder x-result) 
      (run/env body env/x)] 
     … )) 
 (run/e p INIT-ENV )) 

… … 

x CIRCULAR-ERROR x-result 

env/x 

body
x

(bind/rec 
 [fac  
  (lm (n) 
    (iffy n  
          (* n (fac (- n 1)))  
          1))] 
  (fac 5)) ; => 120 





•

(define (lst-fn lst) 
  (cond  
   [(empty? lst) …] 
   [else … (first lst) … (lst-fn (rest lst)) …])) 

;; A List<X> is 
;; - empty 
;; - (cons X List<X>) 

Previously 



•



•

;; gcd : Nat Nat -> Nat 
;; computes greatest common divisor, using Euclid’s algorithm 
;; 
;; m is halved (at least) every iteration (via modulo fn) 
(define (gcd n m) 
  (if (= m 0) 
      n 
      (gcd m (modulo n m)) 



•

•

•

;; gcd : Nat Nat -> Nat 
;; computes greatest common divisor, using Euclid’s algorithm 
;; 
;; m is halved (at least) every iteration (via modulo fn) 
(define (gcd n m) 
  (if (= m 0) 
      n 
      (gcd m (modulo n m)) 



•

•



•

•



•

•



•

•

;; genrec-algo: ??? -> ??? 
;; termination argument: recursive calls are “smaller” bc … 
(define (genrec-algo problem) 
  (cond 
   [( problem) ( problem)] ;; base case 
   [else (
           (genrec-algo ( problem)) 
               … 
           (genrec-algo ( problem)))])) 



•

•

;; genrec-algo: ??? -> ??? 
;; termination argument: recursive calls are “smaller” bc … 
(define (genrec-algo problem) 
  (cond 
   [( problem) ( problem)] ;; base case 
   [else (
           (genrec-algo ( problem)) 
               … 
           (genrec-algo ( problem)))])) 



•

•

;; genrec-algo: ??? -> ??? 
;; termination argument: recursive calls are “smaller” bc … 
(define (genrec-algo problem) 
  (cond 
   [( problem) ( problem)] ;; base case 
   [else (
           (genrec-algo ( problem)) 
               … 
           (genrec-algo ( problem)))])) 



•

•

;; genrec-algo: ??? -> ??? 
;; recursive calls are “smaller” bc … 
(define (genrec-algo problem) 
  (cond 
   [( problem) ( problem)] ;; base case 
   [else (
           (genrec-algo ( problem)) 
               … 
           (genrec-algo ( problem)))])) 



;; genrec-algo: ??? -> ??? 
 
(define (genrec-algo problem) 
  (cond 
   [( problem) ( problem)] ;; base case 
   [else (
           (genrec-algo ( problem)) 
               … 
           (genrec-algo ( problem)))])) 

(define (lst-fn lst) 
  (cond  
   [(empty? lst) …] 
   [else … (first lst) … (lst-fn (rest lst)) …])) 

•

•

•



;; smaller-than: ListofInt Int -> ListofInt 
;; Returns a list containing elements of given list 
;; that are the given int 

;; larger-than: ListofInt Int -> ListofInt 
;; Returns a list containing elements of given list 
;; that are the given int 

(check-equal? 
  (smaller-than (list 1 3 4 5 9) 4) 
                (list 1 3)) 

(check-equal? 
  (greater-than (list 1 3 4 5 9) 4) 
                (list 5 9)) 

;; qsort: ListofInt -> ListofInt 
;; sorts the given list of ints in ascending order 
(define (qsort lst) 
  (define pivot (random lst)) 
  (append (qsort (smaller-than lst pivot))  
          (list pivot)  
          (qsort (greater-than lst pivot)))) 

Previously 



•

•

•



;; qsort: List<Int> -> List<Int> 
;; termination argument:  
;; recursive calls drop at least pivot 
(define (qsort lst) 
  (cond 
   [(trivial? problem) (solve-easy lst)] ;; base case 
   [else  
    (define pivot (first lst)) 
    (combine-solutions 
      (qsort (smaller-problem-1 lst)) 
      (cons pivot …  
      (qsort (smaller-problem-n lst)))])) 

•

•



;; qsort: List<Int> -> List<Int> 
;; termination argument:  
;; recursive calls drop at least pivot 
(define (qsort lst) 
  (cond 
   [(trivial? problem) (solve-easy lst)] ;; base case 
   [else  
    (define pivot (first lst)) 
    (combine-solutions 
      (qsort (filter (curry > pivot) (rest lst))) 
      (cons pivot …  
      (qsort (filter (curry <= pivot) (rest lst))))])) 

•

•

(curry f arg1)

(lambda (arg2) (f arg1 arg2))
(curry > pivot)

(lambda (x) (> pivot x))



;; qsort: List<Int> -> List<Int> 
;; termination argument:  
;; recursive calls drop at least pivot 
(define (qsort lst) 
  (cond 
   [(trivial? problem) (solve-easy lst)] ;; base case 
   [else  
    (define pivot (first lst)) 
    (combine-solutions 
      (qsort (filter (curry > pivot) (rest lst))) 
      (cons pivot …  
      (qsort (filter (curry <= pivot) (rest lst))))])) 

•

•



;; qsort: List<Int> -> List<Int> 
;; termination argument:  
;; recursive calls drop at least pivot 
(define (qsort lst) 
  (cond 
   [(empty? lst) empty] ;; base case 
   [else  
    (define pivot (first lst)) 
    (combine-solutions 
      (qsort (filter (curry > pivot) (rest lst))) 
      (cons pivot …  
      (qsort (filter (curry <= pivot) (rest lst))))])) 

•

•



;; qsort: List<Int> -> List<Int> 
;; termination argument:  
;; recursive calls drop at least pivot 
(define (qsort lst) 
  (cond 
   [(empty? lst) empty] ;; base case 
   [else  
    (define pivot (first lst)) 
    (append 
      (qsort (filter (curry > pivot) (rest lst))) 
      (list pivot)  
      (qsort (filter (curry <= pivot) (rest lst))))])) 

•

•



;; qsort: List<Int> -> List<Int> 
;; 
;; recursive calls “smaller” bc at least one item dropped (pivot) 
(define (qsort lst) 
  (cond 
   [(empty? lst) empty] ;; base case 
   [else  
    (define pivot (first lst)) 
    (append 
      (qsort (filter (curry > pivot) (rest lst))) 
      (list pivot)  
      (qsort (filter (curry <= pivot) (rest lst))))])) 



;; qsort: List<Int> -> List<Int> 
;; 
;; recursive calls “smaller” bc ... 
(define (qsort lst) 
  (cond 
   [(empty? lst) empty] ;; base case 
   [else  
    (define pivot (first lst)) 
    (append 
      (qsort (filter (curry > pivot) (rest lst))) 
      (list pivot)  
      (qsort (filter (curry <= pivot) (rest lst))))])) 



;; qsort: List<Int> -> List<Int> 
;; 
;; recursive calls “smaller” bc ... 
(define (qsort lst) 
  (cond 
   [(empty? lst) empty] ;; base case 
   [else  
    (define pivot (first lst)) 
    (append 
      (qsort (filter (curry > pivot) (rest lst))) 
      (list pivot)  
      (qsort (filter (curry <= pivot) (rest lst))))])) 



;; qsort: List<Int> -> List<Int> 
;; 
;; recursive calls “smaller” bc ... 
(define (find-sol row col) 
  (cond 
   [(found-sol? row col …) … DONE …] ;; base case 
   [(at-last-col? … col …) (find-sol (next row) FIRST-COLUMN)] 
   [(at-last-row? … row …) … NO-SOLUTION … ] 
   [else  
            … 
 
                                                       ])) 



;; qsort: List<Int> -> List<Int> 
;; 
;; recursive calls “smaller” bc ... 
(define (find-sol row col) 
  (cond 
   [(found-sol? row col …) … DONE …] ;; base case 
   [(at-last-col? … col …) (find-sol (next row) FIRST-COLUMN)] 
   [(at-last-row? … row …) … NO-SOLUTION … ] 
   [else  
            … 
 
                                                       ])) 



•

•

•



•

•

•

•



•

•

•

•

•



•

•

•

•

•

•
•

•



• n n n



• n n n

•

•

•





















•
•

•
•

•
•

•

•

•
•

•



;; 
;; recursive calls “smaller” bc ... 
(define (find-sol x y …) 
  (cond 
   [(done? …) … DONE …] 
   [(at-last-col? … x …) (find-sol FIRST-X (next y) …)] 
   [(no-solution? … ) … FAIL-RESULT … ] 
   [else  
    (if (no-threaten? x y current-solution) 
        (let ([maybe-sol  
              (find-sol x (next y) (update x y curr-solution))]) 
         (if (valid? maybe-sol) 
              maybe-sol 
             (find-sol (next x) y curr-solution)) 
        (find-sol (next x) y curr-solution))])) 



;; 
;; recursive calls “smaller” bc ... 
(define (find-sol x y curr-solution) 
  (cond 
   [(done? curr-solution …) … DONE …] ;; base case - success 
   [(at-last-col? … x …) (find-sol FIRST-X (next y) …)] ; try next 
   [(no-solution? … ) … FAIL-RESULT … ] ;; base case - fail 
   [else  
    (if (no-threaten? x y current-solution) 
        (let ([maybe-sol  
              (find-sol x (next y) (update x y curr-solution))]) 
         (if (valid? maybe-sol) 
              maybe-sol 
             (find-sol (next x) y curr-solution)) 
        (find-sol (next x) y curr-solution))])) 



;; 
;; recursive calls “smaller” bc ... 
(define (find-sol x y curr-solution) 
  (cond 
   [(done? curr-solution …) … DONE …] 
   [(at-last-col? … x …) (find-sol FIRST-X (next y) …)] 
   [(no-solution? … ) … FAIL-RESULT … ] 
   [else  
    (if (no-threaten? x y curr-solution) 
        (let ([maybe-sol  
              (find-sol x (next y) (update x y curr-solution))]) 
         (if (valid? maybe-sol) 
              maybe-sol 
             (find-sol (next x) y curr-solution)) 
        (find-sol (next x) y curr-solution))])) 



;; 
;; recursive calls “smaller” bc ... 
(define (find-sol x y curr-solution) 
  (cond 
   [(done? curr-solution …) … DONE …] 
   [(at-last-col? … x …) (find-sol FIRST-X (next y) …)] 
   [(no-solution? … ) … FAIL-RESULT … ] 
   [else  
    (if (no-threaten? x y curr-solution) 
        (let ([maybe-sol  
              (find-sol x (next y) (update x y curr-solution))]) 
         (if (valid? maybe-sol) 
              maybe-sol 
             (find-sol (next x) y curr-solution)) 
        (find-sol (next x) y curr-solution))])) 



;; 
;; recursive calls “smaller” bc ... less possible solutions to try 
(define (find-sol x y curr-solution) 
  (cond 
   [(done? curr-solution …) … DONE …] 
   [(at-last-col? … x …) (find-sol FIRST-X (next y) …)] 
   [(no-solution? … ) … FAIL-RESULT … ] 
   [else  
    (if (no-threaten? x y curr-solution) 
        (let ([maybe-sol  
              (find-sol x (next y) (update x y curr-solution))]) 
         (if (valid? maybe-sol) 
              maybe-sol 
             (find-sol (next x) y curr-solution)) 
        (find-sol (next x) y curr-solution))])) 



;; termination argument:  
;; recursive calls “smaller” bc ... less possible solutions to try 
(define (find-sol x y curr-solution) 
  (cond 
   [(done? curr-solution …) … DONE …] 
   [(at-last-col? … x …) (find-sol FIRST-X (next y) …)] 
   [(no-solution? … ) … FAIL-RESULT … ] 
   [else  
    (if (no-threaten? x y curr-solution) 
        (let ([maybe-sol  
              (find-sol x (next y) (update x y curr-solution))]) 
         (if (valid? maybe-sol) 
              maybe-sol 
             (find-sol (next x) y curr-solution)) 
        (find-sol (next x) y curr-solution))])) 

;; nqueens : Nat -> List<Queen> 
;;  … … 

;; A Queen is a  
;; … row and column … 



;; termination argument:  
;; recursive calls “smaller” bc ... less possible solutions to try 
(define (find-sol x y curr-solution) 
  (cond 
   [(done? curr-solution …) … DONE …] 
   [(at-last-col? … x …) (find-sol FIRST-X (next y) …)] 
   [(no-solution? … ) … FAIL-RESULT … ] 
   [else  
    (if (no-threaten? x y curr-solution) 
        (let ([maybe-sol  
              (find-sol x (next y) (update x y curr-solution))]) 
         (if (valid? maybe-sol) 
              maybe-sol 
             (find-sol (next x) y curr-solution)) 
        (find-sol (next x) y curr-solution))])) 

;; nqueens : Nat -> Maybe<List<Queen>> 
;;  … … 



;; nqueens : Nat -> Maybe<List<Queen>> 
;;  … … 

;; A Maybe<X> is either: 
;; - false 
;; - X 



•

•
•

•

(define (2queens-safe? q1 q2) (not (threaten? q1 q2))) 
 
(define (threaten? q1 q2) 
  (or (same-row? q1 q2) 
      (same-col? q1 q2) 
      (same-diag? q1 q2))) 
 
(define (queenlist-safe? qlst)  
  (andmap … 2queens-safe? … qlst … )) 





















Interlude

•

•





https://www.interviewkickstart.com/learn/difference-between-recursion-and-iteration 



https://www.interviewkickstart.com/learn/difference-between-recursion-and-iteration 







for







•
•

• JUMP

•
• JUMP

•
•



•

•
• recur 
• @tailrec 

• JAVASCRIPT

•

•



for







https://webkit.org/blog/6240/ecmascript-6-proper-tail-calls-in-webkit/ 

https://compat-table.github.io/compat-table/es6/ 

https://v8.dev/blog/wasm-tail-call 



https://www.interviewkickstart.com/learn/difference-between-recursion-and-iteration 



Interlude 



for

(for/list ([x lst]) (add1 x)) 

(map add1 lst) 

(for/list ([x n]) (add1 x)) 

(build-list n add1) 

(for/list ([x lst] #:when (odd? x)) (add1 x)) 

(filter odd? (map add1 lst)) 

(for/sum ([x lst] #:when (odd? x)) (add1 x)) 

(foldl + 0 (filter odd? (map add1 lst))) 



for*
for 


