lecture26

CS 420 / CS 620
NP

Wednesday, December 3, 2025
UMass Boston Computer Science

Who doesn't like niche NP jokes?

AN ENGINEER, A PUYSICIST,
AND A MATHEMATICIAN ARE
ROOMMEATES AND ARE
MOVING TO A NEW PLACE.

AS THE MOVER PULLS UP, THE
MATHEMATICIAN WORRIES
THERE ISN'T ENOQUGH ROOM.

THE MOVER REASSURES THEM.

THE ENGINEER SAYS..

T BEEN AT THIS 30 YEARS.

T CAN LQOK AT ANY AMQUNT
OF STOFF AND INSTANTLY
TELL YA IF IT CAN FIT IN THeE
MOVING BINS.

IT'S OBVIQUS IT CAN FIT.
ANYTHING THAT DOESN'T GO
IN THE BINS CAN BE TAPED
TO THE ROOF.

e

THE PHYSICIST SAYS..

IT'S OBVIOUS IT CAN FIT. IF

IT WERE THE DENSITY OF A
NEUTRON STAR, QUR STUFF
WOULD EBE THE SIZE OF A
BASEBALL.

THE MATHEMATICIAN SAYS...

PLEASE DON'T
HACK My EMAILY

smbe -comics.com



lecture26

ﬁ/{/{d«/{&@/r{e/ﬂf@

e HW 12
~Out-Mon 11/24 12pm (noon)
 Due: Fri 12/5 12pm (noon)

Who doesn't like niche NP jokes?

AN ENGINEER, A PUYSICIST,
AND A MATHEMATICIAN ARE
ROOMMEATES AND ARE
MOVING TO A NEW PLACE.

AS THE MOVER PULLS UP, THE
MATHEMATICIAN WORRIES
THERE ISN'T ENOQUGH ROOM.

THE MOVER REASSURES THEM.

THE ENGINEER SAYS..

Last HW

e« HW 13
 Out: Fri 12/5 12pm (noon)

 Due: Fri 12/12 12pm (noon) (classes end)

« Late due: Mon 12/15 12pm (noon) (exams start)
« Nothing accepted after this (please don't ask)

T BEEN AT THIS 30 YEARS.

T CAN LQOK AT ANY AMQUNT
OF STOFF AND INSTANTLY
TELL YA IF IT CAN FIT IN THeE
MOVING BINS.

/

IT'S OBVIQUS IT CAN FIT.
ANYTHING THAT DOESN'T GO
IN THE BINS CAN BE TAPED

THE PHYSICIST SAYS..

IT'S OBVIOUS IT CAN FIT. IF
IT WERE THE DENSITY OF A
NEUTRON STAR, QUR STUFF
WOULD EBE THE SIZE OF A
BASEBALL.

THE MATHEMATICIAN SAYS...

PLEASE DON'T
HACK My EMAILY

smbe -comics.com



Class participation guestion (in Gradescope)

Q1 Which of the following are ways to show that a language
isin NP?
1 Point

(select all that apply)

[] create a deterministic poly time decider
[] create a non-deterministic poly time decider
[] create a deterministic poly time verifier

[] create a non-deterministic poly time verifier



Fresinsty: POly Time Complexity Class (P)

P is the class of languages that are decidable in polynomial time on
a deterministic single-tape 'Turing machine. In other words,

P = | TIME(n").

 Corresponds to “realistically” solvable problems:
* ProblemsinP
« ="“solvable” or “tractable”

* Problems outside P
e =“unsolvable” or “intractable”



Previsly: 3 Problems in P

“search” problem
e A Graph Problem: ‘/(to accept the string, decider must find a path)
PATH = {(G, s,t)| G is a directed graph that has a directed path from s to ¢}

* ANumber Problem:
RELPRIME = {{x,y)| z and y are relatively prime}

A CFL Problem:

Every context-free language is a member of P




Search vs Verification

» Search problems are often unsolvable
* But, verification of a search result is usually solvable

~28 BITS OF ENTROPY | [ \WAS IT TROMBONE? NG,

EXAMPLES @g% m R o || T
* FACTORING Tr@ub4dor &3 .éosé@f;? Qg‘,??ﬁ;‘jﬁi?
» Unsolvable: Find factors of 8633 o S%M%m Twm By
* Must “try al.l” possibilities (opimenenn  PNCUTON || OV Sss: || DY T AMErces
 Solvable: Verify 89 and 97 are factors of 8633 ——
« Just do multiplication PR
correct horse ba’clter_g s’canlg S
e PASSWORDS . Fojm,m; || ook
» Unsolvable: Find my umb . edu password oL o s |
* Solvable : Verify whether my umb.edu password is .. e Vo o R L SCESLY T

« “correct horse battery staple” TO REMEMBER, BUT EASY FOR COMPUTERS To GUESS.



The PATH Problem

PATH = {(G, s,t)| G is a directed graph that has a directed path from s to ¢}

* |[t's a search problem:
- Exponential time (brute force) algorithm (n"):
« Check all n” possible paths and see if any connectsand t

e Polynomial time algorithm:
Do a breadth-first search (roughly), marking “seen” nodes as we go (n = # nodes)

PROOF A polynomial time algorithm M for PATH operates as follows.

M = “On input (G, s, t), where G is a directed graph with nodes s and t:
1. Place a mark on node s. p
2. Repeat the following until no additional nodes are marked: 0(" )

3.  Scan all the edges of G. If an edge (a, b) is found going from
a marked node a to an unmarked node b, mark node b.

4. Iftis marked, accept. Otherwise, reject.”




Verifying a PATH

PATH = {(G, s,t)| G is a directed graph that has a directed path from s to ¢}

The verification problem:

« Given some path p in G, check that it is a path from sto ¢
NOTE: extra argument p,
“Verifying” an answer requires
having a potential answer to check!

* Let m = length of longest possible path = # ed

Verifier V= 0n input <G, s, t, p>, where pis some set of edges:
1. Check some edge in p has “from” node s; mark and set it as “current” edge

* Max steps = O(m)

2. Loop: While there remains unmarked edges in p:

1. Find the “next” edge in p, whose “from” node is the “to” node of “current” edge
2. |ff0und’ then mark that ed?‘n and cat it ac “Fiirrant” alen roiart

« Each loop iteration: O(m)

* # loops: O(m)
« Total looping time = O(m?)

3. Check “current” edge has “to” node t; if yes accept, else reject

« Total time = O(m) + O(m?) 5 0(m?)

= polynomial in m

v |

PATH can be verified
in polynomial time



Verifiers, Formally

PATH = {(G, s,t)| G 1s a directed graph that has a|directed path|from s to ¢}
|

.. With extra argument:
can be any string that helps
to find a result in poly time

(is often just a potential
result itself)

Decider ...

A verifier for a language A is an ‘flgorithm V, where

A = {w| V accepts (w, ¢) for some string c¥.

_ . . certificate, or proof
We measure the time of a verifier only in terms of the length of w,

so a polynomial time verifier runs in polynomial time in the length

of w. A language A is polynomially verifiable if it has a polynomial
time verifier.

« NOTE: a certificate ¢ must be at most length n*, where n = length of w
* Why? | Because it takes time n* to read it

So PATH is polynomially verifiable



The class NP

DEFINITION

NP is the class of languages that have polynomial time verifiers.

e PATH s in NP, and P



The HAMPATH Problem ‘)(

HAMPATH = {(G, s,t)| G is a directed graph
with a Hamiltonian path from s to ¢}

« A Hamiltonian path goes through every node in the graph

>

S t

* The Search problem: =" :

 Exponential time (brute force) algorithm:
« Check all possible paths and see if any connect s and ¢ using all nodes
« Polynomial time algorithm: 222

« We don't know if there is onelll

 The Verification problem:
e Still 0(m?)! (same verifier for PATH)
« HAMPATH is polynomially verifiable, but not polynomially decidable




The class NP

DEFINITION

NP is the class of languages that have polynomial time verifiers.

e PATH is In NP, and P
« HAMPATH is In NP, but it's unknown whether it's in P




Definition: NP_is the class of languages that have polynomial time verifiers.

NOTE: a verifier cert is usually a
potential “answer”, but does
not have to be (like here)

Certificate ¢

ererminnc | < If @ language has a non-deterministic poly time decider, then it is in NP specifies a path

(verifier) TMs |« \We know: L has NTM decider N,
cannot “call” non- )
deterministictms | ®© Need to: show L is

. - - . ?
: On Input <w, c> = | potentially exponential slowdown? But which path to take:
Because Converting R ;
NTM to deterministic ||* Convert N to deterministic TM, and run it on w, ?\l

s exsl‘;;‘veer;fia“y « Let certificate c dictate which computation path to follow




NP

NTIME(@#(n)) = {L| L is a language decided by an O(¢(n)) time

nondeterministic Turing machine}.

NP = J, NTIME(n")

NP = Nondeterministic polynomial time




NP vs P

P is the class of languages that are decidable in polynomial time on
a deterministic single-tape Turing machine. In other words,

P = JTIME(n*).
k

P = Deterministic polynomial time

NTIME(@#(n)) = {L| L is a language decided by an O(¢(n)) time

nondeterministic Turing machine}.

NP p— Uk NTIME(nk) Also, NP = Deterministic

polynomial time verification

NP = Nondeterministic polynomial time




More NP Problems

e CLIQUE = {(G, k)| G is an undirected graph with a k-clique}
« A clique is a subgraph where every two nodes are connected

()

« A k-clique contains k nodes ¢

O

()

@)

« SUBSET-SUM :{<Sat>|52{$1,...,wk}, and for some
{850 il € @, -

., Tk}, we have Yy, = t}



Theorem: CLIQUE is in NP Y

Q-
\

A verifier for a language A is an algorithm V, where

e CLIQUE = {(G, k)| G is an undirected graph with a k-clique}
0SS!

PROOF IDEA The clique is the certificate. :
A1 Let n=# nodes In G

PROOF The following is a verifier V' for CLIQUE. Cert ¢ has at most n nodes

o« . _ For each: nodein certcg,
V'=“On input ((G, k), C>_‘ _ _ check whether it'sin G,
1. Test whether c is a subgraph with & nodes in G.

2. 'Test whether G contains all edges connecting nodes in c.

3. If both pass, accept; otherwise, reject.” For each: pair of nodes in cert c,
check whether there’s an edge in G,

runtime: O(n)

runtime: 0(n?)

A = {w| V accepts (w, ¢) for some string c}. How to prove a language IS In NP:
We measure the time of a verifier only in terms of the length of w, Proof te Chnlque #1: create a pPo ly time verifier

so a polynomial time verifier runs in polynomial time in the length

of w. A language A is polynomially verifiable if it has a polynomial

time verifier.

NP is the class of languages that have polynomial time verifiers.



Proof 2: CLIQUE is in NP /M

CLIQUE = {(G, k)| G is an undirected graph with a k-clique}

— ——— — — — — — — — —

N = “On input (G, k), where G is a graph: I

C . “try all subgraphs”
1. Nondeterministically select a subset ¢ of k£ nodes of G.

2. 'lest whether GG contains all edges connecting nodes in c. |

| 3. Ifyes, accept; otherwise, reject.” Check whether a
— — —— — —_——— - subgraph is clique:

— : Runtime: 0(n?)
To prove a lang L Is In NP, create either a:

1. Deterministic poly time verifier
2. Nondeterministic poly time decider

How to prove a language Is in NP:
Proof technique #2: create an,NTM

THEOREM ---------------------------------------------------------------------------------------- fasmssmsnnssmssssnm s n

Don't forget to count the steps
§ P A language is in NP iff it is decided by some nondeterministic polynomial time

Turing machine.



More NP Problems

e CLIQUE = {(G, k)| G 1s an undirected graph with a k-clique}
« A clique is a subgraph where every two nodes are connected

A k-clique contains k nodes

set

@ @,

sum O @

o SUBSET-SUM = {(S,t)| S ={x1,...,xr}, and for some

subset

—{y1,...,u} CH{z1,..., 21}, we have Xy; = t}—

sum

« Some subset of a set of numbers S must sum to some total ¢

* €8, (

4,

11, 16,21

.27}, 25) € SUBSET-SUM




Theorem: SUBSET-SUM is in NP

SUBSET-SUM = {($.1)| S = {x1,....zx}, and for some
{ylﬁ"'7yl} g {I:[}'-*;Ik}: we hﬂve Eyt :f}

possible _
PROOF IDEA 'Thesubsetis the c:f:rtlf'uf.:atei

To prove a lang is in NP, create either: PROOF The following is a verifier V for SUBSET-SUM.

1. Deterministic poly time verifier V = “On input (S, ), ¢):
2. Nondeterministic poly time decider 1 '

. Test whether ¢ is a collection of numbers that sum to ¢.

2. Test whether S contains all the numbers in c.
3. If both pass, accept; otherwise, reject.”

Don’t forget to compute run time!
Does this run in poly time?




Proof 2:  SUBSET-SUM is in NP

SUBSET-SUM = {<S= t>| S = {3'313 cee -'I»'k}, and for some
{yl"'"’yi} g {Ilz--ogﬂjk}g we h‘clVe Eyt :f}

To prove a lang is in NP, create either:
1. Deterministic poly time verifier
2. Nondeterministic poly time decider
Don’t forget to compute run time!

Does this run in poly time?

ALTERNATIVE PROOF  We can also prove this theorem by giving a nonde-
terministic polynomial time Turing machine for SUBSET-SUM as follows.

= “On input (5, t):
Nondeterministically runs 1. Nondeterministically select a subset ¢ of the numbers in S.
the verifier on each 2. Test whether c is a collection of numbers that sum to ¢.
possible subset “in parallel” 3. If the test passes, accept; otherwise, reject.”

-
|
|
=




COMPOSITES = {z| x = pq, for integers p,q > 1}

« A composite number is not prime

« COMPOSITES is polynomially verifiable
e e, it'sin NP
* |.e, factorability is in NP

A certificate could be;:
« Some factor that is not 1

» Checking existence of factors (or not, i.e., testing primality) ...

« ... IS also poly time
 But only discovered recently (2002)!




One of the Greatest unsolved

¢ B Question: Does P = NP?

To prove P£NP ... | | .. need to find a language in NP but not in P!

(you know how to do it!)

PATH

To prove P=NP ... (you also know how to do it!)
LIQUE .. need to show P oval overlaps with NP
HAMPATH oval ... and vice versal!
T o~
COMPOSITES .. need need to show every language in NP

is also in P, and vice versa!

BUT ... How to prove an algorithm doesn’t have poly time algorithm?
(in general it's hard to prove that something doesn't exist)

Not this course, see Sipser Ch8-9



Who doesn't like niche NP jokes?

AN ENGINEER, A PHYSICIST,
AND A MATHEMATICIAN ARE

Implications if P = NP E

AS THE MOVER PULLS UP, THE
MATHEMATICIAN WORRIES
THERE ISN'T ENQUGH ROOM.

* Problems with “brute force” (“try all”)
solutions now have efficient solutions

THE MOVER REASSURES THEM. | JTHE ENGINEER SAYS...
{4 7 i ” I BEEN AT THIS 30 YEARS. IT's OBVIOULS IT CAN FIT,
1 CAN LOOK AT ANY AMOUNT ANYTHING THAT DOESN'T GO
e |.e,, “unsolvable” problems are “solvable S A NS | [N R BRSNS RS
* *? &E,LLJQ éFng CAN FIT IN THE TO THE ROOF.
QI INS,

« Cryptography needs unsolvable problems _InP! ol

- perfect Al learning, recognition (maybe good?) T Pva 0T Rve o AT ATICRS Ve,

IT'S OBVIQUS IT CAN FIT. IF
IT WERE THE DENSITY OF A PLEASE CON'T
NEUTRON STAR, QUR STUFF HACK MY EMAILY
WOULD BE THE SIZE OF A

BASEBALL.
Problem

’: 0

« GOOD: Optimization problems are solved

« Optimal resource allocation could fix all the
world'’s (food, energy, space ...) problems?

smbc -comics.com



Progress on whether P=NP 7

* Some, but still not close

b 2 NP The Status of the P Versus NP Problem

By Lance Fortnow
Scott Aaronson® Communications of the ACM, September 2009, Vol. 52 No. 9, Pages 78-86
10.1145/1562164.1562186

« One important concept discovered:
« NP-Completeness




NP-Completeness

Must prove for all | DEFINITION
langs, not just a
single lang

A language B is NP-complete it it satisties two conditions:

1. Bisin NP, and | €asy

2. every A in NP is polynomial time reduciblesto B.| hard????

What's this?



tastback: Mapping Reducibility

Language A is mapping reducible to language B, written A <., B,
if there is a computable function f: ¥* — ¥* where for every w,

Arm = {{M,w)| M isa TM and M acce

w e A< f(w) € B. IMPORTANT: “if and only if” ...

The function f is called the reduction from A to B| T0 show mapping reducibility:

1. create computable fn

... Means

2. and then show forward direction
3. and reverse direction
(or contrapositive of reverse direction)

A <m

B

A function f: ¥X*— X" is a computable function if some Turing
machine M, on every input w, halts with just f(w) on its tape.



Polynomial Time Mapping Reducibility

To show poly time mapping reducibility:
Language A is mapping reducible to language | 1. Create computable fn

if there is a computable function f: 2*— »*, | 2. show computable fn runs in poly time
3. then show forward direction

w € A<= f(w) € B. |4 and show reverse direction
(or contrapositive of reverse direction)

The function f is called the reduction from A 1
Language A is polynomial time mapping reducible, or simply poly-
nomial time reducible, to language B, written A <p B, if a polyno-
mial time computable function f: >*— >* exists, where for every
w,

weE A <— f(w) c B.< Don't forget: “if and only if” ...

The function f is called the polynomial time reduction of A to B.

oly time oly time
A function f: X*— X*is agcomputable function 1Psome Turlng
machine M, on every input w, halts with just f(w) on its tape



Flastback If A <., B and B is decidable, then A is decidable.

Has a decider

PROOF We let M be the decider for B and f be the reduction from A to B.
We describe a decider NV for A as follows.

N = “On input w:
1. Compute f(w).
decides| 2. Run M on input f(w) and output whatever M outputs.”

decides

This proof only works because of the if-and-only-if requirement

Language A is mapping reducible to language B, written A <., B,
if there is a computable function f: ¥* — 3%, where for every w,

we A<= f(w) € B,

The function f is called the reduction from A to B.




e ¥ c¥
Thm: IfA gml_)B and B rs—deetrdable; then A 1s-deetdable-

PROOF We let M be the decider for B and f be the reduction from A to B.
We describe a decider IV for A as follows.

N = “On input w:
1. Compute f(w).
2. Run M on input f(w) and output whatever M outputs.”

Language A is mapping reducible to language B, written A <., B,
if there is a computable function f: ¥* — 2*, where for every w,

we A<= f(w) € B.

The function f is called the reduction from A to B.




c? c?¥
Thm: IfA gml_)B and B rsdeetdable; then A 1is-deeidable:

oly time oly time
PROOF Welet M be tht—"-Adecider for B and f be th%educdon from A to B.
We describe ¥decider N for A as follows.
poly time

“On input w:

N =
1. Compute f(w).
2. Run ﬂ/{ on input f(w) and output whatever M outputs.”

f
poly time . .
Language A igynapping reducible to language B, written A <, B,
; if there is a computable function f: ¥* — 3%, where for every w,
The function f is called the reduction from A to B.




NP-Completeness

DEFINITION

A language B is NP-complete it it satisfies two conditions:

1. Bisin NP, and
2. every A in NP is polynomial time reducible to B.

« How does this help the P = NP problem?

THEOREM = e s

It B is NP-complete and B € P, then P = NP.



THEOREM = o

If B is NP-complete and B € P, then P = NP.

To prove P = NP, must show:

1. every language in P is In NP\ jeriniTion

» Trivially true (why?) | Convert decif p language B is NP-complete if it satisfies two conditions:

2. every language In NP is In P/ 1\Bisin NP, and
 Given a language A € NP ... 2. every A in NP is polynomial time reducible to B.
e ... can poly time mapping reduce Ato B A<pB
« because Bis NP-Complete

e ThenAalso eP...

e Because A §P B and B c P, then A e P So to prove P = NP, we Only need
(prev slide) to find a poly-time algorithm for

one NP-Complete problem!

Thus, If a language B is NP-complete and in P, then P = NP




An NP-Complete Language?

SAT = {(¢)| ¢ is a satisfiable Boolean formula}

DEFINITION

A language B is NP-complete if it satisfies two conditions:

1. Bisin NP, and
2. every A in NP is polynomial time reducible to B.

So to prove P = NP, we only need
to find a poly-time algorithm for
one NP-Complete problem!

Thus, If a language B is NP-complete and in P, then P = NP



The Boolean Satisfiability Problem

SAT = {(¢)| ¢ is a satisfiable Boolean formula}
Theorem: SAT NP-complete

22



Boolean Formulas

Value TRUE or FALSE (or 1 or 0) TRUE, FALSE



Boolean Formulas

Value TRUE or FALSE (or 1 or 0) TRUE, FALSE
Variable Represents a Boolean value X, Y, Z



Boolean Formulas

Value TRUE or FALSE (or 1 or 0) TRUE, FALSE
Variable Represents a Boolean value X, Y, Z
Operation Combines Boolean variables AND, OR, NOT (A, V, and —)



Boolean Formulas

Value TRUE or FALSE (or 1 or 0) TRUE, FALSE
Variable Represents a Boolean value X, Y, Z
Operation Combines Boolean variables AND, OR, NOT (A, V, and —)

Formula ¢ Combines vars and operations (TAyY) V (xAZ)



Boolean Satisfiability

- A Boolean formula is satisfiable if ...

e ... there is some assignment of TRUE or FALSE (1 or 0) to its
variables that makes the entire formula TRUE

e |s (zAy) vV (zAZ) satisfiable?
* Yes
e x = FALSE,

y = TRUE,
7z = FALSE



The Boolean Satisfiability Problem

SAT = {(¢)| ¢ is a satisfiable Boolean formula}
Theorem: SAT is NP-complete

DEFINITION

A language B is NP-complete if it satisfies two conditions:

1. Bisin NP, and
2. every A in NP is polynomial time reducible to B.



The Boolean Satisfiability Problem

SAT = {(¢)| ¢ is a satisfiable Boolean formula}
Theorem: SAT Is in NP:

e Let n =the number of variables in the formula

Verifier:

On input <¢, c>, where c Is a possible assignment of variables in ¢ to values:
« Plug values from c into ¢, Accept if result is TRUE

Running Time: O(n)

| Non-deterministic Decider: - - }
On input <¢>, where ¢ is a boolean formula:
« Non-deterministically try all possible assignments in parallel
« Accept if any satisfy ¢ }

'Running Time: Checking each assignment takes time O(n)




The Boolean Satisfiability Problem

SAT = {(¢)| ¢ is a satisfiable Boolean formula}
Theorem: SAT NP-complete

DEFINITION

A language B is NP-complete if it satisfies two conditions:

V] 1. Bisin NP, and
?? 2. every A in NP is polynomial time reducible to B.
the first! problem

Proving NP-Completeness is hard!

But after we find one, then we can use that

problem to prove other problems NP-Complete! (Just like figuring out the first

undecidable problem was hard!)
THEOREM ----------------------------------------------------------------------------------------------------------------

It B is NP-complete and B <p C for C' in NP, then C' is NP-complete.



The Boolean Satisfiability Problem

SAT = {(¢)| ¢ is a satisfiable Boolean formula}
Theorem: SAT NP-complete

The first NP-
Complete
problem

It sort of makes sense that every
problem can be reduced to it ...

PROOQOF: The Cook-Levin Theorem

(complicated proof
--- defer explaining for now, assume it's true)




The Boolean Satisfiability Problem

SAT = {(¢)| ¢ is a satisfiable Boolean formula}
Theorem: SAT NP-complete

PROOQOF: The Cook-Levin Theorem

(complicated proof
--- defer explaining for now, assume it's true)

Then we can use SAT to prove other problems
NP-Complete!

TH EOREM ----------------------------------------------------------------------------------------------------------------

It B is NP-complete and B <p C for C' in NP, then C' is NP-complete.




The 3SAT Problem

3SAT = {(¢)| ¢ is a satisfiable 3cnf-formula }
Theorem: 3SAT is NP-complete




More Boolean Formulas

Value TRUE or FALSE (or 1 or 0) TRUE, FALSE
Variable Represents a Boolean value X, Y, Z
Operation Combines Boolean variables AND, OR, NOT (A, V, and —)

Formula ¢ Combines vars and operations (TAy) V (xA\Z)



More Boolean Formulas

Value TRUE or FALSE (or 1 or 0) TRUE, FALSE
Variable Represents a Boolean value X, Y, Z
Operation Combines Boolean variables AND, OR, NOT (A, V, and —)
Formula ¢ Combines vars and operations (TAyYy) V (xAZ)

Literal A var or a negated var T Or T.



More Boolean Formulas

Value TRUE or FALSE (or 1 or 0) TRUE, FALSE
Variable Represents a Boolean value X, Y, Z
Operation Combines Boolean variables AND, OR, NOT (A, V, and —)
Formula ¢ Combines vars and operations (TAyYy) V (xNZ)
Literal A var or a negated var T Or T.

Clause Literals ORed together (:1'31 VIoVIzV 334)



More Boolean Formulas

Value TRUE or FALSE (or 1 or 0) TRUE, FALSE
Variable Represents a Boolean value X, Y, Z
Operation Combines Boolean variables AND, OR, NOT (A, V, and —)
Formula ¢ Combines vars and operations (TAyYy) V (xNZ)
Literal A var or a negated var T Or T.
Clause Literals ORed together (:1'31 VIaVI3V 334)
Conjunctive Normal Form (CNF) Clauses ANDed together (1 VZ2 VT3 V) A (23 VT5 V 26)

A =AND = “Conjunction”
V= OR ="“Disjunction”
- = NOT = “Negation”




More Boolean Formulas

Value TRUE or FALSE (or 1 or 0) TRUE, FALSE
Variable Represents a Boolean value X, Y, Z
Operation Combines Boolean variables AND, OR, NOT (A, V, and —)
Formula ¢ Combines vars and operations (TAyYy) V (xAZ)
Literal A var or a negated var T Or T.
Clause Literals ORed together (:1'31 VIaVI3V 334)
Conjunctive Normal Form (CNF) Clauses ANDed together (1 VZ2 VT3 V) A (23 VT5 V 26)
3CNF Formula Three literals in each clause  (z1vaEvEs) A (23 vEs Vag) A (a3 VTG V)

A =AND = “Conjunction”
V= OR ="“Disjunction”
- = NOT = “Negation”




Kev thm THEOREM ..................................................................................
Let's prove it so

wecanuseit [f B is NP-complete and B <p C for C in NP, then C is NP-complete.

To use this theorem,
C must be in NP

P rOOf: DEFINITION
° N e e d tO S h O W: C iS NI‘ - CO m p lete: A ling;ifinB;;l\;i:icomplete if it satisfies two conditions:
° it's i N NP <g|ve N ), an d 2. every A in NP is polynomial time reducible to B.

» every lang 4 in NP reduces to Cin poly time (must show)

* For every language A in NP, reduce A - C by:

* First reduce 4 2 /Bin poly time
« Can do this because B is NP-Complete

« Then reduce B = Cin poly time
« This is given

 Total run time: Poly time + poly time = poly time




THEOREM ------------------------------------------------------------------------------------------------------------------------

Usin g: It B is NP-complete and|B <p C'|for C'in NP, then|C' is NP-complete.

3 steps to prove a language|C is NP-complete:
1. Show Cis in NP

2. Choose B, the NP-complete problem to reduce from
3. Show a poly time mapping reduction from Bto C

To show poly time mapping reducibility:
1. create computable fn,
2. show that it runs in poly time,
3. then show forward direction of mapping red,,
4. and reverse direction

(or contrapositive of reverse direction)




THEOREM ........................................................................................................................

U Si [ g: It B 1s NP-complete and B <p C for C'in NP, then|C' is NP-complete.

3 steps to prove a language C is NP-complete:
1. Show Cisin NP

2. Choose B, the NP-complete problem to reduce from
3. Show a poly time mapping reduction from Bto C

Example:

Let C = 3SAT, to prove|3SAT is NP-Complete:
1. Show 3SATis in NP




Fasktack SSAT is in NP
BSAT = {(¢)| ¢ is a satisfiable Boolean formula}

Let n = the number of variables in the formula

Verifier:

On input <¢, c>, where c is a possible assignment of variables in ¢ to values:
« Accept if ¢ satisfies ¢

Running Time: O(n)

Non-deterministic Decider: - o
On input <¢>, where ¢ is a boolean formula:

« Non-deterministically try all possible assignments in parallel

« Accept if any satisfy ¢ |

TQu_nning Time: Checking each assignment takes time O(n)




THEOREM ------------------------------------------------------------------------------------------------------------------------

U Si [ g: It|B 1s NP-complete and|B <p C'|for C'in NP, then C' is NP-complete.

3 steps to prove a language i1s NP-complete:

1. Show Cisin NP

2. Choose B, the NP-complete problem to reduce from
3. Show a poly time mapping reduction from Bto C

Example:

Let C = 3SAT, to prove 3SAT is NP-Complete:
vl 1. Show 3SAT is in NP
V] 2.. Choose B, the NP-complete problem to reduce from: SAT
3.| Show a poly time mapping reduction from SAT to 3SAT




Theorem: SAT Is Poly Time Reducible to 3SAT

SAT = {(®)| ¢ is a satisfiable Boolean formula} e * 3SAT = {{(¢)| ¢ is a satishable 3cnf-formula}

To show poly time mapping reducibility:
1. create computable fn f,
2. show that it runs in poly time,
3. then show forward direction of mapping red.
= if ¢ € SAT, then f(¢p) € 3SAT
4. and reverse direction
& if fl¢p) € 3SAT, then ¢ € SAT
(or contrapositive of reverse direction)
& (alternative) if ¢ & SAT, then f(¢p) & 3SAT




Theorem: SAT Is Poly Time Reducible to 3SAT

A B
;
SAT = {(¢)| ¢ is a satisfiable Boolean formul%SAT = {(¢)| ¢ is a satisfiable 3cnf-formula}
f

— T
. .

Want: poly time computable fn converting a Boolean formula ¢ to 3CNF:

1. Convert ¢ to CNF (an AND of OR clauses)

a) Use DeMorgan’s Law to push negations onto literals
2(PVQ) <= (-P)A(-Q) (PAQ) <= (-P)V(-Q)

b) Distribute ORs to get ANDs outside of parens
(PV(QAR)) = (PVQ)A(PVR)| om)

2. Convert to 3CNF by adding new variables
(ayVayVasVay) © (@1 VayVz)A(ZVasVay)

Remaining step: show
iff relation holds ...

O(n)

O(n)

... this thm is a special
case, don’t need to
separate forward/reverse
dir bc each step is
already a known “law”




THEOREM ........................................................................................................................

U Si [ g: It B 1s NP-complete and B <p C for C'in NP, then C' is NP-complete.

3 steps to prove a language i1s NP-complete:

1. Show Cisin NP

2. Choose B, the NP-complete problem to reduce from
3. Show a poly time mapping reduction from Bto C

Example: Each NP-complete problem
Let C = 3SAT, to prove 3SAT is NP-Complete: we prove makes it easier to
1. Show 3SATis in NP prove the next one!

M2. Choose B, the NP-complete problem to reduce from: SAT
13. Show a poly time mapping reduction from SAT to 3SAT




NP-Complete problems, so far

o SAT = {{(¢)| ¢ is a satisfiable Boolean formula} (havent proven yet)
o 3SAT = {(&)| ¢ is a satistiable 3cnf-formula} (reduced SAT to 3SAT)

e CLIQUE = {(G, k)| G is an undirected graph with a k-clique} (reduce ???to CLIQUE)?

Each NP-complete problem we prove
makes It easier to prove the next one!



THEOREM ........................................................................................................................

U Si [ g: It B 1s NP-complete and B <p C for C'in NP, then C' is NP-complete.

3 steps to prove a language i1s NP-complete:

1. Show Cisin NP

2. Choose B, the NP-complete problem to reduce from
3. Show a poly time mapping reduction from Bto C

Example: Each NP-complete problem
Let C = 3SAT, to prove 3SAT is NP-Complete: we prove makes it easier to
1. Show 3SATis in NP prove the next one!

M2. Choose B, the NP-complete problem to reduce from: SAT
13. Show a poly time mapping reduction from SAT to 3SAT




THEOREM ------------------------------------------------------------------------------------------------------------------------

U Si [ g: It B 1s NP-complete and B <p C for C'in NP, then C' is NP-complete.

3 steps to prove a language i1s NP-complete:

1. Show Cisin NP

2. Choose B, the NP-complete problem to reduce from
3. Show a poly time mapping reduction from Bto C

Example:

Let C = 3SAT CLIQUE, to prove 3SAT CLIQUE is NP-Complete:
?1. Show 3SAT-CLIQUE is in NP
?2. Choose B, the NP-complete problem to reduce from: SAT3SAT
?3. Show a poly time mapping reduction from 3SAT to 3SAE-CLIQUE




Fushtback  CLIQUE is in NP M

CLIQUE = {(G, k)| G is an undirected graph with a k-clique}

PROOF IDEA The clique is the certificate.

Let n=# nodesin G

PROOF The following is a verifier V' for CLIQUE. cisatmostn

V =%“On input ((G, k), c): For each node in ¢, check
1. Test whether c is a subgraph with k£ nodes in G.|  whether it's in G: O(n)

2. 'Test whether G contains all edges connecting nodes in c.| for each pair of nodes in c,

3. If both pass, accept; otherwise, reject.” check whether there's an
edge in G: 0(n?)




THEOREM ------------------------------------------------------------------------------------------------------------------------

U Si [ g: It B 1s NP-complete and B <p C for C'in NP, then C' is NP-complete.

3 steps to prove a language i1s NP-complete:

1. Show Cisin NP

2. Choose B, the NP-complete problem to reduce from
3. Show a poly time mapping reduction from Bto C

Example:

Let C = 3SAT CLIQUE, to prove 3SAT CLIQUE is NP-Complete:
V1. Show 3SAT-CLIQUE is in NP
V2. Choose B, the NP-complete problem to reduce from: SAT-3SAT
?3. Show a poly time mapping reduction from 3SAT to 3SAL-CLIQUE




heorem: 3SAT is polynomial time reducible to CLIQUE.

3SAT = {(¢)| ¢ is a satisfiable 3cnf-formula} CLIQUE = {(G, k)| G is an undirected graph with a k-clique}

To show poly time mapping reducibility:
1. create computable fn,

2. show that it runs in poly time,

3. then show forward direction of mapping red.
4. and reverse direction

(or contrapositive of reverse direction)




heorem: 3SAT is polynomial time reducible to CLIQUE.

3SAT = {(¢)| ¢ is a satisfiable 3cnf-formula} CLIQUE = {(G, k)| G is an undirected graph with a k-clique}

Need: poly time computable fn converting a 3cnf-formula ... Example:
¢ = (r1VayVizd) N (TYVT2VT) A (T V 22 VT
« ...to a graph containing a clique:

» Each clause maps to a group of 3 nodes
« Connect all nodes except: -

Runs in poly time:

« Contradictory nodes - # literals = 7
Don't forgetiff | Nodes in the same group # nodes (n)
= If ¢p € 3SAT - # edges poly in #
« Then each clause has a TRUE literal nodes 0O(n?)

« Those are nodes in the 3-clique!
e Fg,x,=0,x,=1

< If ¢ & 3SAT

« Then for any assignment, some clause must have a contradiction with another clause
« Then in the graph, some clause’s group of nodes won't be connected to another group, preventing the clique




THEOREM ------------------------------------------------------------------------------------------------------------------------

U Si [ g: It B 1s NP-complete and B <p C for C'in NP, then C' is NP-complete.

3 steps to prove a language i1s NP-complete:

1. Show Cis in NP

2. Choose B, the NP-complete problem to reduce from
3. Show a poly time mapping reduction from Bto C

Example:

Let C = 3SAT CLIQUE, to prove 3SAT CLIQUE is NP-Complete:
V1. Show 3SAT-CLIQUE is in NP
V2. Choose B, the NP-complete problem to reduce from: SAT-3SAT
V13. Show a poly time mapping reduction from 3SAT to 3SAT-CLIQUE




NP-Complete problems, so far

o SAT = {{(¢)| ¢ is a satisfiable Boolean formula} (havent proven yet)
o 3SAT = {(&)| ¢ is a satistiable 3cnf-formula} (reduced SAT to 3SAT)

e CLIQUE = {(G, k)| G is an undirected graph with a k-clique} (reduced 3SAT to CLIQUE)

Each NP-complete problem we prove
makes It easier to prove the next one!



Mewt Tie: The Cook-Levin Theorem

The first NP-

Complete It sort of makes sense that every

problem e S S problem can be reduced to it ...

SAT is NP-complete.

After this, it'll be much easier to find other
NP-Complete problems!

TH EOREM ----------------------------------------------------------------------------------------------------------------

It B is NP-complete and B <p C for C' in NP, then C' is NP-complete.



