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1. The Least Squares problem 

Objective function: 
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𝑦𝑖 −𝒘𝑇𝒙𝑖  

Linear regression 

2. When Least Squares problem meets Large Scale 

Use closed form solution: 𝒘 = (𝑿 𝑇𝑿) 
−1
𝑿𝑇𝒚 ? 

It’s 𝑶 𝒏𝒅𝟐  !  

Note: Any algorithm with time complexity greater than 𝑶(𝒏𝒅)  
is not applicable in large scale high dimension cases.  

Stochastic Gradient Descent (SGD) with 𝑶(𝒅) time each iteration 
is an appealing approach,  which takes the form 

3. Motivation 

𝒘𝑡+1
∗ = argmin𝒘
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where 𝑙 𝒘, 𝒙𝑖 , 𝑦𝑖 =
1
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2 is the loss function at step 𝑖,  

denoted as 𝑙 𝒘  for short.  
SGD update rule is: 

𝒘𝑡+1 = 𝒘𝑡 − 𝜂𝑡𝒈𝑡, 
where 𝒈𝑡 = 𝜕𝑙 𝒘 . 

Zig-Zag property of SGD The beauty of Least Squares 

Remarks: 
1. performs consistently better than SGD in terms of batch optimal. 2. has 𝑶(𝐥𝐨𝐠𝑻) regret bound 𝑅𝐺 𝑇 ≤

𝐺2

2𝐻
(1 + log 𝑇) 3. extensible. 

4. Algorithm 

CSGD: 

WAIT! Is 𝐏𝐭 ∈ ℝ𝑑×𝑑?  YES, but it is rank ONE!  

Therefore, we still have a 𝑶(𝒅)  time complexity algorithm each iteration:  

Consistently better than SGD 

Best regret bound 

Ready to use 

Code: http://www.cs.umb.edu/~yangmu/code/CSGD.zip  

+ ⇒ 𝑤∗ 

𝒘𝑻𝒙 = 𝑦  

Constrained Stochastic Gradient Descent  (CSGD) 
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Slow! Optimal passes the mean,  

𝒘∗𝑻𝒙 = 𝑦  

Use mean constraint to leverage SGD 

𝑤∗ batch optimal 

𝑤 𝑡+1 SGD result 

𝑤𝑡+1 CSGD result 

𝜏𝑡 Constraint Hyper-plane 

Projection close view in each step 

𝒘𝑡+1
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𝑖=1 , s,t. 𝒘𝑻𝒙 𝑡 = 𝑦 𝑡. The update rule 𝒘𝑡+1 = 𝐏𝑡 𝒘𝑡 − 𝜂𝑡𝒈𝑡 + 𝒓𝑡, where 𝐏𝑡 = 𝐼 −
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2,  𝑟𝑡 =

𝑦 𝑡

𝒙 𝑡 2
2 𝒙 𝑡  

𝒘𝑡+1 = 𝒘𝑡 − 𝜂𝑡𝒈𝑡 − 𝒙 𝑡 𝒙 𝑡
𝑇 𝒘𝑡 − 𝜂𝑡𝒈𝑡 𝒙 𝑡 2

2 + 𝒓𝑡. 

5. Experiments 
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SGD 

2SGD 

NCSGD 

CSGD 

ASGD 

d=100, strong convex d=5,000,  non strong convex 
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212 misclassified samples  
in 3.38 seconds 

1248 misclassified samples  
in 112.47 seconds 

Optimization 
Study 

Classification 
Study 

Synthetic 
dataset 

MNIST 
dataset 

http://www.cs.umb.edu/~yangmu/code/CSGD.zip

